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Abstract—Fiber nonlinearity is the bottleneck of optical com-
munication systems and is commonly addressed by applying
various nonlinearity mitigation and compensation techniques. In
general, nonlinearity mitigation techniques offer modest improve-
ments with minimal computational complexity, while nonlin-
earity compensation techniques provide significant performance
gains at the expense of higher computational complexity. This
motivates us to propose a joint nonlinearity mitigation and
compensation approach in which the nonlinear effects during
signal propagation are reduced to compensate for the residual
nonlinearity at a lower complexity. Specifically, in this paper, we
study the combination of symbol rate optimization (SRO) and
perturbation-based nonlinearity compensation (PB-NLC) for a
pre-chromatic dispersion compensated (pre-CDC) transmission
of polarization multiplexing, digital sub-carrier multiplexing,
and wavelength division multiplexing (PM-DSCM-WDM) optical
communication system. We highlight the interplay between SRO
and PB-NLC and demonstrate that joint SRO and PB-NLC
provides considerable performance gain, significant complexity
reduction, and an additional degree of freedom to balance
performance-complexity trade-offs when compared to applying
only PB-NLC in a conventional PM-WDM system. We observe
that the pre-CDC transmission manifests a unique property that
enables the distribution of PB-NLC computational complexity
between transmitter and receiver. Leveraging the distinctive
property, we propose a split PB-NLC technique for the PM-
DSCM-WDM system. This technique combines the benefits of
both pre-PB-NLC and post-PB-NLC, resulting in a modest
performance improvement while maintaining the same compu-
tational complexity as post-PB-NLC.

Keywords: Optical fiber communications, perturbation-

based nonlinearity compensation (PB-NLC), symbol rate opti-

mization (SRO), cross-phase modulation (XPM), complexity-

performance trade-off, sub-carrier multiplexing, split tech-
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I. INTRODUCTION

The increasing capacity demands due to the exponential

growth in global information exchange necessitates optical

fiber communication systems to continuously improve [1].

This has been accomplished over the past decades with the
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introduction of new techniques such as wavelength division

multiplexing (WDM) [2], polarization multiplexing (PM) [3],

coherent detection [4], and advanced modulations [5]. Further-

more, limitations of optical devices such as oscillators and

filters in handling higher bandwidth signals have prompted

the development of digital sub-carrier multiplexing (DSCM)

[6]. DSCM systems process multiple parallel signals in the

radio frequency domain and subsequently multiplex them into

a single-wavelength signal in the optical domain. Thus, DSCM

systems overcome the limitations of optical devices by lever-

aging advanced radio frequency counterparts [7]. Moreover,

DSCM seamlessly integrates into existing WDM systems to

increase the overall data-rate performance of optical fiber

communication systems.

Changes in the refractive index of optical fibers proportional

to the transmission power give rise to nonlinear distortions

in signals known as the Kerr nonlinear effects [8]. The Kerr

nonlinear effects fundamentally limit the capacity of the opti-

cal fiber communication medium. In WDM systems, the Kerr

nonlinearity introduces self-phase modulation (SPM), cross-

phase modulation (XPM), and four-wave mixing (FWM) [8].

SPM occurs due to the neighboring pulses’ interaction within

a single channel. In contrast, XPM and FWM arise due to

the interaction of pulses between WDM channels, and their

behavior is influenced by the channel spacing between these

channels.

In DSCM systems, digital sub-carriers carrying different

signals occupy distinct frequency bands within a WDM chan-

nel in the optical domain. Hence, the closely spaced digital

sub-carriers experience SPM within a sub-carrier as well

as inter-sub-carrier XPM (iXPM) and inter-sub-carrier FWM

(iFWM), in addition to the inter-channel XPM and FWM

effects observed in conventional WDM systems.1 The impact

of these nonlinear effects varies with the sub-carrier symbol

rate [12]. At a higher symbol rate, the SPM effects dominate

the nonlinearity of the DSCM system. As the sub-carrier

symbol rate decreases, and accordingly the number of sub-

carriers increases, iXPM and eventually iFWM effects become

significant. But while iXPM diminishes after reaching a certain

number of sub-carriers, iFWM effects continue to grow [12].

These differing trends among the nonlinear effects lead to

a pattern where the aggregate nonlinear distortion initially

1Some literature, e.g. [9], [10], categorize intra-channel nonlinear interac-
tions into three types: SPM, intra-channel cross-phase modulation (IXPM),
and intra-channel four-wave mixing (IFWM). In this work, we use SPM to
account for all of these effects within a DSCM subcarrier, as in e.g, [11],
[12]. Furthermore, the abbreviations iXPM and iFWM for cross sub-carrier
nonlinear effects are used to avoid confusion with the abbreviations IXPM
and IFWM used in the above-mentioned literature.
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decreases and then increases again with decreasing sub-carrier

symbol rate. Consequently, there is an optimal sub-carrier

symbol rate that minimizes the overall impact of nonlinear

impairments in the DSCM systems [13].

Symbol rate optimization (SRO) in DSCM systems is an

example of nonlinearity mitigation. Nonlinearity mitigation

techniques aim to modify signal properties with the goal of

improving tolerance against fiber nonlinearity during signal

propagation. Other examples include pulse shaping [14] and

dispersion management [15]. Alternatively, the detrimental

effects of fiber nonlinearity can be addressed by nonlinearity

compensation. Nonlinearity compensation techniques focus on

estimating the induced nonlinear distortions and compensating

them either at the transmitter through pre-compensation or

at the receiver through post-compensation. Examples of non-

linearity compensation techniques include digital backpropa-

gation (DBP) [16], Volterra series-based nonlinear equalizers

[17], perturbation-based nonlinearity compensation (PB-NLC)

[18–21], phase-conjugate twin waves [22], and adaptive equal-

izers [11], [23], [24]. Generally, nonlinearity compensation

provides significant performance gains with a corresponding

increase in the computational complexity [16–18]. Nonlin-

earity mitigation offers comparatively moderate performance

gains but with lower or negligible computational complexity

[12], [14].

Most of the existing literature considers nonlinearity com-

pensation and mitigation techniques independently, e.g., [11–

14], [16–25]. However, combining these two approaches holds

the promise of an overall improved performance-complexity

trade-off. This is because nonlinearity compensation only

needs to deal with the residual nonlinear effects when ap-

plying mitigation techniques. An example of this is given

in [15], where the joint use of chromatic dispersion man-

agement and PB-NLC for SPM compensation is considered.

The chromatic dispersion causes pulse broadening during fiber

propagation, and these broadened pulses’ interaction results

in nonlinear effects [26]. Since PB-NLC estimates nonlinear

effects considering these pulse interactions [19], reducing

the pulse interactions by chromatic dispersion compensation

(CDC) at the transmitter, i.e., pre-CDC, simplifies the PB-

NLC. In [27–29], SRO for DSCM and DBP for the full

band of the WDM channel of interest (COI) are combined.

The quantitative performance results indicate that the optimal

symbol rate for full-band DBP remains the same as when

using linear compensation without DBP. This is because DBP

addresses SPM, iXPM, and iFWM effects evenly, while linear

compensation does not account for any nonlinear effects.

Hence, the study [27] does not clearly show the interplay

when combining nonlinearity mitigation and compensation

techniques. Further, the primary challenge associated with

DBP lies in its substantial computational complexity [11].

In this paper, we build on and extend the work from [15]

and [27] in several ways. We consider polarization multiplexed

DSCM-WDM transmission (PM-DSCM-WDM) as a preferred

solution for high data-rate optical fiber communication and

investigate the trade-offs afforded by joint fiber nonlinearity

mitigation and compensation. For the former, we apply pre-

CDC (as in [15]) and SRO (as in [27–29]). For the latter,

different from [27–29], we focus on PB-NLC. This is because

PB-NLC offers the capability to address a limited range of

nonlinear effects while allowing for complexity adjustments

[30]. Different from [15], we utilize PB-NLC to compensate

for both SPM and XPM effects, e.g., [18], [20], [30–32] and

[21], [33], respectively. In particular, we incorporate SPM and

iXPM compensation at the receiver, which we refer to as post-

PB-NLC, while considering SRO. Using perturbation analysis,

we find that the pre-CDC permits an impressive reduction

in SPM compensation complexity while its impact on iXPM

complexity is minimal. However, we show that pre-CDC trans-

mission results in a unique characteristic of iXPM distortions

that enables us to distribute iXPM compensation between

transmitter and receiver without any additional computational

complexity. Leveraging this property of iXPM, we propose a

split PB-NLC technique for PM-DSCM-WDM systems that

performs nonlinearity compensation in two distinct phases:

one for compensating iXPM effects arising from the first

half of the propagation at the transmitter, and another for

addressing full SPM effects and iXPM effects arising from

the second half of the propagation at the receiver. The split

PB-NLC technique reduces the nonlinearity compensation

complexity at the receiver by sharing the iXPM compensation

complexity between transmitter and receiver. Additionally, this

technique provides a more accurate first-order perturbation

approximation and combines the benefits of both pre-PB-NLC

and post-PB-NLC.

