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Abstract—In this paper, we study the application of bit—
interleaved coded modulation (BICM) and orthogonal frequency
division multiplexing (OFDM) to reap the benefits of wireless
multiuser network coding in practical frequency-selective fading
channels. We propose a mapping based symbol level network cod-
ing (SLNC) scheme for a cooperative diversity system comprising
multiple sources, multiple relays, and one common destination.
A simple cooperative maximum-ratio combining scheme is used
at the destination and is shown to successfully exploit both the
full spatial and the full frequency diversity offered by the channel
for arbitrary numbers of sources, arbitrary numbers of relays,
and arbitrary linear modulation schemes. To gain analytical
insight for system design, we derive a closed—form upper bound
for the asymptotic worst—case pairwise error probability (PEP)
and obtain the diversity gain of the considered SLNC scheme
for BICM-OFDM systems. These analytical results reveal the
influence of the various system parameters, such as the number of
sources, the free distance of the code, and the frequency diversity
of the involved links, on performance. Furthermore, we propose
two different relay selection schemes for the considered system:
a) bulk selection, i.e., a single best relay is selected to transmit
on all sub—carriers, and b) per—subcarrier selection, where a best
relay is selected on each sub-carrier. Last but not least, we exploit
the derived PEP expression for selecting a subset of sources from
the set of active sources when the number of active sources is
larger than the number of available orthogonal relay channels.
We study the achievable diversity gain for the proposed relay and
source subset selection schemes. Numerical results corroborate the
derived diversity gain expressions and confirm the performance
gains.

Index Terms—Cooperative Diversity, Network Coding, Relay
Selection, Source Subset Selection, BICM-OFDM.

I. INTRODUCTION

Cooperative diversity (CD) techniques can achieve high
diversity gains in distributed wireless networks, where nodes
are allowed to cooperate by relaying each other’s signal,
and have attracted considerable research interest due to their
possible use in future cellular, ad-ho, and sensor networks
[1], [2]. Conventional relay cooperation protocols rely on
either amplify—and—forward (AF) or decode—and—forward (DF)
operations [1], [3], [4]. However, as the number of sources
grows, the traditional diversity achieving cooperation schemes
incur throughput loss, because one relay is typically limited
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to serve only a single source at a particular time [5], [6]. To
circumvent this problem, wireless network coding has been
recently considered for cooperative diversity systems [7], [8].
Several wireless network coding schemes such as physical—
layer network coding (PLNC) for two way relaying [9], and bit
level network coding (BLNC) [7], [10], complex field network
coding (CFNC) [11], and compute—and—forward (CPF) network
coding [12] for general multi—source cooperative diversity
systems have been proposed recently. In this work, we consider
a relay aided multi-source cooperation framework based on
symbol level network coding (SLNC) [13]. At the relays, we
form an SLNC symbol based on the symbols received from
the different sources. In particular, the set of received source
symbols is mapped to a new extended signal constellation,
i.e., the relay transmit symbols are taken from a larger signal
constellation than the source symbols. Hence, the proposed
SLNC scheme can be considered as a special case of non—
linear network coding [14], [15], [16]. Compared to BLNC,
CFNC and SLNC exploit more degrees of freedom by encoding
information in both the complex field and GF(2) rather than
GF(2) alone, and hence result in a higher coding gain [17].
However, in CFNC [11], the relay transmit symbols, which
also belong to a larger constellation compared to the source
symbols, do not adhere to a regular constellation. Hence, by
properly selecting the signal constellation, SLNC can achieve
a larger minimum Euclidean distance for the relay transmit
symbols compared to CFNC. Furthermore, in CFNC and CPF
[12], all sources transmit concurrently. Thus, perfect synchro-
nisation among all sources’ transmissions is required, which
is difficult to achieve in practice. In addition, CFNC requires
complex multiuser detection at the relays. In the proposed
SLNC scheme, the sources transmit over orthogonal channels to
the relays, which decreases the throughput compared to CFNC,
but allows for simple single user decoding at the relays and
relaxed synchronization requirements compared to CFNC.
Critical to the diversity gain achieved by multi—source net-
work coding schemes is the processing performed at the relays.
In this paper, we assume that the relay nodes cannot afford
analog processing and storage, and thus decode the received
signals. For DF protocols, diversity can be achieved with
conventional maximum ratio combining at the destination only
if the forwarded packets are error free [18]. Thus, several works
on multi—source multi-relay network coding assume that the re-
lays do not forward erroneous packets [19]. However, relaying
packets selectively leads to the dismissal of entire packets even
when the number of erroneously decoded bits within a packet is
small, ultimately affecting the error performance. Surprisingly,
the decoding performance at the destination can be improved



by also forwarding erroneous packets [11], [20] provided that
the effect of error propagation via the relay link is mitigated by
a channel aware combining scheme at the destination. To this
end, cooperative maximum-ratio combining (C-MRC), which
was proposed for uncoded DF relaying in [20], can be adopted.
C-MRC has low complexity compared to maximum-likelihood
(ML) decoding but achieves a similar performance [20].

Moreover, bit—interleaved coded modulation combined with
orthogonal frequency division multiplexing (BICM-OFDM) is
a popular approach to exploit the inherent diversity offered
by frequency—selective channels [21] and forms the basis
for many wireless standards (e.g., IEEE 802.16x, LTE). The
fundamental limits and properties of BICM have been ana-
lyzed mostly in the context of point-to-point transmission, see
e.g., [22], [23], [24]. The few works that have studied the
application of BICM in multi-node communication systems,
such as relay and network—coded systems, mostly considered
flat—fading links [25], [26], [27]. Furthermore, most existing
wireless network coding schemes assume frequency—flat fading
links and/or uncoded transmission [7], [10], [11], [19], [28].
Hence, these existing methods are not general enough to
cope with frequency—selective fading. As frequency—selective
channels are commonly encountered in practice, it is of both
theoretical and practical interest to investigate the performance
of cooperative diversity systems employing network coding
and BICM-OFDM jointly. Recently, the performance of co-
operative BICM-OFDM with AF and DF relays was studied
in [29] and [30], respectively. However, the analysis and
design guidelines given in [29] and [30] are not applicable to
multi—source cooperative BICM-OFDM communication sys-
tems employing network coding. Furthermore, the authors in
[31] studied the combination of BLNC and BICM-OFDM
for single relay networks and showed that with BLNC, the
diversity gains of different sources are mutually dependent,
i.e., the maximum achievable diversity gain of a source can be
limited by the frequency diversity of the direct links of other
sources. Although it is known that for uncoded systems and flat
fading, symbol based network coding (e.g., CFNC [11], SLNC)
and bit based network coding (e.g., BLNC [7], [10]) achieve
identical diversity gains [11], it is not clear from the reported
literature if this is also true for coded systems and frequency—
selective fading. Hence, one of the objectives of this paper is
to analyze the error rate performance and the diversity gains
of systems employing SLNC and BICM-OFDM. Moreover,
the literature on relay selection for cooperative OFDM systems
is very sparse. In [32], the authors proposed relay selection
schemes for cooperative AF OFDM systems but a diversity gain
analysis was not provided. The relay selection scheme proposed
in [29] for AF BICM-OFDM is based on the average error rate
and does not yield any additional diversity gain. Furthermore,
if the number of available orthogonal relay channels is smaller
than the number of active sources, only a subset of the sources
can transmit. However, to the best of the authors’ knowledge,
there is no reported work on the analysis of source subset
selection in the context of network coding and relaying, even
for uncoded flat—fading links. Hence, the design and evaluation
of relay and source subset selection schemes for BICM-OFDM
systems employing wireless network coding is an open research

problem.

In this paper, we consider SLNC based cooperative diversity
schemes with the aim to achieve the maximum diversity gain
offered by the channel. Standard BICM—OFDM employing ar-
bitrary M—ary modulation is adopted at the sources. We assume
that the source-relay multiple access channel is non—ideal and
the relay may forward error—prone packets to the destination.
Furthermore, we assume a two phase communication protocol:
In Phase I, multiple sources transmit over orthogonal channels
and in Phase II, the relays concurrently transmit network coded
symbols over disjoint sets of OFDM sub—carriers. The relays
first decode the signal received from the multiple sources
and then obtain the network coded symbol by mapping the
set of decoded source symbols to a larger constellation. The
destination combines the source signals received from direct
transmission and the relayed network coded symbols into a C—
MRC bit metric for decoding. This metric can be considered
as an extension of the C—-MRC scheme in [20]. Below, we
summarize the original contributions of this paper:

1) We propose a mapping based SLNC scheme and pro-
vide a mathematical framework for the analysis of the
asymptotic worst—case pairwise error probability (PEP)
and the diversity gain of the considered multi-source
multi-relay BICM-OFDM system for high signal-to—
noise ratio (SNR). The PEP expressions and the diversity
gain provide important insight into the influence of the
different system parameters (such as the free distance
of the code, the frequency diversity of the links, and
the average SNR) on performance. We also show that
in cooperative BICM-OFDM systems, SLNC achieves a
higher diversity gain than BLNC [31], if the fading is
frequency—selective.

2) We exploit the derived instantaneous PEP expressions for
optimization of the network via relay selection and source
subset selection. We consider two different relay selection
schemes: a) bulk selection where one relay is selected
to transmit over all sub—carriers and b) per sub—carrier
selection where the best relay is selected on each sub—
carrier. We show analytically that both schemes achieve
identical diversity gains. Furthermore, we consider source
subset selection and propose a selection scheme that
jointly selects the best relay and the best subset of
sources. The resulting diversity gain is also derived.

