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Abstract—Non-orthogonal multiple access (NOMA) and mil-
limeter wave (mmWave) are two key enabling technologies for the
fifth generation (5G) wireless networks. In this paper, we develop
a general performance analysis framework for downlink NOMA
transmission in mmWave networks with spatially random users
taking into account link blockages and directional beamforming.
To facilitate NOMA transmission in mmWave networks, we
propose an angle-based user pairing strategy, where the base
station first randomly selects one user and then pairs it with
the line-of-sight user that has the minimum relative angle
difference. The proposed strategy increases the probability that
both NOMA users are covered by the main lobe created by
directional beamforming. To account for the randomness of
link blockages and user locations, we consider dynamic user
ordering among the paired NOMA users. Tools from stochastic
geometry are utilized to derive the coverage probability, outage
sum rate, and ergodic sum rate of the proposed NOMA scheme,
where beam misalignment at both the base station and users is
taken into account. Simulations validate the performance analysis
and show that the proposed NOMA scheme achieves a larger
coverage probability and higher outage and ergodic sum rates
than conventional NOMA with distance-based user pairing and
orthogonal multiple access.

Index Terms—Millimeter wave networks, non-orthogonal mul-
tiple access, beam misalignment, angle-based user pairing, cov-
erage probability, ergodic sum rate.

I. INTRODUCTION

Non-orthogonal multiple access (NOMA) [2]-[4] has the
potential to significantly enhance the spectral efficiency and
fairness of the fifth generation (5G) wireless networks, which
is vital for meeting the rapidly increasing traffic demands. Dif-
ferent from orthogonal multiple access (OMA), with NOMA,
a base station can simultaneously serve multiple users in the
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same frequency channel. For example, power-domain NOMA'!
employs superposition coding at the transmitter side and ap-
plies successive interference cancellation (SIC) at the receiver
side to accomplish this.

NOMA has recently received considerable research interest
[4]-[12]. System-level performance evaluations in [4] show
that transmit power allocation and user pairing are two im-
portant design aspects for NOMA. The authors in [5] study
the impact of user pairing on the outage probability and the
sum rate of NOMA systems, where both fixed and cognitive
radio based power allocation strategies are considered. The
results in [5] show that the performance gain of NOMA over
OMA is larger when users with diverse channel conditions
are paired. To maximize the sum rate of the paired NOMA
users, optimal power allocation schemes for multiple-input
multiple-output (MIMO) and multicarrier NOMA systems
are proposed in [6] and [7], respectively. The performance
of downlink NOMA transmission under unsaturated traffic
conditions is studied in [8], [9]. According to the NOMA
decoding strategy, the user, which is allocated a lower transmit
power, has to decode the signal intended for the other user
before decoding its own signal. By exploiting this feature,
a cooperative NOMA scheme is proposed in [10], where
the lower power user helps forward the signal of the other
user. To achieve both superimposed signal transmission and
cooperative diversity in one time slot, the authors in [11],
[12] propose a dynamic decode-and-forward based cooperative
NOMA scheme. The aforementioned studies focus on resource
allocation and performance analysis of NOMA for sub-6 GHz
frequencies.

Millimeter wave (mmWave) is another key enabling tech-
nology for 5G networks [13]-[15]. Signals at mmWave fre-
quencies (i.e., 30 — 300 GHz) are more sensitive to blockage
effects compared to sub-6 GHz frequencies. The 3rd Gen-
eration Partnership Project (3GPP) reported stark differences
in the propagation characteristics of line-of-sight (LOS) and
non-line-of-sight (NLOS) links at mmWave frequencies [16].
Due to the short wavelength of mmWave signals, antenna
arrays can be deployed at the base station and the devices
to implement beamforming and to exploit array gains to
ensure a sufficiently high received signal power. Based on
real-world channel measurements, the authors in [17] evaluate
the performance of mmWave networks. Their results show
that the capacity achieved by mmWave cellular networks can
be an order-of-magnitude higher than that of conventional

INOMA can be realized by exploiting different domains (e.g., power
domain, code domain). In this paper, we focus on power-domain NOMA.