Our numerical performance results demonstrate the inter-

play between SRO and PB-NLC when employed in the PM-

DSCM-WDM optical communication system. In particular, we

show that the optimal symbol rate depends on which (SPM,

iXPM, and/or iFWM) and to what extent (the number of adja-

cent DSCM sub-carriers considered for iXPM compensation)

nonlinear effects are compensated. Furthermore, the proposed

joint SRO and post-PB-NLC realizes a favorable performance-

complexity trade-off, such as a 0.25 dB improvement in

Q2-factor at a tenfold reduction in complexity, compared to

a conventional PM-WDM system with post-PB-NLC. Joint

SRO and post-PB-NLC also provides an additional degree

of freedom in selecting the number of adjacent DSCM sub-

carriers considered in the PB-NLC to facilitate reaching a

desired complexity-performance trade-off. In this context, the

proposed split PB-NLC technique evenly divides the computa-

tional complexity of PB-NLC between transmitter and receiver

and delivers a modest performance improvement.

The main contributions of this paper can be summarized as

follows:

• We explore joint nonlinearity mitigation and compensa-

tion within the PM-DSCM-WDM system, incorporating

SRO, pre-CDC transmission, and PB-NLC. The joint

nonlinearity mitigation and compensation provides im-

proved performance-complexity trade-offs while facilitat-

ing adaptability to diverse performance and/or complexity

requirements demanded by real-world applications in

optical communication systems.

• We derive the first-order iXPM perturbation coefficients

of post-PB-NLC at the receiver for pre-CDC transmission

in the PM-DSCM-WDM system, marking a novel contri-
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Fig. 1: The system model for the PM-DSCM-WDM system. PSF: pulse shaping filter, SCS: sub-carrier selection, DAC:

digital-to-analog converter, EDFA: erbium-doped fiber amplifier, Ns: number of spans, LPF: low pass filter, SCOI: sub-carrier

of interest, MF: matched filter, PMD Eq: polarization mode dispersion equalizer, CPR: carrier phase recovery.

bution as no prior work has explored these characteristics

of iXPM for pre-CDC transmission.

• Leveraging a unique property of iXPM in the context of

pre-CDC transmission, we propose a novel split PB-NLC

technique that offers multiple advantages over post-PB-

NLC. A comprehensive insight and derivation of this split

PB-NLC are presented.

• We use numerical simulations to illustrate that the optimal

symbol rate for the joint nonlinearity mitigation and

compensation approach hinges on the nonlinear effects

compensated by PB-NLC and the degree to which these

effects are compensated. Our study underscores the ben-

efits of considering the nonlinear compensation’s impact

on the optimal symbol rate selection, a factor often

overlooked in existing literature.

• In addition, we present valuable insights into the charac-

teristics of PB-NLC within the PM-DSCM-WDM sys-

tem, its flexibility in achieving desired performance-

complexity trade-offs, the impact of complexity reduction

techniques, and the advantages offered by the novel split

PB-NLC technique.

The remainder of the paper is organized as follows. Sec-

tion II describes the considered PM-DSCM-WDM system.

Section III and Section IV introduce the combined SRO

and post-PB-NLC and the split PB-NLC technique, respec-

tively. The characteristics, performance, and complexity of

the joint nonlinearity mitigation and compensation techniques

are presented and discussed in Section V. Finally, Section VI

concludes the paper and highlights the key findings. The

Appendices provide comprehensive mathematical derivations

and valuable insights into the novel concepts explored in this

paper.

A. Notation

Throughout this paper, bold letters are used

to represent two-element single-column vectors

containing the x- and y-polarizations components, as in

u = [u of x− pol, u of y − pol]T, where (·)T denotes

transpose. A round bracket, as in u(t), denotes a sample of

a continuous-time function, and a square bracket, as in u[h],
denotes a sample of a discrete-time function. A subscript,

as in uk, identifies the kth-order perturbation elements.

A superscript within round brackets, as in u
(ν), identifies

the νth DSCM sub-carrier elements with respect to the

DSCM sub-carrier of interest. The 2 × 2 identity matrix is

represented as I and the imaginary unit,
√
−1, is denoted

as j. Furthermore, (·)† denotes Hermitian transpose, | · |2
denotes the Euclidean norm, and ⊙ denotes the element-wise

multiplication of vectors.

II. SYSTEM MODEL

The PM-DSCM-WDM system model considered in this

work is shown in Fig. 1. It provides a detailed illustration of

the process involved in the x-polarization of a single WDM

channel at the transmitter and a selected DSCM sub-carrier of

interest (SCOI) at the receiver.

A. Transmitter

At the transmitter, the information bits of both polarizations

of the WDM COI are independently modulated and split

into parallel data streams, which correspond to the number

of DSCM sub-carriers. The pre-nonlinearity compensation is

then applied to the data symbols for the schemes which

consider a pre-nonlinearity compensation. Following that, the

symbols pass through a pulse-shaping filter and are pre-

compensated for 50% of the CD effects. Next, the signals
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are assigned to each DSCM sub-carrier and multiplexed to

generate the DSCM signal. The DSCM signals are converted

into the optical domain and multiplexed as the WDM signal.

Finally, both polarizations of the WDM signal are combined

to generate a PM signal, which is amplified to the transmission

power and forwarded via the fiber.

B. Channel Propagation Model

The Manakov-PMD equation is a well-known nonlinear

partial differential equation to model the PM signal propa-

gation in the optical fiber channel [34]. The envelope of the

PM signal at time t propagating at distance z, denoted as

u(z, t) = [u(z, t) of x− pol, u(z, t) of y − pol]T, is given

by

∂

∂z
u(z, t)−∆β1Σ(z)

∂

∂t
u(z, t) + j

β2

2

∂2

∂t2
u(z, t)

= j
8

9
γ
∣

∣u(z, t)
∣

∣

2
u(z, t)f(z) + n(z, t), (1)

where ∆β1 is the differential group delay between the two

polarizations along the principal state of polarization, Σ(z)
is the principal state of polarization rotation at distance z,

β2 is the chromatic dispersion coefficient, γ is the nonlinear

coefficient, f(z) = exp
(

−α mod (z, Ls)
)

is the normalized

attenuation profile of the fiber, where α is the attenuation

coefficient, and Ls is the span length of the fiber, and n(z, t)
is the amplified spontaneous emission (ASE) noise due to

erbium-doped fiber amplifiers (EDFAs).

In our simulation setup, the evolution of the PM signal enve-

lope inside the optical fiber is obtained by numerically solv-

ing the Manakov-PMD equation using the split-step Fourier

method (SSFM). At each step, following the SSFM algorithm,

we apply the linear and nonlinear distortions independently

and the fiber attenuation. The PMD effects are introduced

according to the model in [35]. At the end of each span, the

signal is amplified to compensate for the attenuation, and the

ASE noise is added to the signal.

C. Receiver

At the receiver, both polarizations of the received signal

are split and processed in parallel. Each polarization signal

is first filtered for the WDM COI in the optical domain

and then filtered for the DSCM SCOI in the digital domain.

The resultant signal is then compensated for the remaining

CD, and a matched filter to the transmitted pulse shape is

applied. Then, the polarization mode dispersion effects are

jointly compensated for both polarizations. Following that, the

carrier phase mismatches are resolved and the nonlinearity

compensation for SPM and iXPM effects are performed in two

steps. The SPM compensation considers both polarizations of

the DSCM SCOI, and the iXPM compensation assumes the

knowledge of adjacent sub-carriers. Finally, the received sym-

bols are demodulated, and the performance is evaluated using

the Q2−factor as the metric for comparison. The Q2−factor

in dB is calculated as Q2 = 20 log10

(√
10 erfc−1

(

8 BER
3

)

)

,

where BER represents the bit error rate (BER) [30].

III. JOINT SRO AND POST-PB-NLC

In this section, we first derive the post-PB-NLC for the

considered system and compute its computational complexity.

Then, we describe the procedure of optimizing joint SRO and

post-PB-NLC.

A. Post-PB-NLC for Pre-CDC Transmission

The proposed post-PB-NLC technique extends the compen-

sation for SPM effects in conjunction with pre-CDC developed

in [15] to SPM and iXPM compensation for the considered

PM-DSCM-WDM system. For the iXPM compensation, we

leverage the XPM compensation principles established in [21],

[36]. We note that no prior research has investigated the

influence of pre-CDC on the compensation of XPM or iXPM

effects. We relegate the detailed derivations of the perturbation

analysis to Appendix A.

For the SPM compensation, we approximate the received

sample at the hth time index in the SCOI (index zero) b(0)[h]
in Eq. (28) by ignoring the iXPM distortion terms as

b
(0)[h] ≈ a

(0)[h] + j
8

9
γ
∑

m

∑

n

a
(0)†[h+m+ n]

×a
(0)[h+m]a(0)[h+ n]C(0)

m,n, (2)

where a
(ν)[h] is the transmitted symbol at the hth time index

in the νth sub-carrier, and C
(ν)
m,n is the perturbation coefficient

for the νth sub-carrier provided in Eq. (29) with Lc = L/2
for the considered 50% pre-CDC transmission, and L is the

transmission length. Then, we adopt the additive-multiplicative

model from [37] to obtain the SPM compensated sample at

the SCOI as

b
′(0)[h] =

(

b
(0)[h]−∆

(0)[h]
)

⊙ exp
(

− jΦ(0)[h]
)

, (3)

where the additive and multiplicative correction terms are

given by

∆
(0)[h] = j

8

9
γ
∑

m 6=0

∑

n6=0

a
′(0)

†

[h+m+ n]

×a
′(0)[h+m]a′(0)[h+ n]C(0)

m,n, (4)

and

Φ
(0)[h] =

8

9
γ
∑

m=0

∑

n

∣

∣a
′(0)[h+m+ n]

∣

∣

2
C(0)

m,n

+
8

9
γ
∑

m 6=0

∑

n=0

∣

∣a
′(0)[h+m+ n]

∣

∣

2
C(0)

m,n. (5)

During the compensation at the receiver, we approximate

the transmit symbols a
(ν)[h] with the hard-decision decoded

received symbols a
′(ν)[h] in Eqs. (4) and (5).