The remainder of this paper is organized as follows. In
Section II, the considered multi—user multi-relay system model
is presented and the proposed C—-MRC bit metric is introduced.
The asymptotic PEP upper bound and the diversity gain of the
considered system are derived in Section III. In Sections IV and
V, relay selection and source subset selection are considered,
respectively. Finally, supporting simulation results are provided
and conclusions are drawn in Sections VI and VII, respectively.

Notation: In this paper, £{-}, [-]7, and | - | denote statistical
expectation, transposition, and the magnitude of a scalar or the
cardinality of a set, respectively. A, (X), 1 <m < rank{X},
denotes the non-zero eigenvalues of matrix X and R{-}
denotes the real part of a complex number. I'(-) denotes the
Gamma function, = denotes asymptotic equivalence, and ®
denotes convolution.



Fig. 1. System model for multi—source multi—relay network coded cooperation.
Solid and dashed lines indicate transmission in Phase I and II, respectively.

II. SYSTEM MODEL

The considered system consists of K source terminals, .S,
jes:={1,...,K}, Grelays, R,, u € R := {1,...,G},
and one destination terminal D. The adopted relaying protocol
comprises two phases, cf. Fig. 1. In Phase I, the sources S
transmit their symbols to relay R, and destination D over K
orthogonal channels, which is in contrast to CFNC [11] and
CPF [12]. In Phase II, the relays R, transmit the network coded
symbols over disjoint sets of sub—carriers to the destination.
In the following, we explain the two phase signal model and
the decoding operation. For the considered system, we assume
perfect frequency synchronization.

A. Phase I

Each source S; employs conventional BICM-OFDM, i.e.,
the output bits ¢; 5/, 0 < k' < logy(M)N, of a binary convo-
lutional encoder with minimum free distance d; are interleaved
and mapped (via constellation mapping function M,) onto
symbols X;[k] € X,k e N, N £{0, 1,..., N—1}, where X
denotes an M—ary symbol alphabet and N is the number of data
sub—carriers in one OFDM symbol. The effect of the interleaver
can be modeled by the mapping k' — (k, ), where k' denotes
the original index of coded bit c; s, and k and 4 denote the
index of symbol X;[k] and the position of ¢;j in the label
of X;[k], respectively. The interleaver is designed such that
consecutive coded bits are: 1) mapped onto different symbols;
2) transmitted over different sub—carriers; and 3) interleaved
within one OFDM symbol to keep the decoding delay at the
receiver low. The transmitted symbols are assumed to have unit
average energy, i.e., £{|X;[k]|*} = 1. Throughout this paper
we assume conventional OFDM processing at the sources, the
relay, and the destination and a sufficiently long cyclic prefix
(CP) to avoid interference between sub—carriers.

In Phase I, the received signal at D from S; on sub—carrier
k € N can be modeled as

Ys,plk] = VPHg, p[k]X;[k] + Ns,p[k], Vi k, (1)
where P is the average transmit power in each sub—carrier,

Ns;plk] is complex additive white Gaussian noise (AWGN)

'We note that OFDM is an efficient approach to cope with frequency—
selective fading [33], and BICM facilitates the exploitation of frequency
diversity if OFDM is applied [21].

time

X[k € N] Xy [k € Ny]
Xz[kEN] X}ez [kENZ]
Xy[k € N] | X, [k € Ng]
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One transmission frame for K sources: K + 1 time slots

Fig. 2. Structure of the two—phase model with K sources and G relays
participating in data transmission.

with variance o . and Hg, p[k] is the gain on sub—carrier
k of the S; = D channel.
The received signal at R, from S; on the kth sub—carrier

can be modeled as

Ys,r, k] = VPHs, g, [K]X;[k] + Ns,r, [k], Vi ku, (2

2

NS Ry

Hsg, g, [k] is the gain on sub—carrier k of the S; — R, channel.
To decode the bits transmitted by S, R,, computes the BICM

bit metric for the ith bit in the label of symbol X [k] as

where N, g, [k] is complex AWGN with variance o and

min

omin (Vs k= VPHs KX} )

Chulein] =
k/

where X}/ denotes the subset of all symbols X € X whose label
has value b € {0, 1} in position 7, and in general |X}| = |X|/2.

The bit metrics are de—interleaved and Viterbi decoded at R,,.

B. Phase 11

In Phase 1II, relay R, selects a set N, C N of sub—carriers
and transmits the network coded version of the K source
symbols to the destination. The sets of sub—carriers are chosen
such that N, NN, = 0, u # v, and 25:1 IN.| = N, cf. Fig.
2. The sub—carriers are uniformly distributed among the relays.

Furthermore, in the proposed SLNC scheme, the relay trans-
mit symbol is obtained as X}, [k] & Mgp(X{[k], ..., X[[k]),
ke € N, where X' [k] € {X[k], X.u[k]} € X, X .[k] denotes
an erroneously detected symbol at R,, Mg(:) is a bijective
function which maps the set of {X}[k]}, Vj, into an arbitrary
constellation of size M*. The mapped symbol X7, [k] can be
interpreted as a non—linear combination of the source symbols,
i.e., the adopted SLNC scheme is a form of non-linear network
coding [14] where the relay transmit symbols are obtained by
mapping. For comparison, in CENC [11], the relay transmit
symbol is obtained from a linear combination of the source
symbols and is given by X7}, [k] £ ZjK:l 0, X}[k], k € N,
where coefficients 6;, Vj, are drawn from the complex field
such that X7, [k] is unique for every possible set of source
symbols (i.e., constellation size for CFNC symbols is also
M¥X). The set of 6, Vj, is not unique and the coefficients
originally designed for linear constellation precoding for co—
located multi—antenna systems in [34] are a possible choice
[11]. Due to the bijective mapping, there is a one—to—one
correspondence between the set of decoded source symbols



and the SLNC and CFNC symbols. Although this one—to—one
mapping reduces the minimum Euclidean distance of the SLNC
and CFNC constellation as the constellation size of the source
symbols and the number of sources grow, it is necessary for
extraction of the full diversity offered by the channel, as will be
discussed in Section III-B. We show an example for SLNC and
CFNC constellations for M = 4 and K = 2 in Fig. 3, where
the 0; for CFNC are chosen as in [34]. From Fig. 3, we observe
that the minimum Euclidean distance of the SLNC symbols is
larger than that of the CFNC symbols. We provide simulation
results for the constellations shown in Fig. 3 in Section VI
We note that although the SLNC constellation shown in Fig. 3
is a regular one, irregular constellations can be obtained by
choosing appropriate mapping functions Mpg(-). Hence, the
CFNC constellation may be interpreted as a special case of
SLNC.

Phase II comprises just one time slot and the signal received
at D in sub—carrier k£ from R, is given by

Yrplk] = \/TjHR“,D[k]XkU (k] + Nr,plk],
2

where Ng,p[k] is complex AWGN with variance o7, and
Hpg, plk] is the frequency response of the R, — D channel.

keN, 4

C. Decoding at D

Due to possible decision errors at the relay, conventional
MRC at the destination does not achieve full diversity and opti-
mal ML decoding entails a very high complexity. Therefore, we
adopt C-MRC, originally proposed for uncoded DF relaying,
and combine it with the conventional BICM decoding metric.

At D, the bit metric for source S; for the ith bit in the label
of symbol X;[k], k € N, is given by m}[c; ]

Ys,p H X2
_ " min Z\Sl \[sl[]z\
XGEXL  XIEX 1] Oits,p
Yr,plk —\F PH Xp |2
+/\u[k]| R.DIK] RuD[ | XR, | 7 5
MRy D
where X7, is obtained by applying Mpg(-) to the trial

source symbols Xi, Aylk] is a weight factor which ac-
counts for the relative quality of the S; — R,, Vj, and
R, — D links on sub—carrier k. In particular, the weight
Aulk] £ Yequlk] /R, D[K] accounts for the bottleneck link of
relay Rua where P)’eq,u[k] £ min{{min] VS; R, [k]}ﬂlyRuD[k]}'
Here, vs,r,[k] £ P|Hs,r, [F]|? /05, n, k] and g, p[k] =
P|Hg, plk])? nr, o |K]. In other words (5) is the conven-
tional MRC decoding metric if the R, — D link is weaker
than all S; — R, links (ie., vs,r,[k] > 7vr,p[k]. Vj).
If any of the S; — R, links is weaker than the R, —
D link, the second part of the metric in (5) is attenuated
by Au[k] = minjs;r,[k]/vr.p[k] < 1 to limit the im-
pact of possible decision errors at R,. For the following,
we define 7, £ PE{|Hylk]|*}/o2, = Poj [ok,. Z €
{S;D,S;R,, R,D}, and note that frequency response H k],
Z € {S D,S;R,,R,D}, can be expressed as Hy[k] =
wiklhz, where wz k] is the discrete Fourier transform vector
of length Lz (frequency diversity of link Z) on sub—carrier k,
and hz is a vector containing the complex Gaussian channel
impulse response (CIR) coefficients of link Z.