cellular networks. By using a sectored model to approximate
the beamforming pattern, the authors in [18] analyze the
coverage probability of mmWave networks for different link
blockage models. Based on realistic channel and blockage
models extracted from empirical data, the coverage probability
and the data rate of mmWave cellular networks are derived in
[19]. The authors in [20] propose sinc and cosine antenna
pattern models to better approximate the actual beamforming
pattern and derive coverage probabilities for both ad hoc and
cellular networks. By considering the blockages caused by
large vehicles, the authors in [21] derive the outage probability
of highway vehicular communications, where mmWave base
stations are deployed alongside the road. The authors in [22]
provide a realistic-yet-tractable performance analysis by using
a curve fitting tool to approximate the channel gains of the
desired and interfering links. The authors in [23] study the
impact of beam training and pilot reuse on the achievable rate
of mmWave networks. When large antenna arrays are used, the
authors in [24] compare the performance of different MIMO
techniques (i.e., multi-user MIMO, single-user spatial mul-
tiplexing, and single-user analog beamforming) in mmWave
networks.

The coexistence of NOMA and mmWave has recently been
studied in [25]-[28]. The authors in [25] apply random beam-
forming in mmWave-NOMA networks to reduce the channel
estimation overhead. Taking into account hardware constraints,
the application of finite resolution analog beamforming in
mmWave-NOMA networks is studied in [26]. The authors in
[27] analyze the capacity of mmWave-NOMA networks in
both noise-limited and interference-limited scenarios. To sup-
port more users than the number of available radio frequency
(RF) chains, the authors in [28] propose a beamspace MIMO-
NOMA scheme for mmWave networks. However, in practical
implementations, beam misalignment at the base station and
the users is inevitable [29]. This can reduce the probability
that the paired NOMA users are covered by the main lobe
created by directional beamforming and degrade the network
performance. Hence, to overcome this problem, a new user
pairing strategy and a corresponding performance analysis
framework taking into account beam misalignment are needed
to facilitate NOMA transmission in mmWave networks.

In this paper, we consider a downlink mmWave network
with spatially random users. As the link blockage is distance-
dependent, the spatial locations of the LOS and NLOS users
are modeled as independent inhomogeneous Poisson point
processes (PPPs). We take into account both directional beam-
forming and beam misalignment at both the base station and
the paired NOMA users. To facilitate NOMA transmission in
mmWave networks, we propose an angle-based user pairing
strategy. Specifically, the base station first randomly selects
one user and then pairs it with the LOS user that has the
minimum relative angle difference. The proposed NOMA
scheme increases the probability that both paired NOMA users
are covered by the main lobe of the base station, even in the
presence of beam misalignment. The main contributions of
this paper are summarized as follows:

e We develop a general and tractable performance analysis
framework for downlink NOMA transmission in mmWave

networks with spatially random users taking into account link
blockages, directional beamforming, beam misalignment, user
pairing, and dynamic user ordering. We propose a novel angle-
based user pairing strategy to facilitate NOMA transmission in
mmWave networks by increasing the probability of exploiting
antenna array gains.

e We derive the distributions of the random variables
relevant for performance analysis, including the distances
between the base station and the LOS (and NLOS) users,
the angle difference between the paired NOMA users, and
the total directivity gains between the base station and the
paired NOMA users. Based on these results, we derive the
coverage probability, the outage sum rate, and the ergodic sum
rate of the proposed NOMA scheme, where Gauss-Chebyshev
quadrature is utilized to reduce the computational complexity.

e Simulation results validate the performance analysis and
demonstrate that the proposed NOMA scheme with angle-
based user pairing achieves a better performance than con-
ventional NOMA with distance-based user pairing and OMA
in terms of the coverage probability, the outage sum rate, and
the ergodic sum rate. Moreover, we illustrate the impact of
various system parameters (e.g., beamsteering error variances,
transmit power allocation coefficients, beamwidth of the main
lobe, and user density) on the network performance.

This paper extends its conference version [1] in several
aspects. Instead of fixed user ordering as in [1], we consider
dynamic user ordering to account for the randomness of link
blockages and user locations. Besides the coverage probability
and the outage sum rate analyzed in [1], we also derive the
ergodic sum rate of the proposed NOMA scheme, where
adaptive modulation/coding is used to achieve the Shannon
bound for a given instantaneous channel quality.