For the iXPM compensation, we assume that SPM is fully

compensated. Therefore, using Eq. (28), we approximate the

SPM compensated sample as

b
′(0)[h] ≈ a

(0)[h] + j
8

9
γ
∑

ν 6=0

∑

m

∑

n

(

a
(ν)†[h+m+ n]

×a
(ν)[h+m]I + a

(ν)[h+m]a(ν)†[h+m+ n]
)

×a
(0)[h+ n]C(ν)

m,n. (6)
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Then, by again utilizing the additive-multiplicative model, we

obtain the iXPM compensated sample at the SCOI as

b
′′(0)[h] ≈

(

b
′(0)[h]−∆

′(0)[h]
)

⊙ exp
(

− jΦ′(0)[h]
)

, (7)

where

∆
′(0) = j

8

9
γ
∑

ν 6=0

∑

m

∑

n6=0

(

a
′(ν)

†

[h+m+ n]

×a
′(ν)[h+m]I + a

′(ν)[h+m]

×a
′(ν)

†

[h+m+ n]
)

a
′(0)[h+ n]C(ν)

m,n, (8)

and

Φ
′(0)[h] =

8

9
γ
∑

ν 6=0

∑

m

∑

n=0

(

a
′(ν)

†

[h+m+ n]

×a
′(ν)[h+m]I + a

′(ν)[h+m]

×a
′(ν)

†

[h+m+ n]
)

C(ν)
m,n. (9)

B. Complexity of Post-PB-NLC

One of the advantages of PB-NLC is the ability to compute

the perturbation coefficient C
(ν)
m,n offline [21]. Furthermore,

the hard-decision symbol multiplications can be stored in a

lookup table and reused for the computation [20]. Hence,

the computational complexity of the proposed PB-NLC tech-

nique is approximately equal to the multiplications required

to compute the additive and multiplicative terms ∆
(0)[h],

Φ
(0)[h], ∆′(0)[h], and Φ

′(0)[h] in Eqs. (4), (5), (8), and (9),

respectively. This in turn means that the number of pertur-

bation coefficients is a meaningful proxy for computational

complexity. We limit the number of coefficients by selecting

a subset of significant coefficients with the largest absolute

values and by selecting a limited number of adjacent sub-

carriers for iXPM compensation.

Fig. 2 compares the absolute values of the perturbation

coefficients for transmission with and without pre-CDC. The

coefficients are normalized with respect to the peak value of

the SPM coefficients with pre-CDC, and a truncation threshold

of −45 dB is applied to select the significant coefficients.

The results are presented for a 20 × 80 km link, 12 GBd

sub-carrier symbol rate with RRC pulses using roll-off factor

0.1, and 13.8 GHz sub-carrier spacing. Figs. 2(a) and 2(b)

compare the perturbation coefficients for SPM compensation

without and with half-length pre-CDC, respectively. Pre-CDC

results in an approximately three-fold reduction in the num-

ber of coefficients that meet the given threshold and thus

reduces the complexity of SPM compensation significantly.

This finding is similar to [15]. Figs. 2(c) and 2(d) show

the magnitude perturbation coefficients for iXPM (originating

from one adjacent sub-carrier) without and with pre-CDC,

respectively. We observe a small reduction in the number

of perturbation coefficients by applying the pre-CDC. Thus,

the observations from Fig. 2 indicate that PB-NLC with

joint SPM and iXPM compensation enjoys a computational

complexity reduction when applied in conjunction with pre-

CDC. While the additional reduction in complexity for iXPM

is less substantial than that for SPM, it is important to establish
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Fig. 2: Comparison of SPM and iXPM perturbation coeffi-

cients for the transmission without pre-CDC on the left and

with half-length (Lc = L/2) pre-CDC from Eq. (29) on the

right. Absolute values in dB relative to the strongest coefficient

value for SPM with pre-CDC.

that the computational burden is further reduced rather than

increased.

The SPM and iXPM perturbation coefficients, with half-

length pre-CDC and RRC pulse shaping, exhibit a relationship

C
(0)
m,n = C

(0)
−m,−n = −C

(0)∗

m,−n = −C
(0)∗

−m,n and C
(ν)
m,n =

−C
(ν)∗

m,−n, respectively [15]. This relationship allows us to

group (add) real and imaginary parts of the symbol triplet

corresponding to the same real and imaginary parts of pertur-

bation coefficients, and then multiply them. Such a grouping

technique provides a reduction in computational complexity

without any performance degradation [15]. Additional com-

plexity reduction with minimal performance degradation can

be attained through quantization of perturbation coefficients

[30]. We collect all the perturbation coefficients (SPM and

iXPM) for the system configuration. Then, we apply the k-

means clustering algorithm to approximate similar perturba-

tion coefficients using specific complex numbers known as

centroids. The centroids act as a proxy for perturbation coef-

ficients, enabling us to group real and imaginary parts of the

symbol triplet corresponding to the real and imaginary parts of

centroids obtained with quantization. This process effectively

decreases the number of required multiplications and lowers

the computational complexity. In this paper, we measure the

complexity in terms of the number of real multiplications

considering the grouping technique. Additionally, we provide

complexity with quantization where explicitly stated.

C. Joint SRO and PB-NLC Optimization

As discussed in Section I, the various nonlinear impairments

exhibit distinct behaviors in relation to the sub-carrier symbol

rate [12]. Consequently, a symbol rate exists that minimizes

the overall impact of nonlinear distortions. At the same time,
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the effectiveness and computational complexity of post-PB-

NLC hinge on the number of significant perturbation coeffi-

cients, which is inherently linked to the symbol rate of the

DSCM sub-carriers. Hence, we observe an interplay between

symbol rate and nonlinear effects as well as between symbol

rate and nonlinearity compensation. The existing literature, as

outlined in [27], overlooks the aforementioned interplay due to

its utilization of DBP, which uniformly addresses all nonlinear

effects and remains independent of symbol rate. Additionally,

it is noteworthy that there has been no prior investigation

into the interaction between symbol rate and symbol rate-

dependent nonlinearity compensation within DSCM systems.

This motivates the optimization of joint SRO and PB-NLC in

the context of PM-DSCM-WDM transmission.

Our approach to map out the performance and complexity

trade-off for joint SRO and post-PB-NLC in conjunction with

pre-CDC is as follows. We define a meaningful range of

symbol rates for the DSCM sub-carriers that will be considered

for SRO, e.g., in Table I. We then calculate the perturbation

coefficients associated with each symbol rate using Eq. (29).

We conduct numerical simulations for the PM-DSCM-WDM

system with different DSCM sub-carrier symbol rates and

apply post-PB-NLC for the pre-CDC transmission. We lever-

age the adaptability of PB-NLC to address nonlinear effects,

ranging from solely SPM effect, SPM and a limited amount

of iXPM effects, and extending to encompass SPM alongside

all iXPM effects. This strategy paves the way to explore the

relationship between the compensated nonlinear effects and

symbol rates, a gap evident in the existing literature. The

resulting Q2-factor is the measure of performance. Finally,

we compute the computational complexity as described in

Section III-B.

IV. SPLIT PB-NLC

In this section, we discuss our proposed split PB-NLC tech-

nique for pre-CDC transmission in PM-DSCM-WDM systems.

This technique pre-compensates the iXPM effects associated

with the signal propagation along the first half of the fiber

link in the pre-NLC block of the transmitter shown in Fig. 1.

The whole SPM effect and the iXPM effects associated with

the signal propagation along the second half of the fiber link

are compensated at the receiver. In the following, we discuss

the details of deriving the iXPM pre- and post-compensation,

the complexity of split PB-NLC, and the advantages of split

PB-NLC. The SPM compensation remains the same as in

Section III.

A. The iXPM Pre-Compensation

To obtain the pre-compensation at the transmitter, we follow

the steps in Appendix A assuming the signal propagates a

distance of L/2. This results in similar solution in Eq. (28),

where we have different perturbation coefficients, denoted by

C̄
(ν)
m,n, that are obtained by replacing the upper integral limit of

Eq. (30) by z = L/2. Then, for the iXPM pre-compensation,

we can represent the equivalent received sample at the end

of the first half-length propagation by neglecting the SPM

distortion terms as

b̃
′
(0)

[h] ≈ a
(0)[h] + j

8

9
γ
∑

ν 6=0

∑

m

∑

n

(

a
(ν)†[h+m+ n]

×a
(ν)[h+m]I + a

(ν)[h+m]a(ν)†[h+m+ n]
)

×a
(0)[h+ n]C̄(ν)

m,n. (10)

The pre-compensation is performed at the transmitter by

replacing the original data symbol a(0)[h] for the SCOI with

ā
(0)[h] = a

(0)[h]−∆
′′(0)[h], (11)

where ∆
′′(0)[h] is the second additive term in Eq. (10).