III. PERFORMANCE ANALYSIS

In this section, we derive an upper bound on the asymptotic
worst—case PEP of source S; using C-MRC combined with
BICM decoding as in (5). Since the channel sub—carrier gains
belonging to one error event are correlated in general due to the
non-ideal interleaving, cf. Section II-A, it is extremely difficult,
if not impossible, to accurately predict the coding gain of
BICM-OFDM. Hence, we focus on the analysis of the diversity
gain in this paper, as the error performance mainly depends on
the diversity gain at high SNR. A similar approach was adopted
for point—to—point systems in the original BICM—-OFDM paper
[21]. We denote the transmitted codeword by c; and the
detected codeword at the destination by ¢;. For a code with free
distance d¢, c¢; and ¢; differ in dy positions for the worst—case
error event. The subset of sub—carriers containing the erroneous
bits is denoted by K; £ {ky, ka,--- , ka, }. The corresponding
transmitted and detected symbols for each source are collected
in vectors ; 2 {X;[k]|k € K,} and &, £ {X,[K]|k € K;},
respectively, where I € {1,..., K}. Note that one or more
source symbols may be received in error at R,, Vu. However,
considering multiple errors at the relay in the PEP analysis
results in higher order terms which decay faster with increasing
SNR compared to the cases of single errors and no errors at
the relays. Consequently, we assume that among the transmit
symbols X;[k], VI, at most one is received in error at R,.
Here, X R..q|k] denotes the transmit symbol of relay R,, when
the signal from source S, is received in error at 12, and hence
X}, [k] can be modeled as X7, [k] € {Xr,[K], Xr, qk]}. The
relay transmit symbols corresponding to the sub—carriers in KC;
are collected in vector @}, £ {X}, [k]|k € K.}, where the
sub—carrier set K; ,, is allocated to R, and C; = Uueg Kju
The sets KCj ., Vu, are disjoint and K; ,, denotes the set of dr ,,
sub—carriers containing d¢,, bits of the error event of S;. As
Kj =Uyueg Kju holds, >~ d , = dy is valid as well. We also
define « £ [x7,... mK,a:’RT]T and & 2 [Z],..., 2%, @57,
where &z £ { X, [k]|k € K;.} and Z is a vector containing
the detected symbols at D. Note that (g Kj ., = 0. Both
and & contain K + 1 elements, where each element itself is a
ds x 1 vector.

A. Asymptotic PEP

In this subsection, we analyze the worst-case PEP
for ¥¢,p,¥s,rsYrp — 0, VI. For this purpose
we first define vectors hgp = [h S, D h% s nl%,

N T T T
hSR — [hisl"."hSKRl"' his$ hSKRG] s

hrp £ [hnga .. -ahch]T’ and h = [hSDvhSRath]T'
Assuming a code with free distance dg, the worst—case PEP
of two codewords c¢; and ¢; can be bounded as shown in the
next page in (6), where ©(i, i, q)

= 5h{ H Pr(eq; €qlhs, R, ) Pp(C)) éj|h’93/3)}- @)
p=1

Here, ¢ is used to index the relays forwarding erroneous
symbols, E# (C*) is a set containing ¢ (G —1) distinct elements
from set {1,...,G}; Bl (C}) is the pth (mth) element of E*
(C*). E* and C* are disjoint sets, i.e., EFUCH = {1,...,G},
and E* # E™ and C* # C™, for any u # n. Furthermore,
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We consider K = 2 sources and the transmit symbols of both sources are drawn from a 4-QAM alphabet. (a) Constellation for CFNC at R, as

proposed in [34], [11] (b) Constellation for SLNC after mapping the set of decoded source symbols to a square 16—-QAM constellation. Both constellations have

unit average energy.

()

P(cj, &) =
=0 p=1qg=1 p=1
¢ (9) K
< 5h{ Z Z {
=0 p=1¢g=1 p=1

&n{ EG: 3 EK: { H Pr(cq, &qlhs,ny)

G—1
) [T 11— Prley. &qlhs, R )1 Pp(), 5j|h,wlna)}}
m=1

H PR(CQ’ éq‘hSqREg)PD(ij éj‘hﬁ wlR)}}

G K
= fh{PD(CméjlhwR)}+Z > 0, u,q) (©6)
Po(ej, &lh, ) {ZZ(m (RO e Tl G Nl
ke, =1 ns; D
£ Y (renalb X~ K 2+ 2,y 22 P F X, [k][;}XR“”“”NR‘D““”)go} ®
u=1kek; NR, D

:IZR = {XRE“[ Hk c ]CJ,E“ S E“} PR(Cq, Cq|hs R, )
denotes the worst—ase PEP at the relay if the signal of
source S, is received in error at Rge, and Pp(cj, ¢;lh, z’)
denotes the PEP at the destination when the relays transmit
x’;. Note that we can decompose ¥, in general as x/p =
{(L’RC,QAZRE}, where TR, = {XRu[ka € Kjﬂ, u € C“}
and &p, 2 {Xg,[k]|k € Kju, u € E*}. The first term
in (6), Sh{PD(cj, ¢;j|lh,xR) ¢, corresponds to i = 0, i.e.,
when the decisions at all relays are correct, xp, = Ty and
CH* = {1,...,G}. To derive the PEP and diversity gain, the
following remark is useful which sheds some light on the
asymptotic behavior of P(c;, ¢;) in (6).

Remark 1: We consider the case which yields the lowest
possible diversity gain at high SNR, i.e., * and & differ in
the minimum possible number of vector elements. From the
theory of coding over fading channels [35], we know that the
lowest achievable diversity gain is governed by the minimum
Hamming distance between the transmitted and received signal
sequences. As c¢; and ¢; differ in d¢ bits which are mapped

to x; and &, respectively, we have x; # x;. By inspection,
we observe that x; # &; leads to x, # &r if © = @,
le{l,...,K}, | #j. Inthat case, x and & differ in two vector
elements. We study this case below in our diversity analysis.
Note that the case where x; # &; for more than one value of
| causes x and Z to differ in more than two vector elements,
and thus will not be dominant at high SNR.

In the following, we calculate Sh{PD(cj, éj|h,a:R)} and
O 1, q)-

No error at relay: When there is no decoding error at the
relays, based on (5), the worst-case PEP of source S; at the
destination conditioned on h can be expressed as shown above
in (8), where vg,p[k] = P|Hglp[k]|2/aflst[k:], Vi, and we
exploited the definition of A, [k] £ ~eq,u[k] /7R, p[k]. Note that
the BICM processing at the sources, i.e., the encoding and the
interleaving (cf. Phase I in Section II), ensures that the d¢ bits
belonging to one error event are mapped onto dy distinct sub—
carriers. For the worst—case PEP, we only need to consider the



bit metrics for a candidate set of dr sub—carriers containing
the dr bits of the error event, as for the other bit positions,
the codewords ¢; and ¢; are identical. Consequently, in (8),
only the sub—carriers belonging to KC; are considered, where
KC; denotes the set of d; sub—carriers, see the first paragraph
of this section.

For convenience, we define d7[k] £ |X;[k] — X;[k]|> and
%, k] 2 |Xp, [k]— Xr,[K]|?, VI, u. Using the Chernoff bound
and exploiting the fact that .4 ., [k] < vr, p[k], we obtain from
®)

1 K
(3 vsplkld} (k]

ke, I=1

G
3 vealbldd, ). ©)

u=1keK; 4

Assuming d;[k] = 0 (cf. Remark 1), Vi, | # j, we have
d%, [k] > d2;,/J (dmin minimum Euclidean distance of signal
con'stellatlon X), where J > 1 is a constant. For example
if K = 2, both sources transmit 4-QAM symbols, and the
network coded symbols are obtained by mapping the detected
4-QAM symbols to an 16-QAM constellation with unit average
energy per symbol, we have J = +/5. For other square
constellations, J can be easily computed as J 2 dmin /dumin, R
where dmin, g denotes the minimum Euclidean distance of the
constellation of size M used for the network coded symbols
at the relay. From (9), we obtain

1
Pp(ej, ¢jlh, xR) S5 exp ( -

G
- 1 1
PD(cj7 cj|h" mR) < 5 €Xp (7 g(ﬂijD + j ;Veq,u)>7 (10)

Where 8,0 = > kerc; V5; D [K] Yequ = 2 kex., Yequlk], £2
mm /4, and we have replaced d5[k] and d% [k] by d,;, and
d?. /J, respectively.

Now, the unconditional PEP is given by
5h{PD(Cja 5j|hva)} < %5hsJD{eXp(—§75jD)}
e]
H ghSRuthuD { exp(_wlyeq,u)}v (11
u=1

where w = &/J. The following proposition upper bounds
gh{PD(Cj, éj|h,33R)}.

Proposition 1: The expectation Eh{PD (cj, ¢jlh,x R)} 29,
can be upper bounded as
1
Wy < TS
2t (575].1))’“5-7‘” ITn2 Am(As, )
H 1
ao1 Lo (Wsir, )" SR H;rfl:Rlu Am(AsR,)
1
+ (12)

(WYR, D) P [[nt Am(AR,p) ]’
where As, p = Zkelc,- wst[k]ijD[k], and rank{Ag,p} =
min{ds, Ls;p} = rs;p. Similarly, Ay = Zke’cj .
’u]y[k‘]wg[k‘] and rank{Ay} = mil’l{df,u, Ly} = Ty,
Y € {S,R.,R.,D}.