The remainder of this paper is organized as follows. In Sec-
tion II, we describe the system model including the proposed
angle-based user pairing and dynamic user ordering strategies.
The coverage probability and the outage sum rate are analyzed
in Section III, while the ergodic sum rate is derived in Section
IV. Numerical and simulation results are presented in Section
V. Finally, Section VI concludes this paper.

II. SYSTEM MODEL
A. Network Topology

Consider downlink NOMA transmission in an mmWave
cellular network, which consists of one base station and
multiple spatially random users, as shown in Fig. 1. The base
station is located at the center of a circular network coverage
area with radius R. The spatial locations of the users are
assumed to follow a homogeneous PPP, denoted as &, with
density A, which represents the average number of users per
unit area.

As mmWave links are vulnerable to blockage effects, it
is necessary to model both the LOS and NLOS path loss
characteristics [30]. For outdoor transmission, a link can be
either LOS or NLOS, depending on the presence of obstacles
between the base station and the user. The blockages of
different links are assumed to be independent from each other,
as in [18]-[20], [24], [25]. Numerical results in [18], [31] show
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Fig. 1: Network topology for the considered downlink mmWave network. The
base station observes both the LOS and NLOS users at mmWave frequencies.
A sectored model is employed to approximate the beamforming pattern. The
angle difference between users Up and Uj; is denoted as ¢o;.

that ignoring the correlation of blockage effects usually causes
only a minor loss in accuracy of the signal-to-interference-
plus-noise ratio (SINR). The probability that a link of length
r is LOS is p(r) = exp(—r/n), as in [18], [31], [32],
where 7 is the average LOS range. The value of n depends
on the average size and density of obstacles. Based on the
channel measurements in [17], the path losses of the LOS
and NLOS links can be expressed as /1,(r) = Cpr—?t and
Ix(r) = Onr PN, respectively, where Cf, and Cy are constant
parameters, and 5, and Oy are the path loss exponents of the
LOS and NLOS links, respectively. Thus, the path loss of the
link between the base station and user U; is

€(ri) = B(p(ri))lur:) + (1 = B(p(r:))x (rs), Q)

where B(x) is a Bernoulli random variable with mean x, and r;
denotes the Euclidean distance between the base station and
user U;. The blockage of a link is distance-dependent, and
thus, both the LOS and NLOS users are not homogeneously
distributed. In particular, the homogeneous PPP & can be
divided into two independent inhomogeneous PPPs [33], [34],
denoted as ¥, and & = P\ Py, which comprise the locations
of the LOS and NLOS users, respectively. The densities of
inhomogeneous PPPs &, and ®y are given by Ap(r) and
A (1 = p(r)), respectively.

Due to the limited scattering at mmWave frequencies and
the adoption of directional beamforming, each link is as-
sumed to suffer from independent quasi-static Nakagami-
m fading, as in [18], [24], [25], [35]. The parameters of
the Nakagami-m fading for the LOS and NLOS links are
denoted as Np, and Ny, respectively, and are assumed to
be positive integers for simplicity. As a result, the channel
fading coefficient between the base station and user U,
denoted as |h; 2, is a normalized Gamma random variable,
ie., Gamma(N,,1/N,),v € {L,N}. As the delay spread
is usually small at mmWave frequencies, frequency selective
fading is ignored. Furthermore, since the channel coherence
time is inversely proportional to the carrier frequency, for a
given mobile velocity, mmWave channels change faster than

sub-6 GHz channels [14]. However, fast-changing channels
make successful SIC decoding challenging and complicate the
power allocation for the paired NOMA users. Hence, in this
paper, we assume a low-mobility scenario to facilitate SIC
decoding.

B. Directional Beamforming

Due to the short wavelength of mmWave signals, antenna
arrays are deployed at both the base station and the users to
perform directional beamforming, which can help overcome
the high noise power introduced by the large spectrum band-
width. To make the performance analysis of the proposed
NOMA scheme tractable, we adopt the sectored model? to
approximate the actual beamforming pattern, as shown in Fig.
1. This model has also been adopted in other recent studies,
see [18], [23], [32]. The directional antenna gain is given by

G () = &- 52y, if[9] < 36,
— a a Yatl? =2 ’
Ga(©4a.9) { GS(0,) = 52 Lo if |9 > 10, P

where GM(0,) and G5(©,) denote the antenna gains of the
main lobe and the side lobe, respectively, ©, denotes the
beamwidth of the main lobe, a € {B, U} represents either
the base station (B) or a user (U), ¢ denotes the angle off the
boresight direction, v, = ﬁ is the forward-to-backward
power ratio, and ¢ is a constant. The sectored-pattern antenna
model in (2) ensures that the total transmit power is constant,
e [27 Ga(Oa,d)dd = GM(0,) % + G5(0,) 2159 = 1.
There exists a tradeoff between the beamwidth and the antenna
gain of the main lobe. A wider beamwidth of the main lobe
leads to a smaller antenna gain of the main lobe, and vice
versa.