B. The iXPM Post-Compensation

The iXPM pre-compensated symbols are passed through

the transmitter block, which also performs 50% pre-CDC,

and then transmitted through the fiber. When the symbols

propagate to the midpoint at z = L/2, the effects of the CD

and iXPM pre-compensation will have been reversed by the

dispersion and iXPM effects during the propagation. At this

point, we still experience SPM effects, which become less

significant though for DSCM systems with a small sub-carrier

symbol rate. Further, the SPM effect accumulated during the

first half of fiber does not impact the first-order approximation

for the second-half propagation [38]. It contributes only to the

higher-order nonlinearity during the propagation of the second

half of fiber. Thus, we compute the iXPM compensation at

the receiver by assuming that the original transmit symbols

propagate from the midpoint (z = L/2) to the receiver

(z = L). Therefore, at the receiver, we approximate the signal

after SPM compensation as

b
′(0)[h] = a

(0)[h] + j
8

9
γ
∑

f 6=0

∑

m

∑

n

(

a
(ν)†[h+m+ n]

×a
(ν)[h+m]I + a

(ν)[h+m]a(ν)†[h+m+ n]
)

×a
(0)[h+ n] ¯̄C

(ν)

m,n, (12)

where ¯̄C
(ν)
m,n are the perturbation coefficients corresponding

to the second half of the propagation. These are obtained by

setting the integration limits of the nonlinear kernel in Eq. (30)

from z = L/2 to z = L.

From Eq. (12) and additive-multiplicative model in [37], the

iXPM post-compensated received symbol is obtained as

b
′′(0)[h] =

(

b
′(0)[h]−∆

′′′(0)[h]
)

⊙ exp
(

− jΦ′′′(0)[h]
)

, (13)

where

∆
′′′(0)[h] = j

8

9
γ
∑

ν 6=0

∑

m

∑

n6=0

(

a
′(ν)

†

[h+m+ n]

×a
′(ν)[h+m]I + a

′(ν)[h+m]

×a
′(ν)

†

[h+m+ n]
)

a
′(0)[h+ n] ¯̄C(ν)

m,n (14)
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Fig. 3: A comparison of SPM and iXPM perturbation coeffi-

cients for a 50% pre-CDC transmission corresponding to full-

length (C
(ν)
m,n), first half-length (C̄

(ν)
m,n) and second half-length

( ¯̄C
(ν)
m,n) of the fiber link.

and

Φ
′′′(0)[h] =

8

9
γ
∑

ν 6=0

∑

m

∑

n=0

(

a
′(ν)

†

[h+m+ n]

×a
′(ν)[h+m]I + a

′(ν)[h+m]

×a
′(ν)

†

[h+m+ n]
)

¯̄C(ν)
m,n. (15)

C. Complexity of Split PB-NLC

The SPM and first adjacent sub-carrier iXPM perturbation

coefficients for full-length, first half-length, and second half-

length of the fiber link are shown in Fig. 3. The perturbation

coefficients are normalized by the peak value of full-length

SPM coefficients and a truncation threshold of −45 dB is

applied to the normalized coefficients. Again, the results are

presented for a 20 × 80 km link with lumped amplified,

12 GBd sub-carrier symbol rate with RRC pulses using roll-

off factor 0.1, and 13.8 GHz sub-carrier spacing transmission.

We observe similar numbers of the full-length, first-half-

length, and second-half-length SPM coefficients. However, the

numbers of full-length iXPM coefficients are approximately

divided into first-half and second-half iXPM coefficients. This

is not a coincidence but a fundamental property of iXPM that

is exploited in split PB-NLC as explained in Appendix B.

Therefore, the selection of first half-length pre-iXPM com-

pensation at the transmitter and second half-length post-iXPM

compensation at the receiver, together with full-length SPM

compensation at the receiver enables us to use the minimum

number of perturbation coefficients as given in Figs. 3(a), 3(e),

and 3(f). Thus, the receiver side post-iXPM compensation

complexity is reduced by a factor of two while the overall

complexity of nonlinearity compensation remains the same as

in Section III.

The split PB-NLC perturbation coefficients for iXPM pre-

compensation and iXPM post-compensation exhibit the re-

lationships C
(ν)
m,n = −C

(ν)∗

m,−n, as seen in the post-PB-NLC.

The groupings, initially identified in post-PB-NLC, persist in

split PB-NLC despite splitting the perturbation compensation

process into two parts. Therefore, the grouping technique

proportionally reduces the computational complexity of both

post-PB-NLC and split PB-NLC.

On the other hand, quantization affects the computational

complexity of post-PB-NLC and split PB-NLC differently.

The reduction in computational complexity achieved through

quantization depends on the number of centroids used in

the quantization process. Before quantization, the perturbation

coefficients of post-PB-NLC have distinct complex values for

the first and second halves of propagation. During quantiza-

tion, similar perturbation coefficients are approximated with

centroids. If a large number of centroids are employed, those

centroids remain close to the original perturbation coefficients

and distinct for both halves of propagation. However, when

the number of centroids is reduced, the same centroid is

required to represent the perturbation coefficients from both

halves. Consequently, when the perturbation compensation is

divided between transmitter and receiver in split PB-NLC,

this common centroid necessitates two computations, one

at the transmitter and one at the receiver. Thus, when the

number of centroids decreases, the effectiveness of split PB-

NLC in reducing the computational complexity at the receiver

decreases, as demonstrated in Subsection V-E.

D. Advantages of Split PB-NLC

We identify three advantages of split PB-NLC for a 50%
pre-CDC transmission. Firstly, as illustrated in Figs. 2(c)

and 2(d), the introduction of pre-CDC does not provide a

significant reduction in the number of iXPM perturbation

coefficients, unlike its effect on SPM. However, as it is shown

in Appendix B, the 50% pre-CDC together with dispersion

effects and the walk-off between SCOI and adjacent sub-

carriers create distinct sets of triplets that contribute to the

iXPM distortions of the first and the second half of the link.

This phenomenon creates the possibility of performing the

first half of the iXPM compensation at the transmitter and the

second half of the iXPM compensation at the receiver without

repeating the same triplet multiplications with perturbation co-

efficients. Thus, overall iXPM computational complexity can

evenly be distributed between the transmitter and receiver. It

is worth noting that conventional iXPM compensation without

pre-CDC does not possess the aforementioned property. In

such a case, implementing split PB-NLC adds complexity due

to pre-compensation at the transmitter, without a correspond-

ing reduction in receiver complexity. The same observation

applies to SPM compensation for pre-CDC transmission due

to the absence of walk-off.

Secondly, the perturbation solution of the Manakov equation

(19) provides the field at a distance L as u(z = L, t) =
∑∞

k=0 γ
k
uk(z = L, t), which is approximated by its zeroth-

order and first-order terms for the derivation of PB-NLC

(see Appendix A). Since higher-order nonlinear effects are

not taken into account, this approximation is accurate when

higher-order nonlinear effects are minimal. In a long-haul

optical fiber, all the nonlinear effects accumulate over the
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TABLE I: Simulation parameters for the PM-DSCM-WDM

system

No of WDM channels 5
WDM channel symbol rate 48 GBd

WDM channel spacing 60 GHz

No of DSCM sub-carriers 24, 16, 12, 8, 6, 4, 2, 1
DSCM sub-carrier symbol rates 48 GBd/ No of DSCM sub-carriers

DSCM sub-carrier spacing 1.15 × DSCM sub-carrier symbol rates

TABLE II: Simulation parameters for the optical fiber

Parameter Value and unit

Number of spans 20

Span length 80 km

CD 16 ps/nm/km

Gamma 1.4 W−1km−1

PMD 0.1 ps/
√

km

Fiber loss 0.2 dB/km

Center wavelength 1550 nm

length of the fiber. Thus, considering the half-length of the

fiber reduces the unaccounted higher-order nonlinear effects

to the half-length of the fiber and improves the accuracy of

the first-order approximation.

Finally, split PB-NLC exploits the benefits of both full

pre-PB-NLC and full post-PB-NLC techniques. The pre-PB-

NLC approach leverages the knowledge of transmit symbols

to calculate the PB-NLC with increased accuracy. However, it

requires feedback to adapt to dynamic changes in the link. On

the other hand, the post-PB-NLC method excels in adapting

to dynamic link conditions by fine-tuning and optimizing

compensation to address changes in the channel link [30].

Nevertheless, it relies on hard-decision decoded symbols for

PB-NLC calculations, making it susceptible to errors intro-

duced during the hard-decision decoding process, negatively

impacting post-PB-NLC performance. The proposed split PB-

NLC approach offers a balanced solution. It capitalizes on the

precise pre-compensation of the first half of the link’s iXPM

effects using the known transmit symbols, also resulting in

fewer errors in hard-decision decoded symbols used for the

post-compensation. Furthermore, it can fine-tune and optimize

post-compensation to handle dynamic link changes at the

receiver.

V. RESULTS AND DISCUSSIONS

In this section, we present numerical results from simula-

tions to highlight the optimization of joint SRO and PB-NLC

for pre-CDC transmission and its benefits in a PM-DSCM-

WDM system. We also showcase the advantages of split PB-

NLC.