Proof: Please refer to Appendix A. ]
Next, we consider the case when at least one relay has made
an error in decoding the codewords.
Error at relay: If the signal from source S, is received in error
at R,, u € E¥, then the conditional PEP at R, can be upper

bounded as 1
PR(CQ7 &qthqRu) = iexp ( - 1 Z <7SqRu [k]dg[kb)’
ke’(:j
(13)

where cig (k] 2 | X,[k] — X,[k]]%. By replacing d2[k] by d
in (13), we obtain for the conditional PEP at R,

min

. 1
Pr(cq, eqlhs,r,) < 5 exp (—€7s,R.) - (14)

2

where vg,r, = >_kex; V5, R, [k]. Furthermore, if there is a
decoding error at R,, u € E*, based on (5) the worst—case
PEP for source S; at D conditioned on h, Pp(cj, ¢jlh, &R, ),
can be expressed as shown at the top of the next page in (15).

Employing the Chernoff bound and the fact that e, ., [k] <
Yr, Dk we obtain PD(gj, ¢jlh,ZR,) as shown in (16). Now,
we use d%u,q[ ] X, .qlk] = Xg,[K]|* = [Xg, qlk] -
Xrg, [K]|? mm /J to obtain an upper bound, where
I} L2021, and a= dmax,R/dmm,R > 1 denotes the ratio of
the maximum and minimum Euclidean distances of the signal
constellation (of size M) used for the network coded symbols
at the relays. Assuming d;[k] = 0, Vi, | # j, we arrive at

an expression for Pp(cj, ¢jlh,Zr,) as shown in (17). We
define Yequ = ZkelCJ W Veq, u[k], ’Yﬁ S ZuEE# Yeq,u» and

7}% £ Zuecu Yeq,u> and note that yg £ Zue{l,m
’Y}}% + ’yg holds. Now, we obtain

‘ 1 :
O(i, 1.q) = ;€ {eXp < - 61;7&3,3;)

xexp | — g(WSjD + % EueCH TR, — % ZuEEM ’VRu)Q
Ys;D + l; >_uer TR,

}G} ’qum

(18)

The following proposition upper bounds O(i, 1, q).
Proposition 2: The function ©(i,p,q) £ W, can be upper

bounded as
1 ¥s,D
Wy < T
2fdit2 (695,0)"° TImls Am(As, D)
Vs, R,
x
H [Z (w3s, )" [T Am(Asig,)

YR.D
(wYR, D) "u? [[5P A\ (AR, D)’

where ¥z £ (14 1/¢"?), Z € {S;D, SRy, R,D}, Vj,1,u,
and ¢ is a modulation dependent parameter (cf. (47) in
Appendix C) and independent of 7z, VZ.

_|_

19)

Proof: Please refer to Appendix C. ]
Next, we investigate the achievable diversity gain for the
considered system based on the developed asymptotic upper
bounds in (12) and (19). Note that using (12) and (19), we can



Pp(cj, &jlh,2R,) {sz KX = K2+ vequalKl (X roglk] — Xr, K] — | Xpy glk] — Xr, [K)?)
kek;l=1 wEER keK;
K v *
FY S enalblXn - K+ 3 3 RO WO = KD o)
ueCH keEK; o kek; 1=1 ns, b
£ Y A 2V PHn, ol (X, K] = X, (W) N, p[H} O} s
UER KEK v MR, D

Pp(ej, ¢jlh,zR,)

< Lex
2p

Pp(cj, ¢jlh, &R,) <

A
I
]
]
kel

%ZueC# Zkelc Yeq,ulk] —

(Ekelcj Zlfil Vs p[kld7 [k] + > uckn Zkelcj,u 'qu,u[k]d%u (k] + > uecn Ekelcj,u 'qu,u[k?]dQRu [k])2> (16)
e, Dis 160 KA K]+ Xcr Sner,, Yean Fldh, [4])

( _ E(Zkelcj vs, k] +

(S, 5,00k +

g D uemn Zkeicj,u 'qu,u[k]f)
T ZuGR D ke, Yea, u[k])

J,u

1
o lexp ( i E(VS;'D + ¥ Zuec“ TR,

- g ZuEE“ ’YRU)
,YSJ' + % ZUER YR,

a7)

also obtain an asymptotic upper bound on P(c;, ¢;) in (6).

B. Diversity Gain

To get more insight into the system performance, we inves-
tigate the diversity gain. Let g, p = €V, Ys,r, = f1,uVes
and Yp p = gu7V¢> VI, u, where e, fi ., and g, are arbitrary
positive constants. We define the diversity gain as the negative
slope of the PEP as a function of 7, on a double-logarithmic
scale. Based on (12) and (19), the diversity gain for source S;
is obtained as G7,

G

= min{df, LSJD} + Z min{dﬂu, {mlln LSlRu}’ LRuD}-

u=1 (20)
Eq. (20) reveals that for source S;, the maximum diversity
gain of SLNC BICM-OFDM is limited by the free distance of
the code, and the frequency diversity offered by the S; —
D link and all other relay links. We can extract the full
frequency diversity offered by the channel by employing a
code with sufficiently large free distance df. For channels
that are rich in frequency diversity, i.e., LS]. p > df and
min{min;{Lg,r, },Lr,p} > di, we obtain GZI = 2dg,
as ij:ldﬂu = d¢, which is identical to the maximum
diversity gain achievable in cooperative AF [36] and DF
[30] BICM-OFDM systems. In a single relay setup, if the
S; — R and R — D channels are not rich in diversity and
min{Ls,r, Lrp} < dt, we can improve the diversity gain by
adding a second relay. In doing so, we decrease df,1 and we
may achieve the maximum diversity gain provided that the new
d¢y and dio = di — dr; do not exceed min{Ls;r,, Lr,p}
and min{Ls,R,, Lr,p}, respectively. Roughly speaking, by
adding more relays we decrease df,, Vu, but increase the
overall diversity by making up for the missing frequency
diversity by adding more spatial diversity.
Remark 2: Adding more than dy relays can increase the
coding gain, but the diversity gain is still limited to G7, < ds.
However, if more relays are available, we can perform sub—

carrier based relay selection to exploit additional selection
diversity. The relay selection problem will be discussed in
Section IV.

Remark 3: The fact that the diversity gain in (20) is a
function of dy shows how critical BICM is to the system
performance. In particular, if BICM is not used, i.e., coding and
interleaving are not applied before the symbols are mapped to
OFDM sub—carriers, df = 1 holds and the frequency diversity
offered by the channel cannot be extracted.

Remark 4: The diversity gain for source S; of a BICM-
OFDM system employing GF(2) network coding (i.e., BLNC),
K sources, and G = 1 relay, is given by [31]

Gfl =rs,p + min{mlin{rslR}7 pIIl;;lj{TSPD}7 TRD} 21

= min{ds, Lg, p }+ min{d, mlin{LSlR}, mi;l {Ls,p},Lrp}
' P, P#j

Note that for both BLNC and SLNC, different sources may
enjoy different diversity gains depending on the quality of
the channel of the different links. However, from (21), it is
interesting to observe that for BLNC, the overall diversity gain
of source S; depends on the frequency diversity of the direct
links of the other sources, which is different from SLNC.

Why do SLNC and BLNC result in different G’?: The
reason is that for SLNC, the symbol transmitted by the relay,
X [K], is unique for different sets of decoded source symbols,
whereas for BLNC, Xy[k] is not unique (due to the binary
XOR operation at the bit level) and can be identical to X g[k]
for erroneous transmission as well. In particular, for BLNC,
x; # &; (recall that x; (&;) denote the transmitted (detected)
symbols of S;) for k € K;, 1€ {j,p}.p C{1,...,K}—j, ie.,
x and x differ in two vector elements, can cause :B’R = IR,
which is not the case in SLNC. Hence, the effective diversity
gain of each source depends on the S — D links of the other
sources for BLNC which can potentially limit the diversity gain
if other S — D links are not rich in frequency diversity.

Moreover, we expect to observe a higher coding gain for
SLNC because symbol combining is performed over the com-



plex field and GF(2) rather than GF(2) alone as in BLNC.

IV. RELAY SELECTION

In the analysis presented in Section III, uniform sub—carrier
allocation among the relays was assumed. Hence, from (20),
we observe that the diversity gain is limited by d¢,, i.e.,
the number of erroneous bits transmitted by the relay R,
corresponding to the error event. However, in practice, the
frequency diversity of the links associated with R, may be
larger than dy,. In this section, we consider two sub—carrier
based relay selection schemes to further improve the diversity
gain performance. In particular, we propose a) bulk selection
and b) per—subcarrier selection based on the instantaneous PEP
and derive the corresponding diversity gains®. As the high SNR
performance is dominated by the worst—case error event, we
only consider the set of sub—carriers, which contains the bits
of the worst—case error event, for developing the selection rule
and performance analysis.

As we are primarily interested in the diversity gain of the
schemes, we use a general form of the instantaneous PEP in
view of the analysis in Section III. Based on (10), (46) and (49)
in Appendix C, the instantaneous PEP for both error free and
erroneous detection at the relay can be expressed in general
form as

G
P(cj, ¢j|lh) < 1o exp ( —&(1svs;p + TR Z’qu,u))» (22)
u=1
where 77, U € {0, S, R}, are positive constants that absorb the
scaling factors which do not affect the diversity gain. Hence,
to derive the diversity gain for relay selection, we resort to
(22) and do not analyze the error free and erroneous detection
at the relay separately. Note that the worst—case sub—carrier set
definitions for the two proposed selection schemes are different,
as will be discussed below. We assume that the destination
acquires the channel information and informs the selection
outcome to the relays via low rate feedback link.