The base station and the users can adjust their beam orien-
tations to cover their intended receiver/transmitter in the main
lobe. However, beam misalignment is inevitable in practical
implementations [29]. We denote the additive beamsteering
errors of the base station and user U; as Ap and Ay, respec-
tively. We assume that Ag and {Avy,, 2; € @} are indepen-
dent and identically distributed, where z; denotes the spatial
location of user U;. The beamsteering errors are assumed to
follow a Gaussian distribution with zero mean and variance
o2 a € {B,U}. Hence, the cumulative distribution functions
(CDFs) of the beamsteering errors at the base station and the

7)) and

Fay(z) = 3 (1 + erf (%)), respectively, where erf(-)
ou
denotes the error function.

users can be expressed as Fa, (z) = 3 (1 + erf (

2 Although simplified, the sectored model captures the key features of the
actual beamforming pattern, including the directivity gain, the front-to-back
ratio, and the half-power beamwidth [18]. An even more accurate model
may better characterize the network performance [20]. However, it would
also lead to a more complicated analysis and numerical evaluation. The
performance analysis framework developed in this paper can be extended
to incorporate more accurate beamforming pattern models by taking into
account the corresponding array gain. However, the analysis would become
very complicated if the user pairing and beam misalignment were also taken
into account, which is the main focus of this paper. Therefore and due to
space limitation, the analysis for more accurate beamforming pattern models
will be considered in our future work.



C. NOMA Scheme for mmWave Networks

We consider the case where two users are paired for
NOMA transmission. A two-user NOMA scheme has recently
been included in the 3GPP Long Term Evolution Advanced
(LTE-A) standard [36], where it is referred to as multiuser
superposition transmission (MUST). To ensure fairness, the
base station first selects one user at random. This user is
referred to as the typical user and denoted as Uj. To facilitate
NOMA transmission in mmWave networks with directional
beamforming, we propose an angle-based user pairing strategy.
Specifically, the user paired with typical user Uy is denoted as
U, and is selected based on the following criterion

min  {¢po;}, if user Uy is LOS,
ZinI>L\{Zo} ) ) (3)
arg ZIiIéICII)lL {¢0i} if user Uy is NLOS,

arg

where z;, denotes the spatial location of the paired NOMA user
Up, ¢0i = |0 — ¢;| denotes the absolute value of the angle
difference between angles ¢ and ¢;, and ¢; denotes the angle
of user U; with respect to the base station. The proposed user
pairing strategy selects the LOS user that has the minimum
angle difference (i.e., ¢op) to the typical user. Hence, the angle
information of each LOS user has to be known at the base
station. For the example shown in Fig. 1, user U; is selected
as the paired NOMA user for the typical user, because user
Us is NLOS and ¢g; < ¢g2. We note that for the proposed
angle-based user pairing strategy, the probability that both
NOMA users are covered by the main lobe of the base station
is high, even for narrow beamwidths. Hence, the probability
that the paired NOMA users can exploit the antenna array
gain to enhance the signal quality is also high. On the other
hand, the conventional distance-based user pairing strategy
was developed for omni-directional transmission [37]. Since
the angle difference is not taken into account, it is not likely
that the paired NOMA users are both covered by the main
lobe created by directional beamforming. Hence, they cannot
both exploit the antenna array gain, which may lead to a large
performance degradation in mmWave networks.

Whether NOMA or OMA is enabled depends on the value
of angle difference ¢gp. In particular, the base station performs
NOMA and simultaneously serves both NOMA users (i.e.,
Up and Up) if ¢gp < G)EOMA, where GEOMA denotes the
beamwidth of the main lobe of the base station for NOMA
transmission. On the other hand, if ¢p, > OROMA ie., the
base station cannot cover both NOMA users in the main lobe
even without beam misalignment, then the base station serves
users Uy and U, using OMA with beamwidth ©§™4. The
beamwidth of the main lobe at the base station for NOMA
transmission is generally not smaller than that for OMA
transmission, i.e., OXOMA > QOMA This is because although
a narrow beam may be easily steered to cover a single user, it
may not be able to simultaneously cover two paired NOMA
users.