A. Simulation Parameters

We simulate the PM-DSCM-WDM system shown in Fig. 1

with different DSCM sub-carrier configurations as listed in

Table I. We consider 64-ary quadrature amplitude modulation

(64-QAM) and an RRC pulse shaping filter with a roll-off

factor of 0.1. The pre-CDC block applies a 50% of CDC

to the pulses. An EDFA at the transmitter sets the transmit

signal power and in-line EDFAs with a 4.5 dB noise figure

(a) SPM of sub-carrier itself (b) iXPM of 1st adjacent sub-carrier

(c) iXPM of 2nd adjacent sub-carrier (d) iXPM of 3rd adjacent sub-carrier

(e) iXPM of 4th adjacent sub-carrier (f) iXPM of 5th adjacent sub-carrier

(g) iXPM of 6th adjacent sub-carrier (h) iXPM of 7th adjacent sub-carrier

Fig. 4: Illustration of the SPM and iXPM effects present within

WDM COI of (6 GBd×8)×5 configuration of the PM-DSCM-

WDM system.

compensate for fiber attenuation losses. The optical fiber

parameters are listed in Table II. The propagation via optical

fiber is simulated with split-step Fourier method using 400
steps per span. At the receiver, the center channel of the five-

channel WDM transmission is considered as the WDM COI.

Firstly, the polarizations of the received field are separated

and the WDM COI is filtered. Then, the DSCM SCOI is

filtered, a 50% post-CDC is applied, a least mean square

(LMS) adaptive 2 × 2 equalizer is used to compensate for

PMD, and a pilot-based mean constant phase rotation is

applied for carrier phase recovery (CPR). This is followed

by the considered techniques for nonlinearity compensation.

Finally, the signal is demodulated and Q2−factor is computed

to evaluate the performance. The DSCM sub-carriers exhibit

different performances based on their positions within the

WDM COI spectrum. Hence, the WDM COI performance

is determined by averaging the BER of all the DSCM sub-

carriers within the WDM COI.

B. Label Definitions

The (6 GBd×8)×5 configuration of the PM-DSCM-WDM

system consists of five WDM channels, each featuring eight

DSCM sub-carriers with a sub-carrier symbol rate of 6 GBd.

Fig. 4 illustrates the sub-carrier interactions in terms of SPM

and iXPM due to νth adjacent DSCM sub-carrier present

within a WDM COI for the (6 GBd×8) × 5 PM-DSCM-

WDM system. Since PB-NLC can consider different numbers

of adjacent DSCM sub-carriers for iXPM compensation, we

introduce the following labels for clarity:

• CDC: This denotes no nonlinearity compensation, i.e.,

CDC only.

• DBP: This denotes DBP for the entire WDM COI.

• SPM: This technique compensates for the linear effects

and the SPM effects highlighted in Fig. 4(a).

• iXPM-ν: This PB-NLC technique compensates for linear

effects, SPM effects, and iXPM effects from up to νth

adjacent sub-carriers. For example, iXPM-2 compensates
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Fig. 5: Performance of post-PB-NLC in the (6 GBd×8) × 5
configuration of the PM-DSCM-WDM system.

for the linear effects, SPM effects shown in Fig. 4(a), and

the iXPM effects shown in Figs. 4(b) and 4(c).

• iXPM-Full: This PB-NLC technique compensates for

linear effects, SPM effects, and iXPM effects caused by

all adjacent sub-carriers within the WDM COI, i.e., all the

interactions identified in Fig. 4 for the 6 GBd×8 DSCM

configuration.

C. Characteristics of Post-PB-NLC in PM-DSCM-WDM Sys-

tems

In this section, we illustrate the characteristics of post-

PB-NLC for SPM and iXPM compensation in PM-DSCM-

WDM transmission. We do so by evaluating its performance

in relation to key factors such as transmit power, the number

of adjacent DSCM sub-carriers considered for the PB-NLC,

and the truncation threshold employed for the PB-NLC. This

analysis is insightful in its own right, and it sets the stage for

the optimization of joint nonlinearity mitigation and compen-

sation addressed in the next section.

Fig. 5 shows the average Q2-factor performance for the

WDM COI in the (6 GBd×8) × 5 configuration of the PM-

DSCM-WDM system. The performance is examined with

respect to the transmit power per DSCM sub-carrier. The

inset figure shows a closer look at the performance around

the optimum transmit power. The different curves listed in

the legends correspond to the number of adjacent DSCM

sub-carriers considered in PB-NLC, i.e., the extent to which

nonlinearity within the WDM COI is compensated. PB-NLC

uses the significant perturbation coefficients that meet the

truncation threshold of −30 dB compared to the maximum

SPM perturbation coefficient. Later, we show that a truncation

threshold below −30 dB does not provide significant perfor-

mance gains. We observe from Fig. 5 that the performance

of CDC exhibits a linear increase with transmit power at

low transmit power regions. However, as the transmit power

increases, the performance gradually decreases due to the

prevailing nonlinear effects. PB-NLC does not impart any
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Fig. 6: Performance and computational complexity of post-PB-

NLC in the (6 GBd×8)× 5 configuration of the PM-DSCM-

WDM system.

distinguishable impact within the linear regime. Its benefits

manifest in the performance gains within the nonlinear regime.

Notably, the iXPM-Full technique, which compensates for

linear, SPM, and all iXPM effects within the WDM COI,

achieves a PB-NLC gain of 0.36 dB compared to linear com-

pensation in the considered (6 GBd×8)×5 PM-DSCM-WDM

system. Moreover, the performance of PB-NLC improves as

the number of adjacent DSCM sub-carriers considered for

iXPM compensation increases. However, it is noteworthy to

emphasize that the magnitude of these performance improve-

ments progressively diminishes as the considered adjacent

DSCM sub-carriers are positioned further away from the

DSCM SCOI.

The performance and complexity of PB-NLC in conven-

tional WDM systems can be controlled by using a truncation

threshold and selecting the most significant perturbation co-

efficients that meet the truncation threshold. The PB-NLC in

the DSCM-WDM system has an additional degree of freedom

to control the performance and complexity by selecting the

number of adjacent channels to compensate for their iXPM

effects. On top of that, the quantization technique can be

applied to further reduce the complexity. The integration of

DSCM and PB-NLC provides a comprehensive approach to

regulate the performance and complexity of the PM-DSCM-

WDM system, as depicted in Fig. 6.

Fig. 6(a) illustrates the average performance of the WDM

COI at the optimum transmit power and the corresponding

computational complexity to perform post-PB-NLC as a func-

tion of the truncation threshold for the (6 GBd×8) × 5 PM-

DSCM-WDM system. For these results, post-PB-NLC (iXPM-

7) is performed using only the perturbation coefficients that

exceed the truncation threshold values on the horizontal axis.

Clearly, as the truncation threshold increases, the number
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of perturbation coefficients meeting the selection criterion

decreases and consequently, post-PB-NLC is performed with

a reduced number of perturbation coefficients. Fig. 6(a) high-

lights the resulting trade-off between the decline in perfor-

mance and the reduction in computational complexity of the

nonlinearity compensation technique. Moreover, we observe

that including perturbation coefficients that are below the

−30 dB truncation threshold does not result in significant

performance improvements.

Fig. 6(b) shows the average performance of the WDM

COI at optimum transmit power and the corresponding com-

putational complexity to perform post-PB-NLC as a func-

tion of the considered number of adjacent sub-carriers. For

these results, the perturbation coefficients above the −30 dB

threshold are used for PB-NLC. As expected, we observe

that performance improves as the number of adjacent sub-

carriers considered for PB-NLC increases. However, the rate

of performance improvement diminishes with the inclusion of

additional adjacent sub-carriers. This suggests that the nearest

sub-carriers have a more substantial impact on iXPM effects,

while the influence of the farthest sub-carriers is negligible.

The complexity displays a sigmoid-like pattern. This pattern

arises majorly due to the variation of interfering terms added

by the adjacent sub-carriers. For instance, in a 6 GBd×8
DSCM configuration, SPM to iXPM-1 adds 14 interference

terms, as shown in Fig. 4(b), while the iXPM-6 to iXPM-

7 adds only two additional interference terms, as shown in

Fig. 4(h).

Fig. 6(c) demonstrates the average performance of the

WDM COI at optimum transmit power and the correspond-

ing computational complexity to perform post-PB-NLC as

a function of the considered number of centroids used in

quantization technique. First, we select the perturbation co-

efficients above the −30 dB threshold. Then, we combine

SPM and iXPM coefficients and quantize them to the given

number of centroids in the x-axis. Then, we compute the

additive and multiplicative terms for the post-PB-NLC using

the quantized coefficients. We enforce the constraint that

quantized multiplicative perturbation coefficients are strictly

imaginary, while quantized additive perturbation coefficients

are complex. The results suggest that the performance of

PB-NLC remains stable when a large number of centroids

are employed during quantization. Conversely, performance

degradation is observed as the number of centroids considered

for quantization decreases, particularly evident with fewer

centroids. Additionally, the computational complexity of post-

PB-NLC displays exponential growth relative to the number of

centroids utilized. Taken together, the analysis of both curves

demonstrates that quantization can significantly reduce the

computational complexity of post-PB-NLC without inducing

significant performance degradation.

Our investigation into PB-NLC within PM-DSCM-WDM

systems provides comprehensive insights into performance

and complexity, guiding informed decision-making for the

practical implementation of PB-NLC in various aspects such

as perturbation coefficient selection, adjacent sub-carriers se-

lection, and quantization. Furthermore, it facilitates useful

decisions during the design process of joint SRO and PB-NLC
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Fig. 7: Symbol rate optimization for CDC, DBP, and post-

PB-NLC in the 48 GBd×5 PM-DSCM-WDM system with

different numbers of DSCM sub-carriers and different nonlin-

earity compensation schemes.

within PM-DSCM-WDM systems.