A. Bulk Selection

In this scheme, one relay is selected to transmit over all
sub—carriers. For relay selection, we consider the link qual-
ities of the relays for their corresponding worst—case sub—
carrier sets. We explore all possible sets of df sub—carriers
and determine the worst-case set for relay R, as Kj, =
argming, ,ex Y yer; , Yequ[k], where K is the ensemble
set of all poss1ble sets of df sub—carriers. Now, we define
Vworst,u Zke,c* Veq.ulk], which is the sum of the in-
stantaneous equlvalent link SNRs of relay R, corresponding
to the worst—case sub—carrier set K . Note that v, . [k] =
min{min; vs; r, [k}, Yr, D[F]}. Kj.u| = dg, as one relay
is selected to transmit over the whole set of sub—carriers. Note

2We note that in the considered system, the selected relays do not transmit
over the same carrier. Each relay transmits SLNC symbols over a subset of the
N data sub—carriers, and the sub—carrier sets assigned to the selected relays
are disjoint, cf. Section II-B. On the other hand, if the CSI of the R,, — D,
Vu links are available to the relays, they can use transmit—side beamforming
and all selected relays can jointly transmit the whole packet of SLNC symbols,
mapped to the N data sub—carriers. However, for beamforming, the CSI of all
R, — D links has to be known at each relay [37] and perfect synchronisation
is necessary, which is difficult to achieve in practice.

that the worst—case sets for different relays are in general
different as the relay links fade independently. As we have G
relays, R,, u € {1,...,G}, the best relay is selected as

(23)

u* = arg MAaX Yorst,u-
To obtain the corresponding unconditional PEP, we have to
calculate

PRu* (cj7 Ej) S 5{6XP (7€TR'YWorst,u*)}- (24)

The cumulative distribution function (CDF) of ~worst,u* 1S
given by Pr(~vworst,ux < )

G
y Yworst,G < -T) :HPr(’onrst,u < l’)

- (25)
Following (42) in Appendix A, Pr(yworst,u < ) can be
asymptotically approximated as Pr(Yworst,u < )

= Pr(’)/worst,l <z,...

K 1
T T "%t
2de (g TS R, + I)VSSRRH S Ru AZ(AS R, )
1
+ S "rer ). (26)
C(rr,p + D)y 121" Ni(Ar,D)

Note that d; ,, in (42) is replaced by dy in (26) as only one relay
is selected and forwards all the dr erroneous bits. Consequently,
we have 7z = min{ds, Lz}, Z € {S; Ry, R, D}. Hence, using
(25), we obtain Pr(yworst,ux < )

G K

I
o 11 =i L(rs;r, + 1)’7;?1:“ SN (AsyRy)
mT'RuD
N @7)
F(’/‘R D + 1) HlR ubl AI(AR D)

Now, we calculate the unconditional PEP as Pg . (c;, ¢;)

1 & d
< 2de/ exp( gTRI)d [Pr(7worst u* <13) dx
0
G K

IN

H jz_: - .HSR

u=1 \ j=1 (fTR'YSjRu)TS’R“’ | it )\l(As R.)

KR, D
(fTRW’R p)"mup [[5eP N(AR, D)

+higher order terms,

(28)

where (28) is obtained by integration by parts and xz, VZ, are
positive constants which are independent of the average SNR.
Hence, from (28), we get the diversity gain as

G
R . .
Gy = E mm{mjm TS;Ru>TRuD}

u=1

G
—me{df,mm Ls,r,,Lr,p} < Gds.

u=1

(29)

Now, by including direct transmission via the S; — D link,
the overall diversity gain is G% = min{ds, Ls,p} + G%.



B. Per—Subcarrier Selection

In this scheme, we select the best relay on each sub—carrier
as
vk,

u*[k] = arg max veq,u[kl, (30)

ulk]eR
i.e., relay R,- yields the best equivalent SNR on sub—carrier
k. Now, we select the worst—case sub—carrier set for source
Sj for the relaying phase as K7 p = argming; pex Zke,cjﬁ
Veq,u- [k]. Hence, the conditional PEP for the relaying phase is
given by

Prlej, &jlhp) S exp (= &mn Y Aequr[K])),
keK: r

where hr € {hgr, hr,p}, Viu, and veqy~[K]
max, Yeq.u|k]. Now, we need to derive the CDF of Y
Zkem R Jea,ur [k]. We obtain

75

ZPr@ < x),

i€D

3D

4

(T < z) 0, = Z 76q i3
where D is the set of all possible distributions of sub—carriers
among the relays for set K; g, 75, .. Zke,cl VequlK]
denotes the sum of equivalent SNRs for relay R, if it is chosen
to transmit over a subset of the worst—case sub—carrier set
K. € K g» Vi,u. Note that yeq u[k] > Yeqm[k], m # u,
m G R, k € K, The sets K} ,, Vu, are disjoint and
| IC W=k u holds Here di , denotes the number of worst—
case error event bits contamed in subset %, and 3, df , = dr,
Vi. Now, the CDF of 77, , ; is given by Pr(v}, ,.; <¥)

(32)

G
= H Pr(fygq,m,i < y)7

m=1 (33)
where ¢, . ; Zke}C‘ yeqm[k] and the second equal-
ity in (33) holds due "to the independence of g, ., i
Vm. The probability density function (PDF) of ’qumi de-
cays as mln{dfu,mlnj Ls;r,,;Lr,,p} (cf. (42) in Ap-
pendix A) and, consequently, the PDF of 7, ,; decays as
S min{d} ,, min; Ls,r,,, Lr, p}. The PDF of ©; in (32)
can be obtained as

fo,(@) = fre, (@) ® fyr , (2)® ® frz, 6. (2), 34

where ® denotes convolution. Following Lemma 1 in
[38], it can be shown that the asymptotic PDF (i.e.,
when ©, — 0, cf. [39] for a detailed discussion on

= Pr(’ygq,l,i <Y,... 7’qu,c;,i < y)

obtaining asymptotic PDF) fo,(z) decays with rate
PONIRD D min{d; ,, min; Ls; r,,, LR, p}- Now
Z’rcjlzl min{d;,u’ min] sz R LRmD} S Gdf ,u’ and

Zle Gdi, = Gd; holds independent of 7 and each
term Pr(©; < x) inside the sum in (32) decays at the same
rate. In view of (27)—(29), we can easily obtain that the
diversity gain for the relaying phase is given by the decaying
rate of fo,(x), i.e.,

G G
G =" min{d; wminLs;r,, Lr,p} < Gdr. (35)

u=1m=1

Hence, we observe that the maximum achievable diversity gain
for both relay selection schemes is G'ds and hence, identical.

V. JOINT SOURCE SUBSET AND RELAY SELECTION

In this section, we investigate the joint selection of a source
subset and a relay for the considered K source and G relay
SLNC BICM-OFDM network. In practice, the number of
active sources K may be larger than the number of available
orthogonal relay channels 7. In that case, we select T' out of
K sources to transmit to the relay and destination over T time
slots. Also, we may need to select one best relay to cooperate
with the source subset. We note that joint source subset and
relay selection incurs a larger feedback overhead compared to
relay selection only because the selection decision has to be
fed back not only to the relays but also to the sources. As
we are primarily interested in the achievable diversity gain,
we provide a sketch proof for the worst—case diversity gain. In
fact, for multi-source multi—relay networks with direct link, it is
very difficult to obtain a closed—form PEP expression for joint
source and relay selection [40] due to correlation among the
paths. There are some works on joint source and relay selection
for flat—fading links [40], [41], but here we consider selecting
a subset of sources which imposes further difficulty on the
analysis. Hence, we focus on the diversity gain analysis, as the
full PEP analysis would be even more involved for joint source
subset and relay selection for a network—coded system.

A. Problem Formulation

Here, the objective is to choose a subset of sources and a
relay jointly to minimize the worst—case instantaneous PEP.
We assume K sources can form () groups with 7' sources in
each group. In our analysis, we assume the set of sources is
partitioned into disjoint subsets. Partitioning into non—disjoint
sets would induce correlation among the received SNRs, which
leads to untractable analysis. Hence, we assume @ x T = K,
and out of the G relays, one best relay® is chosen jointly with
the optimum source subset. The problem can be formulated as

{i*,7"} = argmax Ymin, i, (36)
Vi,j

where Ymin,i,j — minleg, Yiig » Vg
Tr Min{min,,cg, 7s,, R;,K;, v YR;D K}

= TsVsiDK;,,; T

} Gt 22), 1 € Gy,

13,5

vzx., = Swex, 2K Z € {S,Ru 80D R.D},
and G; denotes the i4th subset of sources where
|Gi| = T holds. Here, IC;"}iyj denotes the sub—carrier
set containing the bits of the worst—case error event

for source S; € G; when relay R; is chosen and it
is obtained as Kj,; = argming,, ex (Tsvsip s, +
TRMIN{MiNmeg, VS, R, K10, VR, D.K1i, ) - When comparing
different subsets of sources, the minimum of the received
SNRs of all sources in that subset is considered. Basically the
chosen subset for a particular relay has the maximum value
of the minimum of the received SNRs among the sources
in the subset. For analytical tractability, we assume that

¥SmR; = VSR> 1-€., the links from a particular source to all

3As a single best relay is chosen, we adopt bulk allocation here, i.e., the
chosen relay transmits on all sub—carriers.



the relays are i.i.d. Similar to relay selection, we assume that
the destination informs the selection decision to the relays and
sources via a low rate feedback link.

