
Homework 2 -- Due: see website (Released: February 8) 

1. Problems with trees (10+10+10 points) 

(a) Develop an algorithm to determine the second smallest element in a 

binary search tree. (You may assume that all keys are integers.) What is 

the computational complexity of your algorithm? 

(b) An extended binary tree is a binary tree with the restriction that each 

node has either no children or two children. Any node with no children 

(leaf) is called an external node and a node with two children is called an 

internal node.  

If T is an extended binary tree with n internal nodes, then it has n+1 

external nodes. The internal path length of an extended binary tree T, 

denoted IPL(T), is the sum of the levels of all the internal nodes. (The root 

is at level 0.) The external path length of T, EPL(T), is the sum of the 

levels of all the external nodes.  

Prove, using structural induction, that for any extended binary tree with n 

internal nodes, EPL(T)-IPL(T) = 2n: 

(c) A ternary tree is a tree that allows each node to have up to three children 

(left, middle and right). One or more of these children may be null (NIL) 

pointers. Prove, using structural induction, that in a non-empty ternary 

tree, the number of null pointers is one more than twice the number of 

nodes in the tree. 

 

2. Functions and order estimates [10+10+10 points] 

(a) Determine if the following functions from R to R are injective, surjective, 

and/or bijective. 

i. f (x) = x3+1 

ii. f (x) = x/(x2+1) 

iii. f (x) = x2/(x2+1) 

(b) Assume that the set N = {0,1,2…} and assume that the set Z = {…, -2, -

1, 0, 1, 2, …}. Define a bijection between N and Z.  Prove that the 

function you define is bijective 

(c) Give the best (tightest) possible big-O estimates for the following 

functions. 

i. f (n) = n2(500logn+n2)+n(n2-14) 

ii. f (n) = (n3+4n)(n2-5) 

iii. f (n) = (n!+3n3)(2n-2n)n 

 

3.) [20 points] Find an explicit formula for f(n) where f(1)=1 and f(n)=f(n-1)+2n -1. 

Prove your result using induction. 

 

 



 

 

 



 

 

 

 

 

 

 



Additional suggested problems (not graded): 

� Define a bijection between N and NxN. 

� Sets (page 130 in textbook):  29, 42 

� Functions (page 146):  16, 20,  

� Complexity of algorithms  (page 199): 7, 8, 26;  (page 259): 9-18 

� Induction (pg 330): 9, 34, 43 

� Trees (pg 709): 8, 13-18 

 