D. Joint SRO and Post-PB-NLC for PM-DSCM-WDM Systems

We now turn to the joint operation of SRO for nonlinearity

mitigation and post-PB-NLC for nonlinearity compensation.

SRO with CDC and SRO with DBP from [27] are considered

as benchmark schemes.

To investigate the joint SRO and post-PB-NLC technique

for the PM-DSCM-WDM system, we examine the perfor-

mance for various numbers of DSCM sub-carriers and their

corresponding symbol rates as listed in Table I, following

the procedure described in Section III-C. Figs .7(a)-(f) show

the corresponding average performances for the WDM COI

using CDC, DBP, SPM, iXPM-1, iXPM-2, and iXPM-Full

compensation, respectively, as functions of the transmit power

per DSCM sub-carrier. The considered PB-NLC techniques

have been shown to provide distinguishable performance gains

in Fig. 5, and they are implemented with coefficients exceeding

the −30 dB threshold based on the results in Fig. 6. DBP

performs backpropagation of the whole WDM COI with two

samples per symbol and one step per span. We observe that

joint SRO and nonlinearity compensation is effective in that

additional gains are realized for all compensation techniques

considered in Fig.7(a)-(f). Upon closer examination, we make

a noteworthy observation: the peak performance with different

PB-NLC techniques is achieved at different DSCM sub-carrier

symbol rates, unlike what is reported in the existing literature

with CDC and DBP.

To highlight the performance differences associated with

DSCM sub-carrier symbol rates, we separate the peak per-

formances of each curve in Fig.7 and plot them along with

their corresponding computational complexities in Fig. 8. The

performances of all the considered techniques initially increase

with the DSCM sub-carrier symbol rate and then diminish for
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Fig. 8: Performance and computational complexity of PB-NLC

with different DSCM sub-carrier symbol rates in the PM-

DSCM-WDM system compared to CDC and DBP.

a higher sub-carrier symbol rate. That is, there is an optimal

sub-carrier symbol rate, as it is known from the case with non-

linearity compensation [13]. The complexity of single step per

span DBP is calculated as Ns(4NF log2(NF) + 10.5NF)/N ,

where Ns is the number of spans, NF is the FFT size and

N is the effective number of symbols neglecting overlaps

between FFT frames [39]. The DBP complexity remains the

same regardless of the DSCM configuration since it performs

DBP on the WDM COI in all cases. The PB-NLC complexities

slightly decrease with the DSCM sub-carrier symbol rates

and then sharply increase for the higher DSCM sub-carrier

symbol rates. This trend shows the remaining nonlinear effects

after the nonlinear mitigation by using SRO. Interestingly, the

complexity of iXPM-Full is at its minimum when it attains

peak performance. This observation is novel in comparison to

existing literature and underscores that the joint SRO and post-

PB-NLC for DSCM-WDM systems simultaneously mitigate

the nonlinear effects and then efficiently compensate for the

residual nonlinear effects. Notably, the joint SRO and post-

PB-NLC iXPM-Full achieves a 0.25 dB Q2−factor gain and

a six times reduction in complexity for the (6GBd×8) × 5
PM-DSCM-WDM system, in comparison to the simplistic

(48GBd×1)× 5 WDM system.

CDC and DBP attain their peak performances at the same

DSCM sub-carrier symbol rate (4 GBd), which is consistent

with the results in [27]. However, the peaks shift to higher

DSCM sub-carrier symbol rates of 6 GBd for iXPM-Full and

iXPM-2 and 8 GBd for iXPM-1 and SPM. This trend can

be explained by considering the compensation of nonlinear

effects. CDC does not address nonlinear interference. DBP at-

tempts to compensate SPM, iXPM, and iFWM effects evenly,

to the extent possible with a one-step-per-span backpropaga-

tion. This leads to the same optimal DSCM sub-carrier symbol

rate as for CDC. On the other hand, iXPM-Full tackles SPM

and iXPM but does not consider iFWM effects. Therefore,

the optimum symbol rate shifts to a higher DSCM sub-carrier

symbol rate, with fewer sub-carriers that have a lesser impact
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Fig. 9: Peak performance and computational complexity of

iXPM-Full before and after quantization for different DSCM

sub-carrier symbol rates in the PM-DSCM-WDM system.

due to iFWM. Furthermore, with iXPM-2 and iXPM-1, we

compensate for SPM and iXPM effects within a limited sub-

band of the WDM COI. As a result, these techniques achieve

peak performance by balancing the presence of iXPM effects

and the amount of iXPM compensated. When it comes to SPM

compensation, it is expected to yield a peak for the largest

sub-carrier symbol rate. However, the limitation imposed by

a truncation threshold on SPM compensation leaves residual

SPM effects after the compensation. Thus, the resulting peak

sub-carrier symbol rate is lower than the largest DSCM sub-

carrier symbol rate. In summary, the optimum DSCM sub-

carrier symbol rate depends on which nonlinear effects are

compensated and the extent to which they are compensated.

Therefore, our results provide important information for select-

ing symbol rates based on nonlinearity compensation, enabling

effective implementation of joint nonlinearity mitigation and

compensation. Thus, practical implementations involving SRO

and PB-NLC within PM-DSCM-WDM systems can exploit

performance gains at no additional cost by selecting the

appropriate DSCM symbol rate according to the limitations

of PB-NLC to access adjacent sub-carriers.

Fig. 9 illustrates the complexity reduction achieved with

quantization for different DSCM sub-carrier symbol rates

in the PM-DSCM-WDM system. The number of centroids

used in quantization is optimized to minimize complexity

for respective DSCM configurations while ensuring that the

peak performance degradation after quantization is less than

0.01 dB. The quantization offers significant complexity re-

duction with minimal performance degradation across all

sub-carrier symbol rates. Further, the complexity reduction

achieved with quantization decreases with the sub-carriers

symbol rates in the PM-DSCM-WDM system. Notably, the

(6GBd×8) × 5 PM-DSCM-WDM system achieves a six-

fold reduction in complexity compared to the simplistic

(48GBd×1) × 5 WDM system, even without quantization.

With quantization, this reduction is further enhanced to ten-

fold, albeit with a slight compromise in performance gain.

Fig.10 shows the average performance of WDM COI at
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Fig. 10: Performance and computational complexity (a) with-

out quantization and (b) with quantization of joint SRO and

post-PB-NLC with different numbers of adjacent DSCM sub-

carriers considered for PB-NLC.

peak transmit power and the corresponding complexities as

functions of the number of adjacent sub-carriers considered

for PB-NLC. Specifically, Fig. 10(a) and Fig. 10(b) represent

the cases without and with quantization, respectively. Different

markers are utilized to represent distinct DSCM sub-carrier

symbol rates. We exclude the 24 GBd and 48 GBd configu-

rations in this comparison due to their high associated com-

plexities. The plots are limited to a maximum of 12 adjacent

sub-carriers. The quantization is optimized to minimize the

complexity of PB-NLC, ensuring that the degradation in peak

performance (considering all sub-carriers) after quantization is

less than 0.01 dB. All performance curves in Fig. 10(a) without

quantization and in Fig. 10(b) with quantization demonstrate

rapid growth as the number of adjacent sub-carriers considered

for the PB-NLC increases, eventually reaching a saturation

point, regardless of the sub-carrier symbol rate.

The computational complexities in Fig. 10(a) without quan-

tization increase continuously with the number of adjacent

sub-carriers, but the gradient decreases as the number of

adjacent sub-carriers considered for the PB-NLC grows. On

the other hand, the computational complexities in Fig. 10(b)

with quantization rapidly increase initially and then plateau.

This observation can be explained as follows: The quantization

process selects centroids to represent perturbation coefficients,

without compromising the performance of PB-NLC. As the

iXPM effects of far-away adjacent sub-carriers have less

impact on the performance of PB-NLC, they do not increase

the number of centroids as the number of adjacent sub-

carriers increases. Therefore, the complexity of PB-NLC with

quantization, which depends on the number of centroids rep-

resenting the perturbation coefficients, resulting in a plateau in

complexity as the number of adjacent sub-carriers increases. It

is important to highlight that, considering symbol triplets from

additional adjacent sub-carriers after the complexity curves

plateau provides a further performance improvement. This

improvement is achieved by utilizing the existing centroids

with symbol triplets from additional adjacent sub-carriers. It

is worth noting that considering more triplets corresponding

to the same centroids does not require any additional real

multiplications.

The numerical results in Fig. 10(a) and Fig. 10(b) facilitate

the optimal system design based on specific performance or

complexity requirements. For example, when a minimum per-

formance threshold of 11.3 dB Q2−factor (corresponding to a

BER of about 3.8 · 10−2) is mandated, the post-PB-NLC with

quantization for PM-DSCM-WDM system with the lowest

complexity is attained with the 4 GBd sub-carrier symbol rate,

employing two adjacent sub-carriers for iXPM compensation

(iXPM-2 with 4 GBd×12). When PB-NLC is restricted to

only use decisions from the SCOI, the best performance is

attained with the 8 GBd×6 DSCM configuration. Thus, joint

SRO and PB-NLC provide an additional degree of freedom in

selecting the number of adjacent sub-carriers for nonlinearity

compensation to achieve a desired performance-complexity

trade-off. Our analysis provides recommendations for selecting

the symbol rate of DSCM and the number of adjacent sub-

carriers to be considered for PB-NLC, aiming to achieve

optimal system configurations in the practical implementation

of joint SRO and PB-NLC within PM-DSCM-WDM systems

to meet specific requirements.