B. Analysis

We analyze the performance of Si, I € G;«, when relay R;-
is selected. Then, the conditional PEP of S; can be expressed
as ( cf. (22))

Pp(e, é)h) < 1oexp ( — §'n7i*7j*) < 19 exp ( — €’Ymin,i*,j*)-

(37
Next, we find the distribution of 7y i+ ;. Note that the
Ymin,i*,; are independent for different j. Now, Pr(ymin’iw* <

x)

G G
= H Pr(Ymin,i*,j < &) = H Pr(mlax{’ymim,j} < x). (38)
j=1 =1
Note that vyin,;,; may not be independent for different subsets
G, as the same relay R; can be used by different subsets, and
depending on the overlap of the worst—case sub—carrier sets of
different sources that belong to G;, Vi, the minimum received
SNR of different groups Ymin:,; » V4, can be correlated. Here,
we study the worst case achievable diversity, i.e., we assume
full overlap of the worst—case sub—carrier sets. In particular,
we consider two cases: 1) yr,p > min,,eg,{¥s,,r} and
2) 4r,p < Minyeg,{7s, r}, and derive the corresponding
diversity gains in the following propositions.

Proposition 3: For A, p > miny,cg,{7s,, r}. the achievable
diversity gain is given by

Q Q G
1 . . . .
G, = Z min(dy, ?euglll Lg,p) + Z Z min(dg, lHelgll Ls,r;).
=1 i=1 j=1
(39)
Proof: Please refer to Appendix D. ]

The first term Z?zl min(dg, mingeg, Lg,p) corresponds to
the contribution from the direct links of the sources in the sub-
sets and the second term 2?21 Z]G:l min(d¢, mingeg, Ls,r;)
accounts for the contribution of the relay links, particularly of
the S; — R; links as the event yg,p > minm,ecg,{7s,. g, }
is dominant in this case. We observe that if Ly > dg,
Y € {S/D, S;R;}, the maximum achievable diversity gain in
this case is G} ., = Q(1 + G)ds.
Proposition 4: For 4, p < min,,eg, {7s
diversity gain is given by

R}, the achievable

m

Q G
2 : . .
G5 = z; min{dy, min Ls,p}+ z; min{d¢, Lr;p}. (40)
1= j=
Proof: Please refer to Appendix E. ]

In contrast to the previous case, here the second term reflects
the contribution of the B; — D links. This is because the event
YRr;p <K MiNyeg {7s,,r,} (€., Rj — D are the bottleneck
links) is dominant in this scenario. The maximum achievable
diversity gain is G7 ., = (Q + G)ds.

Remark 5: We note that Case 1 results in a higher diversity
gain compared to Case 2. In Case 2, all effective SNRs for

different subsets of sources sharing the same relay are strongly

correlated as I2; — D is the bottleneck relay link. In Case 1,
we can exploit the independent S; — R; links, [ € G;, Vi.
Hence, the effective SNRs of all pairs of relays and subsets
are mutually independent in Case 1 and there are QG (cf.
the second term in (39)) ways to establish a network coded
connection consisting of a subset and a relay out of the @
subsets and the G relays, respectively.

Remark 6: The first term in (39) and (40) scales with
the number of subsets, not with the number of sources per
subset. This can be attributed to the fact that we consider
the worst—case scenario for comparing the link strength from
different subsets to the destination, i.e., the minimum end—to—
end SNR of all sources in a subset is adopted as the basis for
comparison. It is possible that in some instances, the end—to—
end instantaneous SNR ~; ;- ;« of source S, | € G;~, is larger
than that of S,,,, m € G;«, m # [. However, the performance
at high SNR is dominated by the minimum end-to—end SNR
event.

Example: 1If all links are flat—fading, ie., Ly = 1, Z €
{S\D,SiR;,R;D},Vl,j,and G = Q =2,G, =6and G2 = 4
results. The lower diversity gain in Case 2 results because the
R; — D links are the bottleneck links and the diversity offered
by the S; = R;, [ € G;, Vi links cannot be exploited.

Remark 7: Comparing (29) and (39)/(40) we observe that
joint source subset and relay selection yields a larger diversity
gain compared to relay selection only. However, joint source
and relay selection may not always be desirable as it causes
more feedback overhead compared to relay selection.

VI. NUMERICAL RESULTS

In this section, we present Monte—Carlo simulation results
to investigate the impact of the various system and channel
parameters on the performance of SLNC for BICM-OFDM
systems. Throughout this section, we adopt the rate 1/2 con-
volutional code with generator polynomials (7,5)s and free
distance dr = 5, Gray labeling, and N; = 64 sub—carriers of
which N = 60 are data sub—carriers. We assume all network
nodes employ the same channel code. The interleaver for
BICM-OFDM is designed as outlined in [21]. The coefficients
of the CIRs of all links are independent Rayleigh fading.
We assume identical noise variances at R,, Vu, and D, i.e.,
Tno b = Ong n =0y = No, Vj. We assume o = d,
7 € {8;D,S;R,, R,D}, with d; being the distance of link
Z and path—loss exponent o = 2. Unless otherwise mentioned,
we assume the de p are normalized to 1, and all other link
distances are 0.5.

A. Diversity Gain

First, we consider a system with K = 2 sources and
G = 1 relay. We assume BPSK modulation, unless stated
otherwise. Fig. 4 shows the bit error rate (BER) vs. transmit
SNR (P/Ny) for source S; for different CIR lengths {Lg,p =
Ls,p = Ls,r = Ls,r = Lrp = L}. We show results for
L = {1,2,3,5,6} (solid lines). We observe diversity gains
ofG{11=2,G(1j:4,G(1i=6,andG}i:10f0rL: 1,
L =2, L = 3, and L = b5, respectively, as expected from
(20). For L = 6, we do not observe any additional diversity
gain compared to L = 5 but some additional coding gain. This
is also confirmed by (20) and the maximum G}, is limited by
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Fig. 5. BER vs. transmit SNR performance comparison of SLNC, BLNC
[31], and CENC [11] schemes in cooperative BICM—OFDM systems.

2d¢ = 10 for the considered case. Furthermore, we observe
that for L = 2, full diversity Gé = 4 is also attained for QPSK
modulation, and for L = 1 with K = 3, full diversity G} = 2
is obtained as well. This confirms that the diversity gain in
(20) is valid for arbitrary modulation schemes and any number
of sources. As K increases, some coding gain is sacrificed in
exchange for an increase in throughput.

B. Performance Comparisons

In Fig. 5, we compare the performance of the considered
SLNC scheme with other network coding protocols for BICM—
OFDM systems. We consider a two source single relay network
and adopt 8—PSK modulation for SLNC and BLNC. We present
three cases: Case 1 (Ls,p = Ls,p = Ls,r = Ls,r = Lrp =

T T T
—©— Case 1: SLNC mapping
@ Case 1: Lin. Const. Prec. |
+| ==E=— Case 2: SLNC mapping
O Case 2: Lin. Const. Prec.

BERof S,

P/NgdB

Fig. 6. BER vs. transmit SNR performance for linear constellation precoding
and the mapping adopted for SLNC.

1), Case 2 (Ls,p = Ls,p =1, Ls,r = Ls,r = Lrp = 2),
and Case 3 (leD = 1, LSgD = leR = LSQR = LRD = 2)
For Cases 1 and 3, we observe that both SLNC and BLNC
[31] achieve G}j = 2 and G}i = 3, respectively. However, for
Case 2, SLNC results in Gil = 3, whereas BLNC results in
G}l = 2, as expected from (20) and (21), respectively. This is
because for BLNC, the diversity gain observed by S; depends
on the S5 — D link. In contrast, for SLNC we observe
that Cases 2 and 3 result in identical performances as G} is
independent of the frequency diversity of the So — D link.
Furthermore, we compare SLNC with CFNC in [11], where
symbols from multiple sources are received simultaneously at
the relays. As CFNC has a higher throughput (CFNC needs two
channel uses compared to three required for SLNC to transmit
the data of two sources), we assume QPSK transmission for
CFNC to compare the performance for the same rate. In CFNC,
multiuser detection is applied at the relay and destination which
is more complex compared to the decoding procedure adopted
for SLNC. We observe that both SLNC and BLNC outperform
CFNC by some margin.