For NOMA transmission (i.e., ¢op < OROMA) the signal
intended for the typical user can either be decoded first
or second, depending on the link blockages and the spatial
locations of users Uj and U,,. In particular, the signal intended
for paired NOMA user U, is decoded first when both NOMA
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Fig. 2: Directional beamforming at the base station and at NOMA users
Up and Up with beamsteering errors Ag, Ay, and AUD- The error-free
boresight direction of the base station has the same angle difference (i.e.,
0.5¢0p) to typical user Ug and paired NOMA user U;,. However, due to beam
misalignment, there is in general a beamsteering error (i.e., Ap) between the
actual and the error-free boresight directions.

users are LOS and r9 < 7. The corresponding NOMA
scheme is referred to as NOMA-I. On the other hand, the
signal intended for typical user Uj is decoded first when one
of the following cases occurs: (1) Both NOMA users are LOS
and 1, < 79; (2) The typical user is NLOS and the paired
NOMA user is LOS. The NOMA schemes for cases (1) and (2)
are referred to as NOMA-II and NOMA-III, respectively. We
denote the transmit power allocation coefficients for the signals
being decoded first and second as ar and ag, respectively,
with ar > ag and od +a3 = 1. Note that we consider a fixed
transmit power allocation strategy, where the values of ap and
ag are pre-allocated and do not depend on the channel gains.
The signal reception for each case is described as follows.

1) NOMA-I: In this case, the signal intended for user U,
is decoded first. The SINR of the signal intended for user U,
observed at user Uy is

0412;PB |h()|2 'DONOMAKL (’l”())

a2 Pg |ho|* DYOMAY (r) + o2

Yp—0 = “)
where Pp denotes the total transmit power of the base station,
DSIOMA denotes the total directivity gain between the base
station and typical user Uy when NOMA is enabled, and
o? denotes the power of the additive white Gaussian noise
(AWGN).

To reduce the adverse effects of beam misalignment on the
coverage of the paired NOMA users in the main lobe, the
base station adjusts its beam orientation so that its error-free
boresight direction has the same angle difference (i.e., 0.5¢0p)
with respect to typical user Uy and paired NOMA user U, as
shown in Fig. 2. However, due to beam misalignment, there
is a beamsteering error (i.e., Ap) between the actual and the
error-free boresight directions. Hence, for NOMA, the total
directivity gain between the base station and typical user U
is given by

DONOMA _ GB (@EOMA’ 0-5¢0p —+ AB) GU (®U7 AUu) ) (5)



where Oy denotes the beamwidth of the main lobe of the user.
If user Uy can successfully decode the signal intended for
user U, then user Uy performs SIC to remove intra-cell
interference and decodes its own signal with signal-to-noise
ratio (SNR)
a2 Pg |ho|* DYOMALL (r)

Y = = : ©)

Otherwise, user Uy cannot perform SIC and cannot decode its
own signal, i.e., an outage occurs.

On the other hand, paired NOMA user U, treats the signal
intended for user Uy as intra-cell interference. Hence, the
SINR observed at the paired NOMA user U, is given by

O‘IZNDB ‘hp|2 DEOMAéL(Tp)

O%PB ‘hp‘Q DpNOMAEL(Tp) + o2’

Tolo = 7

where DPN OMA denotes the total directivity gain between the
base station and paired NOMA user U, when NOMA is
enabled. Similar to (5), we have

DpNOMA =Ggp (@EOMA, 0.5¢0p — AB) Gy (@U7 AUp) , (8)

where beamsteering error Ay, is independent of beamsteering
errors Ag and Ay,.