E. Split PB-NLC for DSCM-WDM Systems

Finally, we address the integration of split PB-NLC derived

in Section IV. Fig. 11 compares the average performances

of the WDM COI for split PB-NLC and post-PB-NLC for the

(6 GBd×8)×5 configuration. Curves for PB-NLC with iXPM-

Full and iXPM-1 compensation are shown. We observe that

split PB-NLC slightly outperforms post-PB-NLC. The gains

are moderate as they are obtained by reducing the perturbation

approximation errors and hard-decision decoding errors with

pre-iXPM compensation. Most importantly, these gains are

attained without additional computational cost, i.e., the total

complexity at the transmitter and receiver is the same for split

and post-PB-NLC.

The inset figure compares peak performances and corre-

sponding computational complexities at the receiver, for the

cases without and with quantization, for iXPM-Full compen-

sation using post-PB-NLC and split PB-NLC. Before quanti-

zation, the complexity reduction at the receiver with split PB-

NLC compared to post-PB-NLC is significant, at 44%. This
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Fig. 11: Performance comparison of split PB-NLC and post-

PB-NLC for the (6 GBd×8) × 5 configuration of the PM-

DSCM-WDM system. Inset: Peak performances and corre-

sponding computational complexities at the receiver without

quantization (solid line) and with two quantization criteria

(0.001 dB dotted line, 0.01 dB broken line) for iXPM-Full

compensation with post-PB-NLC and split PB-NLC.

trend remains consistent across various DSCM configurations,

with systems with a larger number of sub-carriers experiencing

more pronounced complexity reduction due to the dominant

influence of iXPM effects. We apply two different quantization

criteria to both post-PB-NLC and split PB-NLC. The first

quantization criterion minimizes complexity while ensuring

that the peak performance degradation is less than 0.001 dB,

whereas the second quantization criterion allows for a perfor-

mance degradation of up to 0.01 dB. The first quantization

criterion results in a 36% complexity reduction of split PB-

NLC relative to post-PB-NLC at the receiver, whereas the

second quantization criterion only yields a 20% complexity

reduction for the same. These observations can be explained as

follows: When a larger performance degradation is permitted,

fewer quantized centroids are enough to achieve the desired

performance threshold. Consequently, the number of common

centroids representing the perturbation coefficients from the

first half and second half of propagation increases. The split

PB-NLC requires redundant multiplications for the common

centroids. Therefore, the complexity reduction of split PB-

NLC relative to post-PB-NLC at the receiver is contingent

upon the chosen quantization. Specifically, the effectiveness

of split PB-NLC compared to post-PB-NLC reduces as the

acceptable performance degradation threshold increases.

Therefore, the proposed split PB-NLC offers a moderate

gain and substantially reduced receiver complexity compared

to post-PB-NLC. However, its effectiveness declines when

performance degradation is permitted to achieve complexity

reduction. It emerges as an ideal solution for complexity

reduction in systems where performance is the crucial design

criterion.

VI. CONCLUSIONS

Nonlinear effects present a significant challenge in en-

hancing the capacities of optical communication systems.

Nonlinear mitigation and compensation techniques are utilized

to counter these effects. However, their practical application

is hindered by lower trade-offs between performance and

complexity. Although combining nonlinear mitigation and

compensation can enhance performance and complexity trade-

offs, such combinations are frequently overlooked in the liter-

ature. Hence, a thorough investigation into the integration of

nonlinear mitigation and compensation techniques is essential.

In this paper, we have proposed the joint fiber nonlinearity

mitigation and compensation based on SRO and PB-NLC

for pre-CDC transmission in the PM-DSCM-WDM system.

We have shown that the joint approach affords an improved

complexity-performance trade-off and flexibility in system

design. For example, a 0.25 dB Q2−factor gain with a tenfold

reduction in computational complexity is achieved compared

to the PM-WDM system with PB-NLC. Our simulation results

have revealed that the optimum symbol rate of the PM-DSCM-

WDM system is determined by which nonlinear effects (SPM,

iXPM, and/or iFWM) are compensated and the extent (number

of adjacent DSCM sub-carriers) to which these nonlinear

effects are compensated by the nonlinearity compensation

techniques. This highlights the potential of the SRO with

respect to the nonlinearity compensation technique to achieve

additional performance gain at no cost from joint nonlinearity

mitigation and compensation. Finally, we have proposed a

split PB-NLC that evenly distributes the (iXPM) PB-NLC

between the transmitter and receiver by exploiting a unique

property of iXPM for 50% pre-CDC transmission. Since split

PB-NLC reduces the perturbation approximation and hard-

decision decoding errors it also improves performance over

post-PB-NLC.

APPENDIX A

DERIVATION OF POST-PB-NLC IN CONJUNCTION WITH

PRE-CDC

In this appendix, we obtain the pre-CDC transmit field for

the WDM channel and the Manakov equation for the DSCM

SCOI. We then apply a first-order perturbation approximation

to the Manakov equation and use the transmit field as an

initial condition to solve for the received field. Finally, we

approximate the received signal in terms of transmit symbols

and perturbation coefficients. This approximation is used to

determine the PB-NLC in Sections III and IV.

A. Transmit Field

We consider the transmit field for a PM-DSCM-WDM

channel as the sum of fields in the DSCM sub-carriers.

Accordingly, the normalized initial field for a PM-DSCM-

WDM channel before pre-CDC can be written as

û(z = 0, t) =
∑

ν

∑

h

a
(ν)[h]g(z = 0, t− hTs)

× exp(−jνΩt), (16)
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where a
(ν)[h] represents the transmit symbol of the νth

DSCM sub-carrier at the hth time slot, g(z = 0, t) is

the basis pulse considered for both polarizations such that
∫∞

−∞
g(0, t − hTs)g

∗(0, t − h′Ts)dt = δh,h′ , and Ts is the

symbol duration. The center frequency of the DSCM SCOI is

arbitrarily set to 0, and the center frequency of the νth adjacent

DSCM sub-carrier is νΩ, where Ω is the sub-carrier spacing.

Applying pre-CDC for the chromatic dispersion effects along

a propagation length of Lc and using the frequency domain

representation G(z = 0, ω) =
∫∞

−∞
g(z = 0, t) exp(jωt)dt

[36], we obtain the pre-CDC transmit field as

u(z = 0, t) =
∑

ν

∑

h

a
(ν)[h]

∫ ∞

−∞

G(z = 0, ω − νΩ)

× exp

(

j(ω − νΩ)hTs − j
ω2β2Lc

2
− jωt

)

dω

2π
. (17)

B. Manakov Equation for the DSCM SCOI

The Manakov-PMD equation (1) solves for the propagating

field, u(z, t), at distance z and time t. We consider u(z, t) as

the sum of fields from DSCM sub-carriers as

u(z, t) =
∑

ν

u
(ν)(z, t). (18)

As it is commonly done, we ignore the impact of PMD

and noise on the nonlinearity [18], [21], and proceed with the

simplified version of Eq. (1) as

∂

∂z
u(z, t)+j

β2

2

∂2

∂t2
u(z, t) = j

8

9
γ|u(z, t)|2u(z, t)f(z). (19)

Applying the field in Eq. (18) to Eq. (19), we obtain the

Manakov equation for the DSCM SCOI,

∂

∂z
u
(0)(z, t) + j

β2

2

∂2

∂t2
u
(0)(z, t) = j

8

9
γ|u(0)(z, t)|2

×u
(0)(z, t)f(z) + j

8

9
γ
∑

ν 6=0

(

|u(ν)(z, t)|2I

+u
(ν)(z, t)u(ν)†(z, t)

)

u
(0)(z, t)f(z), (20)

which incorporates the SPM and iXPM effects.

C. Received Field

The perturbation approach solves Eq. (20) by introducing

the perturbation series in γ as

u
(0)(z, t) =

∞
∑

k=0

γk
u
(0)
k (z, t). (21)

Solving for order k yields

∂

∂z
u
(0)
k (z, t) + j

β2

2

∂2

∂t2
u
(0)
k (z, t) = j

8

9

×
∑

p+q+r=k−1

u
(0)
q

†
(z, t)u(0)

p (z, t)u(0)
r (z, t)f(z)

+j
8

9

∑

ν 6=0

∑

p+q+r=k−1

(

u
(ν)
q

†
(z, t)u(ν)

p (z, t)I

+u
(ν)
p (z, t)u(ν)

q

†
(z, t)

)

u
(0)
r (z, t)f(z). (22)

The first-order perturbation theory [20] considers the k = 0
and k = 1 terms from Eq. (21) and provides the approximate

solution to the field of the SCOI at receiver distance z = L as

u
(0)(z = L, t) ≈ u

(0)
0 (z = L, t) + γu

(0)
1 (z = L, t). (23)

Using the transmit field in Eq. (17) as the initial condition

and solving Eq. (22) for k = 0 and k = 1 provides the zeroth-

and first-order terms in Eq. (23) as

u
(0)
0 (z = L, t) =

∑

h

a
(0)[h]

∫ ∞

−∞

G(z = 0, ω)

× exp

(

jωhTs + j
ω2β2(L− Lc)

2
− jωt

)

dω

2π
(24)

and

u
(0)
1 (z = L, t) =

∫ ∞

−∞

∫ L

0

F (z, ω)

× exp

(

− j
ω2β2(z − L)

2

)

dz exp(−jωt)
dω

2π
, (25)

where

F (z, ω) = j
8

9

∫ ∞

−∞

(

u
(0)
0

†
(z, t)u

(0)
0 (z, t)u

(0)
0 (z, t)

×f(z) +
∑

ν 6=0

(

u
(ν)
0

†
(z, t)u

(ν)
0 (z, t)I

+u
(ν)
0 (z, t)u

(ν)
0

†
(z, t)

)

u
(0)
0 (z, t)f(z)

)

exp(jωt)dt. (26)

The zeroth-order field of the νth DSCM sub-carrier at distance

z in Eq. (26), u
(ν)
0 (z, t), is

u
(ν)
0 (z, t) = exp

(

− jνΩt+ j
ν2Ω2β2(z − Lc)

2

)

×
∑

h

a
(ν)[h]

∫ ∞

−∞

G(z = 0, ω′) exp

(

jω′
(

hTs

+νΩβ2(z − Lc)
)

+ j
ω′2β2(z − Lc)

2
− jω′t

)

dω′

2π
, (27)

where ω′ = ω − νΩ.