In Fig. 6, we compare linear constellation precoding [34]
with the adopted multiuser mapping scheme at the relay for
K = 2 and G = 1. We assume both sources transmit
symbols from a 4-QAM alphabet. For constellation precoding,
we adopt the choice 6; = e/™(4n=D(-1/2K /\/K for K = 2F;
and 0; = 7O DE-DSBE /K for K = 3 x 2% and
any n € {1,...,K} [34]. Here, K = 2, and we choose
6, = 1/v/2 and 6, = €/37/%/\/2 for n = 1. We assume
all links have identical frequency diversity L. We compare
for L € {2,3} and observe that both schemes achieve the
same diversity gain for the considered cases. However, the
mapping scheme performs approximately 1dB better than the
constellation precoding scheme. This result can be attributed to
the fact that when two sets of 4-QAM signals are mapped to
a 16-QAM constellation, a larger d,;i, is achieved compared
to that observed for constellation precoding (cf. Fig. 3).
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C. Relay Selection

In Fig. 7, we study the performance of different relay
selection schemes for K = 2 and G = 3. We assume
QPSK transmission by the sources. We assume Lgs,p = Lsp,
Ls,r, = Lr,p = Lg,, Vi, j, and consider three cases: Case
1 (LSD = LR@ = 1), Case 2 (LSD = 1, LR1 = LR2 = 2,
and Lr, = 1), and Case 3 (Lsp = 1, Lgr, = Lp, = 3,
and Lp, = 2). Along with bulk and per sub—carrier selection,
here we also show the performance of combined selection,
where a subset of all available relays are selected and a best
relay is chosen for each sub—carrier among the subset*. For
combined selection, here we assume each subset contains two
relays. We observe that for Case 1 and Case 2, all three relay
selection schemes have the same diversity gains of four and six,
respectively (cf. Section IV). For Case 1, ‘no relay selection’
achieves also a diversity gain of four. However, for Case 2,
it does not achieve full diversity gain. This is because for
uniform sub—carrier allocation among the three relays, it is
not guaranteed that the number of bits (i.e., dy,) transmitted
by relay R, corresponding to the worst—case error event will
always match the frequency diversity of the S — R, and
R, — D links (cf. (20)). For Case 3, we just show relay
selection by bulk sub—carrier allocation and observe that indeed
it achieves a diversity gain of nine, as predicted by the analysis
in Section I'V. However, no relay selection can at most achieve a
diversity gain of six, as the maximum diversity for the relaying
phase is limited to df = 5 for uniform sub—carrier allocation
among relays (cf. Section III). In conclusion, sub—carrier based
relay selection schemes achieve a higher coding and diversity
gain compared to ‘no relay selection’ as the frequency diversity
of the involved links increases. It is obvious that per sub—carrier

4Following the analyses for bulk and per sub—carrier selection, we can easily
show that combined selection also results in the same diversity gain. However,
for brevity and space constraints, we do not show the analytical derivations
rather validate the claim by simulation results.
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Fig. 8. BER vs. transmit SNR performance for selection of a subset of sources.
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Fig. 9. BER vs. transmit SNR performance for the joint selection of a relay
and a subset of sources.

allocation is the most computationally complex of the schemes
and bulk allocation is the most simple in terms of operation. In
terms of complexity, combined selection stands in between the
two schemes as per sub—carrier allocation is performed among
a subset of relays.

D. Joint Source Subset and Relay Selection

In practice, source subset selection can be profitable when
the number of available orthogonal multiple access channels
is less than the number of sources. In Fig. 8, we study
the performance of source subset selection compared to no
selection. We assume K = 4, G = 1, and T = 2. There are
@ = 2 subsets, each containing 7" = 2 sources: S; = {57, S2}
and Sz = {S5, S4}. We adopt BPSK and assume all links have
an identical frequency diversity of one. We consider two cases;
Case 1: dgp = 1 and dg;r = 0.25 and Case 2: drp = 0.5



and ds;g = 1, Vj. For Case 1, we observe that the system
enjoys a diversity gain of three (cf. Proposition 4 in Section
IV, Eq. (40)) and for Case 2, we observe a higher diversity gain
of four as the i.i.d. S; — R links experience a lower average
SNR compared to the R — D link and are the bottleneck links
(cf. Proposition 3 in Section 1V, Eq. (39)). Note that no subset
selection always achieves a diversity gain of two.

In Fig. 9, we consider joint source subset and relay selection
when Q@ = {2,4}, T = 2, and G = 2. Here, we assume
BPSK transmission and all links are i.i.d. flat-fading. As all
links are i.i.d. (i.e., same average SNR for all links), the
probabilities of having a S, — R; or a R; — D link
as the bottleneck link are equal, however, the events when
the B; — D links are the bottleneck links will dominate
performance, because the effective link from the source subsets
to the destination via a particular relay will be correlated,
which in turn limits the maximum achievable diversity gain,
cf. Proposition 4 which describes the case when the R; — D
links are almost always the bottleneck links. We observe that for
@ = 2 and @ = 4, diversity gains of four and six are obtained
(cf. (40)), respectively, whereas no subset and relay selection
results in only a diversity gain of three (cf. (20)). Hence, we
conclude that a very high diversity gain can be realized by joint
subset and relay selection.

VII. CONCLUSIONS

In this paper, we studied multi-source multi—relay SLNC
for BICM-OFDM systems. We have shown that the presented
SLNC scheme combined with C-MRC decoding achieves the
maximum possible diversity gain of the considered system even
if erroneous decisions at the relay are taken into account. The
diversity gain of a particular source was shown to be indepen-
dent of the direct links of other sources which is in contrast to
BLNC based systems. Results revealed that significant coding
and/or diversity gains can be observed with SLNC compared
to BLNC and CFNC. Based on the instantaneous PEP, we have
developed two sub—carrier based relay selection techniques and
shown that they achieve identical diversity gain. Experimental
results confirmed that sub—carrier based relay selection achieves
higher coding and/or diversity gains compared to uniform sub—
carrier allocation among all the relays. Finally, we considered
the important problem of source subset selection. As it is diffi-
cult to obtain a general closed—form average PEP expression for
source subset selection due to the correlation among the chosen
paths, we analyzed two specific cases and provided diversity
gain expressions for each of them for joint relay and source
subset selection. Simulation results confirmed the high diversity
gain achievable by the joint selection scheme.

Interesting topics for future work include power allocation
among the transmitting nodes and performance analysis when
outdated S — R link CSI is used for C-MRC decoding at the
destination.

APPENDIX A

To evaluate Eh{PD(cj, éj\h,a:R)}, we need to calculate
the PDFs of vs,p and 7eq. The asymptotic PDF of g, p
(.e., Vs;D — 0) can be obtained as [38]

1

Frs;o (@) = e 2™ @)
Y D(rs;0)7s,p 11237 Mi(As;p)
where  7s,p = V8,0 Y ap WE plklhs, bl =
'_VS.thngASthSjD’ As;p D kds ijD[k}ngD[k]’
and

rank{As,p} = min{ds, Ls;,p} = 7s,p. Now, we introduce
the following Lemma to calculate the PDF of 7. .

Lemma 1: The asymptotic PDF of
Vequ £ Zkelcm Yeq.ulK], .whe.re Veq,ulk] 2
min{{min; vs,r, [¥]}, Yr, D[k}, ¥4, is given by

1 K
f%q,u, (x) iZKTf’u <Z f'yspRu, (1’) + f’YRuD(x)>
p=1
2R \ = T(rs,m )6 TL™ M(As, g,
:L.’I‘Rupfl
+ — 7 ) (42)
F(TRuD)'YRTBD l:RTD )\I(ARuD)
where rg g, e rank{As,r,} = min{dsy, Ls,r,}. and

TR.D £ rank{ARuD} = min{dﬂu,LRuD}. Here, ASpRu and
ARg,p are defined in a similar way as Ag,p in (41) for set
Kju-

Proof': Please refer to Appendix B.
Now, we calculate the expectations &p D{exp(—gfysj D)}

and 5hSRu,hRuD{GXP(*W’qu,u)} in (11) using f,YSjD(x) in
(41) and f,,, ,(x) in (42), respectively, and after some simple
manipulations, we arrive at (12).

APPENDIX B
Here, we prove Lemma 1. By the law of total
probability, we obtain the expression for the PDF of

Vequ at the top of next page, where C = (K
e — K — 1 Y5,R. 2 Lrex,. ¥Rkl 7R.D
A
Ekezcm YR, DIkl Vfngu = Zkelc?u ) VSp R k], %%HD
Ykext o YRl Usegs,...sx.r)Kjup = Kju, and
036{51,_“75%&}/@7“73 = @. In view of Lemma 1 in [38],
we observe that for 5, — oo, Z € {SRy, RyD},Vl, u, the
third term in (43), which corresponds to the mixed event, i.e.,
when S, — R, is the bottleneck link on some worst—case sub—
carriers k € ICéu s, and the R, — D link is the bottleneck

link on some other worst—case sub—carriers k € lCé w.Ry>
much faster than the first and second terms and

11 Pr(vs,r. k] < v ([K][Y € {SiRy, RuD}, i #pi € S)
ke’Cj,u

> 11>+

,S

decays

. o1
:HPT(VRUDW <z[k]|Z € {S1 Ry, .. -vSKRu}):W

kG]C]‘,u
(44

holds. Hence, using (cf. (41)), the asymptotic PDF of 7eq,,
can be obtained as shown in (42). Note that this Lemma can be
considered as an extension to the results shown in Lemma 1 in
[38], where a PDF of 7., ., was derived for a single relaying
path only, i.e., for one source and one destination.
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Freon@) =3 frs n @) [ Pr(vs,r. k] <y [k][Y € {SiRy, RuD},i #p,i € S)
p=1

kEK ) u

When S,—R, is the bottleneck link
+ fonon @) [ PrOva.olk] <v2[F|Z € {S1Ru, ..., Sk R.})

ke,

When R, —D is the bottleneck link

C
+ walisu @)@®...efy ()@fy (2)
=1

« 11 - 1I

ket ket

1
Fru,Sq1 Jru, Sk kek;

Jsu, Ry

XPr(,ySKRu [k] < ’VY[ka € Icé‘,u,SKaY € {SlD

s S D, RyDY)Pr(yr, p[k] < vz[Klk € K5, )

II PrOvsir.k] <wkllk € K, Y € {S2D, ..., Sk D, R,D}) ...