2) NOMA-II and NOMA-III: In these two cases, the signal
intended for user Uy is decoded first. Paired NOMA user Uy,
first decodes the signal intended for typical user Uy with SINR

03 P [hy [ DYOMA (1)

a2 Py |hy|? DNOMAY, (1) + 02

)

Yo—p =

If paired NOMA user Uj, can successfully decode the signal
intended for typical user Uy, then user U, performs SIC and
decodes its own signal with the following SNR

OéPB |th|2 IDpNOMAgL (Tp)

’y:
1% 0_2

(10)

On the other hand, typical user Uy decodes its own signal
based on the following SINR

a2 Py |ho|* DYOMAY, (1)
a2 Pg |ho|* DYOMAY, (rg) + 02

where v € {L, N} represents either the LOS (L) or the NLOS
(N) link.

3) OMA: When a second NOMA user for pairing does not
exist or the angle difference ¢q, is greater than beamwidth
OROMA ' the base station cannot cover two NOMA users in
the main lobe, even without beam misalignment. Thereby, the
base station serves users Uy and U, using OMA with main
lobe beamwidth @gMA. The received SNR observed at user

Ujaj € {Oap}’ is

Py [l [* DYMAL, (1)
2 )

Yolp = (1)

OMA _

Jv Ve {LvN}a (12)

(o2
where DPMA denotes the total directivity gain between the
base station and user U; when OMA is enabled. For OMA
transmission, the base station adjusts its beam orientation so
that its error-free boresight direction is aligned with the vector
from the base station to user U;. Considering the beamsteering

errors at both the base station and user Uj, the total directivity
gain between the base station and user U;,j € {0,p}, for
OMA is given by

DjoMA =Gy (@gMA’ AB) Gu (er AU_7’) : (13)

The SINRs and the total directivity gains given in (4)-
(13) are all random variables, due to the randomness of the
small-scale fading (ho and hy), the angle difference (¢op),
the beamsteering errors (Ag, Ay,, and Ay,), the distance
between the base station and the NOMA users (ro and 7,), and
the link blockages. In the following two sections, we analyze
the coverage probability, the outage sum rate, and the ergodic
sum rate of the proposed NOMA scheme.

III. COVERAGE PROBABILITY AND OUTAGE SUM RATE
ANALYSIS

In this section, we first present the probability density
functions (PDFs) and probability mass functions (PMFs) of the
relevant random variables, and then we analyze the coverage
probabilities and outage sum rate of the paired users for the
proposed NOMA scheme.

A. Some Useful PDFs and PMFs

To derive the coverage probability, we first need to derive
the PDFs and PMFs of the relevant random variables, includ-
ing the distances between the base station and the users, the
number of LOS and NLOS users in the network, the angle
difference between the paired NOMA users, and the total
directivity gains between the base station and the users. The
following lemma presents the PDFs of the distances of the
randomly selected LOS and NLOS users to the base station.

Lemma 1. Given that the base station observes at least one
LOS user, the PDF of the distance between the base station
and a randomly selected LOS user is given by

fu(r) = Zexp (—T), 0<r<R, (14)

P Ui
where p = n° (1 — exp (—%) (1 + %))
Similarly, given that the base station observes at least one
NLOS user, the PDF of the distance between the base station
and a randomly selected NLOS user can be expressed as

() = g (1-ow (-2)). 0sr=r a9

Proof. Please refer to Appendix A. O

For two LOS users, we refer to the LOS user closer to the
base station as the near LOS user and to the other LOS user
as the far LOS user. The following lemma presents the PDFs
of the distances of the near and far LOS users from the base
station.

Lemma 2. For two LOS users, the PDF of the distance
between the base station and the near LOS user is given by

fro(r) = E (1 - 772) exp (_r)
p p 7



202 P
+ 27 <1+r> exp (—T) 0<r<R. (16
p 7 7

The PDF of the distance between the base station and the far
LOS user can be expressed as

2 2
f’l'f (T) = ZQT exXp (_T>

Ui
2n? 2
- <1 i r) exp <r) 0<r<R. (17)
p n n
Proof. Please refer to Appendix B. O

According to Lemmas 1 and 2, the PDFs of the user
distances only depend on the average LOS range (1) and
the radius of the network coverage area (R). As the spa-
tial locations of the LOS and NLOS users form inho-
mogeneous PPPs ®;, and &y with densities Ap(r) and
A(1 = p(r)), respectively, the PMFs of the number of the
LOS and NLOS users in the network coverage area can
be expressed as Wy (kr) = (A2mp)™ exp (—A27p) /kL! and
Uy (kn) = (M (B2 —2p))"™ exp (—Ar (B2 — 2p)) [k,
respectively. When the number of LOS users in the network
coverage area is given, the following lemma provides the PDF
of angle difference ¢qp,.