D. Received Signal

We consider the received field u
(0)(z = L, t) in Eq. (23)

and apply post-CDC for the remaining CD effects from the

propagation over the distance L − Lc and a matched filter

proportional to g∗(0, t−hTs). After that, we consider the first-

order perturbation value at t = hTs because our nonlinearity

compensation techniques are implemented at the symbol rate

[20]. Based on nonlinear pulse collision [26], three pulse at

time indices (h + m)Ts, (h + l)Ts and (h + n)Ts generate

a ghost pulse at hTs when l = m + n. These operations

provide the first-order approximation of the received symbol

for nonlinearity compensation as
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d3

d1

d2

hT

hT

hT

(h+ 1)T

(h+ 1)T

(h− 1)T

(h− 1)T

hT + t1

hT + t1

hT + t1

(h+ 1)T + t1

(h+ 1)T + t1

(h− 1)T + t1

(h− 1)T + t1

Time window of reference pulse
SCOI

Adjacent

Adjacent

sub-carrier 1

sub-carrier 2

Fig. 12: Illustration of dispersion and walk-off, and pulse

collision between adjacent sub-carriers for a transmission

without pre-CDC. Left: location z = 0. Right: location z = d2.

b
(0)[h] ≈ a

(0)[h] + j
8

9
γ
∑

m

∑

n

a
(0)†[h+m+ n]

×a
(0)[h+m]a(0)[h+ n]C(0)

m,n

+j
8

9
γ
∑

ν 6=0

∑

m

∑

n

(

a
(ν)†[h+m+ n]a(ν)[h+m]I

+a
(ν)[h+m]a(ν)†[h+m+ n]

)

a
(0)[h+ n]C(ν)

m,n, (28)

where

C(ν)
m,n =

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞

ρ(ω1, ω2, ω3) exp
(

j
(

mω1

−(m+ n)ω2 + nω3

)

Ts

) d3ω

(2π)3
(29)

is the perturbation coefficient,

ρ(ω1, ω2, ω3) = G̃(ω1, ω2, ω3)

∫ L

0

exp
(

j∆Wβ2(z

−Lc)
)

f(z) dz (30)

is the nonlinear kernel in the frequency domain [21],

G̃(ω1, ω2, ω3) = G(0, ω1)G
∗(0, ω2)G(0, ω3)

×G∗(0, ω1 − ω2 + ω3) (31)

is a quadruple product of the fundamental spectral pulse shape

evaluated at four distinct angular frequencies and

∆W = (ω1 − ω2)(ω2 − ω3 + νΩ). (32)

The value of ν is set to zero for the SPM perturbation

coefficient (C
(0)
m,n) computation and adjusted according to the

adjacent channel index ν for the iXPM perturbation coefficient

(C
(ν)
m,n; ν 6= 0) computation.

APPENDIX B

PROPERTY OF IXPM USED IN SPLIT PB-NLC

In this appendix, we explain the property of iXPM that is

harnessed in the split PB-NLC. This property emerges from the

interplay of dispersion, walk-off effect between the SCOI and

the adjacent sub-carrier for the 50% pre-CDC transmission.

Fig. 12 shows the temporal evolution of three pulses trans-

mitted at t = (h − 1)T , t = hT , and t = (h + 1)T in

two adjacent sub-carriers, with respect to a reference pulse

transmitted at t = hT in the SCOI, and at two locations in

the fiber. The pulses propagate over time t1. The adjacent sub-

carrier frequencies are decreasing from adjacent sub-carrier 1,

to the SCOI, to adjacent sub-carrier 2. Dispersion occurs as

different frequencies within the pulses propagate at varying

speeds, leading to temporal spreading at time t = hT + t1.

Walk-off arises because pulses with different sub-carrier fre-

quencies travel at different speeds and thus different distances

d1, d2, and d3 during interval t1, respectively, causing them to

separate by distances d2−d1 and d3−d2 at time t = hT + t1,

respectively.

Let us consider adjacent sub-carrier 1 and the SCOI pulse

propagation. The fastest frequency component in the sub-

carrier 1 pulse transmitted at t = (h + 1)T lags behind and

propagates more slowly than the slowest frequency component

in the SCOI pulse transmitted at t = hT . Consequently,

the sub-carrier 1 pulse transmitted at t = (h + 1)T avoids

overlapping with the SCOI pulse transmitted at t = hT .

For the same reason, sub-carrier 1 pulses transmitted prior

at t = hT, (h − 1)T, (h − 2)T, . . . overlap with the SCOI

pulse transmitted at t = hT . We observe an opposite dynamic

when considering adjacent sub-carrier 2 and the SCOI. That

is, the SCOI pulse transmitted at time t = hT overlaps

with the sub-carrier 2 pulses transmitted subsequently at

t = hT, (h + 1)T, (h + 2)T, . . . . Thus, iXPM effects result

from the interaction between pulses in the SCOI and pulses

with either negative or positive indices in adjacent sub-carriers,

depending on the respective adjacent sub-carrier frequencies.

Consequently, significant perturbation coefficients emerge only

with negative or positive symbol indices linked to the involved

pulses. This is shown in Fig. 2(c) for the iXPM perturbation

coefficients corresponding to adjacent sub-carrier 2 for the

scenario of no pre-CDC transmission. This attribute is also

consistent with the XPM perturbation coefficients presented

in [21, Fig. 1(d)].

The 50% pre-CDC transmission modifies the aforemen-

tioned attribute. Consider 50% pre-CDC transmission of a

reference pulse propagating in the SCOI and two sequences of

pulses propagating in adjacent sub-carriers with the frequen-

cies considered in Fig. 12. Fig. 13 illustrates the temporal

evolution of the pre-CDC pules at various points: at the

transmitter side (z = 0), during the first half of the propagation

(0 < z < L/2), at the halfway point (z = L/2), during the

second half of the propagation (L/2 < z < L), and at the

end of the propagation at the receiver (z = L). The pre-CDC

broadens the pulses and adjusts the delays between adjacent

sub-carriers at the transmitter to counter the dispersion and

walk-off effects during the first half of the fiber propagation.

The temporal widths corresponding to the pulse of interest in

the SCOI at all locations are denoted by vertical demarcation

lines. The solid (green and red) shaded pulses in adjacent sub-

carriers share the same time index (before pre-CDC) as the

reference pulse in the SCOI. Pulses at prior and subsequent

time indices in adjacent sub-carriers are distinguished by

different fill patterns.

Consider the propagation of pulses in the higher-frequency

adjacent sub-carrier 1 with respect to the reference pulse
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Time window of the pulse of interest in SCOI

z = 0 0 < z < L
2 z = L

2
L
2 < z < L z = L

SCOI

Adjacent sub-carrier 1

Adjacent sub-carrier 2

Fig. 13: Illustration of dispersion and walk-off, and pulse collision between adjacent sub-carriers for a transmission with pre-

CDC.

in the SCOI. During the first half of the propagation, the

pulse of interest in the SCOI overlaps with pulses in adjacent

sub-carrier 1 of the same and subsequent indices. Dispersion

and walk-off effects during this first half of the propagation

completely reverse the pre-CDC effects for both the SCOI and

the adjacent sub-carrier. Consequently, at z = L/2, the pulse

of interest in the SCOI only overlaps with the pulse of the

same index in adjacent sub-carrier 1. Subsequently, during the

second half of propagation, the pulse of interest in the SCOI

overlaps with pulses of the same and prior indices in adjacent

sub-carrier 1. Therefore, distinct sets of pulses (those of the

same and subsequent indices, and those of the same and prior

indices concerning the pulse of interest) from adjacent sub-

carrier 1 contribute to iXPM during the first and the second

half of the propagation. Shifting our focus to adjacent sub-

carrier 2, we observe the exact reverse dynamic in terms

of symbol indices. Overall, the described pulse interactions

result in the corresponding perturbation coefficients shown

in Figs. 3(e) and 3(f). The split PB-NLC exploits this

phenomenon to distribute computational complexity between

the transmitter and receiver.

It is worth noting that finite-length and thus infinite-

bandwidth pulses have been considered to illustrate the prop-

erty. However, we use band-limited RRC pulses with a 0.1
roll-off factor in the computation of perturbation coefficients.

These pulses cause a small temporal overlap between the prior

and subsequent indices. Consequently, there is a small overlap

between the perturbation coefficients for the first and second

halves observed in Figs. 3(e) and 3(f).
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