(43)

Mixed event

APPENDIX C

Here, we derive an expression for ©(u, ) (dropping index
1). From (18), we have 2221 VSoRyy = S wern VSqRa >
> wern YR, = 75 Then O (i, q) can be further upper bounded
as

1.C _ B E\2
O, q) < ié‘h{exp <_§<%g L Osp+ 398 = 577) ))}

vs,p0 + (7§ +E)
(45)

Let vs,p + %’yg £ ~,.. Then, we obtain

1 (,Ym - E’YE)Q
O(p,q) < Zé'h {exp <§<Vg+%+€% .
(46)

We calculate an upper bound on ©(pu,q) as it is difficult to
obtain a closed—form result for the expression in (46). For this
purpose, first we obtain a lower bound on 'y]]?z + %.
Following (17) — (24) in [30] where a similar function is lower

bounded, we can show that

ey O = PR [t R R > A
PV o(vm + 37E), B < By
(47)

where ¢ = pJB%/(JB% + 28 + 1) > 0 is a modulation
dependent parameter and p is a function of 5 and J, and defined

as
_ PP +2J8 428

J2
J?+2J 232
++ﬁ+ﬂ¢4ﬁ+

8J 33 + 434

> 0.
J? 4+ 2J8+ 252

- (48)
Exploiting ~,, £ vs;p+ %'yg and yp £ 7}% +’yg, we simplify
47) as

VE > ¢Ym
’ng < CYm
(49)

Vs;D + %VRa

E
+ >
TR e(vs;p + %WR),

(Om = 575)° {
Y+ FVE

where ¢ 2 224l Note that vz = YouYequ =

2
D ou 2okek, %(w[ﬁ. We divide the calculation of ©O(u,q) in
(46) into two parts corresponding to the cases Y5 > ¢, and
7{% < ¢Y¥m, and each part has a similar form as the right hand
side of (11). Following similar steps shown in Appendix A to
arrive at (12), we can obtain (19).

APPENDIX D

When yg,p > min,eg,{7s,,r, }> Which corresponds to
the case when Yr;p > min,eg,{7s,,r}> Vi1,; simplifies to
Yilj = Vs,p + mingeg,{vs,r;}» | € G;. Then the minimum
received SNR min ;,; of group G; can be expressed as Ymin,i,j

= min {vsip + Inin {Vsmr,}} = gglgg{ﬁs,p} + greugril{visj}.
(50)

Hence, ymin,i=,j= can be expressed as

Yomin,i* g+ = WX Yomin,j = MAX { {religlg{’}/slp} + freligrll{vslgj}}

= i i L 51

max { min{ys,p} + maxmin{ys,r, i (51
For the considered case, we have Ypin i, j+ = minjeg, {vs,p}+
max; mineg, {Vs,r, }. Note that vs,p and vs, g, are indepen-
dent for different [ € G;, and consequently, min;eg, {vs,p}
and mineg, {vs,r,} are independent. We define vsp,; =
minlegi{’}/slp} and VSR;,i = minlegi{’ygle}. To obtain the
asymptotic PDFs of ysp ; and ysg; ;, we exploit the following
Lemma.

Lemma 2: Consider L non-negative random variables { X }°,
i € {1,---,L}, and define W £ min(Xy,---,Xz). Then
when w — 07, the PDF fy (w) of W is given by

fw (W) = fx, (W) + fx, (0) + - + fx, (w).

Proof: Please refer to Lemma 2 in [42]. [ |

Now using (41) and Lemma 2, we obtain the asymptotic
PDFs

(52)

SHere, the random variables {X;}, Vi, do not need to be independent.



f'YSD,i(x) = Z f’Yle(x)
leg;
1
= S,D TS,D :L.TSZD71
1€G; F(TSLD)’YSLD me=1 Am (As,p)
(33)
and f'YSRj,i(x)
1
=2 FEETL L (54)

TS|R; TS| R;
leg; F(TSlR )’YSL;% ’ H : (ASLRJ')

From (53), fys,,(x) can be approximated as f,.,,(z) =~

Q({N’l}légmTSD,i)ZETSD’iil, where TSD,i £ Ininlegi{rle}’
and Q({}ieg,»7sp,i) is defined as

Q({m}ieg:>rsp.i)

doleg, My Ts,D =1 =TsoDj
=49 M, 7§D <Ts,p, MEG,m#L (55)
Zlegiyl M, TGy <rs,D,MmE&E gi,?v
TQ“ == {TSLD}IGQi,17gi,1 N gi,Q = ®7
and 1
N
L(rs,p )’Yslb me1 Am(As; D)

Similarly from (54), fysp, ,(x) can be approximated as
Frsn, () ~ M{wihieg, rsr, )27, where rsp,; £
mineg, {rs,r; }» A{vi}ticg; 7sr,; ) is defined in a similar
fashion as Q({4 }ieq;,7sp,i) above, and v is defined as

1
b 2 NG

F(TSZ )’YS;S‘SR SZR7 Am (ASzR]')

Now, we define 7ysg;.,i = max; Ysg,,i- Lhe asymp-
totic CDF of ~7sg,; can be obtained as Pr(ysg,: <
©) = O({n}ico,. rsr, i)a 5, where ©({n}icq,. s, i) =
A({Vl}legi;TSRj,i>/TSRj,i' NOW the CDF of VSR« ,i can be
expressed as

TSRj,i

u‘::]c)

PT(WSRJ*,i <) = @({Vl}legiﬂ"SRj,i)w

<H® {vitieg:: TsR; z)> pZim1 TSRy (58)

Let us define rgp; = Z]G:l 7sR;.i- Now, the PDF of ysg . ;
is given by

f’YSRj* i = TSRz(H {Z/l}leg,i,TSRJ_J-))g;TSRJ—l

S({vihieg,, rsr, i, Vi)a 5T (59)
where Z({Vl}legi,’r‘st,i,Vj)
G
=TSR, ( H O({vitieg, TSRj,i)) : (60)

j=1
Now, we find the PDF of ~yyin 4 ;-
exploiting the following Lemma.

Lemma 3: Consider two non—negative independent random
variables Z; and Z,. The PDF of Z; is approximated as
fz,(2) = ;2" (assuming that z — 0). Let V = Z; 4+ Zs.

= Y$D,i t+ VSR« bY

Then the PDF of V' can be expressed as

_GGU(k + D (Ao +1) 4o
fV(U) ~ F(Hl + Ko +2) v :

Proof: Please refer to Proposition 3 in [43]. |
Following Lemma 3, we obtain the PDF of vyin i j= as

f’Ymin,i,j* (x) :Q

(61)

({/il}legi ) TSD,i)E({Vl}legm TSRj,i» V])
L(rsp.)V(rsri) rsp itrsni-1
I(rsp,i+7sr,i)

AS Ymin,i,j+ 1s independent over 7 and provides a diversity gain

of rsp i +7sr,, following Proposition 4 in [39], we obtain the
diversity gain for vymin i j= = MaX; Ymin,s,;= (cf. (51)) as

(62)

Q
G}j:Z(TSD’i—i—TSRZ Zmlnrslp—i—ZmerSl
i=1 i=1 j=1
Q Q G
Z df7m1anlD —I—ZZmln df,mlanl ) (63)
i=1 =1 j=1
This concludes the proof.
APPENDIX E

When yg,p < ming,eg,{7s,,r, }>» Which corresponds to
the case when Vg, p < min,eg, {’ygm R} Vil ; simplifies to
Yilj = Vs;p + VYR;D> | € Gi. Then, the minimum received
SNR Yiin,i,; of group G; can be expressed as Vmin,i,j

— i A = mi D. 64
{Iellgril{’YleJr’}/R]D}} %Tellglz{’YSzD}JF”YRJD (64)

Hence, Ymin i+ ;= can be expressed as

Yanin,i* j* = MAX Ypin 7,j = Max { Qign{WSzD} +YR; D}
(2% 2,] i

= max { {Iég}{VSZD}} +max g, p. (65)
Let ygp i+ = max; {minlegi {’YSZD}} = max; {’YSD,i}« The
asymptotic CDF of ~«gp; can be obtained following (53)
and (55) as PI‘(’)/SDJ' < 1‘) = T({,ul}leg“’l"SDJ):L’rSD'ri,
where Y({pitieg,,7sp.i) = Q{mutieg,,rsp,i)/rspi- Now,
the PDF of ~vgp,- can be obtained following (58)
and (59) as f’YSDz ( ) = :({Ml}zeg {TSDt}V'L) s,
where rsp = ZZQlTSDz and H({Ml}leg,“{TSDL}VrL) =
TSD(HZ L Y({mtieg,,rsp,i)). Similarly, we can obtain
the PDF of 7yr.p = max;yg,p as vaj*D(x) =

U(7j,rRr,p,Yj)x™* P!, where rpp = Zf:erjD and
U(rj,7R,0,Yj) = rrp [15; 75 and
1
- . (66)

F(TRJD)WRTJDD Hr:;]f )‘m(ARjD)

Note that 7;2"%” " is the PDF of yg,p (cf. (41)). Now,
following Lemma 3, we obtain the PDF of iy 4= j+ as

Frtminie 3 (¥) =E({pu tieg,» 75D,i, Vi) ¥ (75, 7R, D, Vj)
L(rsp)U(rep) roptrap—1
[(rsp +7rD)
Finally, following [39], we can show that for the considered
case, the diversity gain provided by pin = j+ 1S given by the

(67)



decaying rate of f, . .. . (%) as

Q G
Gi=rsp+Trp =Y Tspi+ Y TrD

i=1 j=1

Q G

= Z min{d¢, min Lg,p } + Z min{d¢, Lg.p}. (68)
‘ 1eg; ) : !
i=1 j=1
This concludes the proof.
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