Lemma 3. When there are ki, LOS users in the network
coverage area, based on the user pairing strategy given in
(3), the PDF of the angle difference between the typical user
and the paired NOMA user, i.e., ¢op, can be expressed as

27

2kr,—3
@(Mz iU, is LOS,

f¢op(¢) = " 9 2k, —1 (18)
b (222)7 it Uy is NLOS,
Proof. Please refer to Appendix C. O

According to Lemma 3, the PDF of angle difference ¢, is
independent of the user locations, but depends on whether typ-
ical user Uy is LOS or NLOS. From (18), we observe that the
probability of having a small angle difference (¢¢p,) increases
with kp,, which directly depends on the user density (\). A
smaller angle difference increases the probability that NOMA
transmission is enabled as well as the probability that both
NOMA users are covered by the main lobe in the presence
of beam misalignment. Given the angle difference ¢, the
following lemma presents the PMFs of the total directivity
gains DYOMA and DEOMA for NOMA transmission.

Lemma 4. Given the angle difference between typical user Uy
and paired NOMA user Uy, i.e., ¢op, the PMFs of the total
directivity gains DY OMA nd DEOMA for NOMA transmission
can, respectively, be expressed as

P (DyOMA = ¢;) = d; (dop), fori={1,2,3,4},
P (DPNOMA =¢;) =vi (¢op), fori={1,2,3,4},

(19)
(20)
where
c1 =Gy (O5MMGY (Bv), e =Gg (O5MH)GY (Bv),
¢ = G (O3”M*) G (Ov),

ca = G§, (OF°M*) GY (0v), 1)

di(dop) = g (dop) Y da (¢op) = g (¢op) (1 —y),

d3(¢0p) = ( -9 (fj)Op)) Y,

ds (¢op) = (1 — g (¢op)) (1 — y), (22)
v1(¢op) = 5 (¢op) Y,  V2(dop) = 5 (dop) (1 —¥),

v3(¢op) = (1 = 5(op)) ¥,

va(¢op) = (1 — s (dop)) (1 —y), (23)

NOMA_ NOMA
9(dop) = 3 (erf (@Bszf“’) —erf <_®B2T(jj%)>’
y = 1(erf (2\%‘;[}) —erf (— 2\%‘;{))), and s(¢op) =

l @BOMA+¢O _ _ @EOMA_d)O
5 (erf (72\/5013 L erf e Ten 2.

Proof. Please refer to Appendix D. O

According to Lemma 4, the total directivity gain depends
on the beamwidth of the main lobes of the base station and the
user, the beamsteering error variances, and the angle difference
®op- A larger beamwidth of the main lobe and a smaller angle
difference reduce the negative impact of beam misalignment
on the total directivity gain. Similarly, the following lemma
presents the PMF of the total directivity gain DY™M# for OMA
transmission.

Lemma 5. The PMF of the total directivity gain DJQMA,j €
{0, p}, for OMA transmission is

P(DOMA =1;) =, fori={1,2,3,4}, (24)

where
I =GY (08M*) G (Ou), 1 =GY (63M*) GY (Bv),
I3 = G}, (O8MY) GV (Ov), ls = G}, (08M*) G (Ov),

m=w(l—y),
7= (1-w)(1-y),

T = Wy,

T3 = (1 - ’U})y, (25)

OMA OMA
®B eB

w = % (erf (m) — erf (—2\/50]3)), and y is given in
Lemma 4.

Proof. Please refer to Appendix E. O

Based on the results provided in Lemmas 1-5, we derive the
coverage probabilities of typical user Uy and paired NOMA
user Uy, in the following two subsections.

B. Coverage Probability of NOMA Transmission

Because of the dynamic user ordering, we denote the
target data rate of the user whose signal is decoded first as
Rr and the target data rate of the other user as Rg. The
coverage probability is defined as the probability that a user
can successfully decode the signal transmitted by the base
station with a certain target data rate. The signal intended for
the typical user can either be decoded first or second depending
on the link blockage status of the typical user and the distances
of users Uy and U,,. Hence, we have the following three cases.
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<m221 \/ 1- wm2 n€712 eXp ( chL> Jra (Tn,m2)> ) (28)

1) NOMA-I: In this case, typical user Uy is the near LOS
user. Hence, user Uy can successfully decode its own signal if
it can successfully perform SIC (i.e., 7p—0 > TF) and the SNR
of its own signal is not smaller than Ty (i.e., v9 > T5), where
Tr = 2% — 1 and Ts = 2% — 1. The following proposition
presents the coverage probability of user Uj.

Proposition 1. When both users Uy and Uy, are LOS, ¢op <
@gOMA, and ro < 1y, the coverage probability of typical user
Uy can be computed as

cov 51 z ZkL+k

L(kn)Un(kn)Qr0(&1), (26)

k=2 kn=0
if ap > Trag, otherwise PfY (£1) = 0, where & =
TFG'2 Ts<72 . . .
max (a1—Tval)Fs’ aiPn }, Q1,0(&1) is given in (28), shown
. @NOI\IA
at the top of this page, ¢opm, = L5 (Gn, +1)
Cm, = cos (22m71\1/517r>, Tnmy = % (Wmy + 1), @iy

2’;{%170, My and My are parameters for balancing the

cos (
tradeoff between computational complexity and the accuracy
of the Gauss-Chebyshev quadrature approximation, c; and
d; (¢op,m,) are given in (21) and (22), respectively, and
Jra (Puyms) and foo (Gop,m,) are given in (16) and (18),
respectively.

Proof. Please refer to Appendix F. O

Note that, for the system model under consideration, the ap-
proximation in (28) is only due to the use of Gauss-Chebyshev
quadrature, which approximates the integrals over the angle
difference and the distance by summations. The total number
of Gauss-Chebyshev quadrature summation terms used to
approximate these two independent integrals is M; + Mo.
Numerical results (not shown here) reveal that the approx-
imation error is less than 1073 when M; = My = 30.
According to Proposition 1, the coverage probability of typical
user Uy depends on the target data rates of both paired NOMA
users. In addition, the coverage probability also depends on the
beamwidth of the main lobe (i.e., OXOMA) as it determines
the antenna gain of the main lobe and also affects the prob-
ability that typical user Uy is covered by the main lobe of
the base station in the presence of beam misalignment. The
transmit power allocation coefficients should be appropriately
set, i.e., o > Trad, so as to ensure that the typical user Uy
can successfully perform SIC, which is the prerequisite for the
decoding of its own signal. Hence, the target data rate of the

user whose signal is decoded first, Ry, is limited by the trazns-
mit power allocation coefficients, i.e., Rp < log, (1 + Z—g)
On the other hand, a small value of a% limits the achievable
rate of the user whose signal is decoded second, Rg. Hence,
the value of a% €
outage sum rate.

The following corollary provides a simplified expression for
Q1,0(&1) in (27) for the case that the LOS ball model [18],
[33] is used and beamsteering errors are absent. Note that the
LOS probability of the LOS ball model is modeled as a step
function, i.e., p(r) = 1(r < Rprog), where 1(-) denotes the
indicator function and Rpog < R is the maximum length of
a LOS link.

T +T , 1) can be optimized to enhance the

Corollary 1. If the LOS ball model is employed and beam-
steering errors are absent, Qr0(&1) in (27) can be simplified
as

@NOMA 2kr,—2\ Np—1 4
QI,O(&I) =|(1- (1 - B ) V5 p2
21 7; n!ﬂLR%OS
1 N
RN (%31

Npé& \ ™"
x <<C1CL) V( B’ 1 Cy, RLOS>
N,

1 L& Ar/d 4 NLfl 8
— - L 2
B2, (C1CL> yln+ B¢ RLOS , (29)

where (-,

-) is the lower incomplete Gamma function.

Proof. Please refer to Appendix G. O

Without beamsteering errors, Q0(&1) increases linearly
with the probability that the angle difference ¢q, is smaller

than OXOMA ‘je., with 1 — (1 — QE;MA 2 2, as this is the
probability that both NOMA users are covered by the main
lobe of the base station. In NOMA-I, paired NOMA user U,
is the far LOS user. Thereby, user U,, can successfully decode
its own signal if the SINR of its own signal is not smaller
than T¥ (i.e., vpjo = TF). The following proposition provides

the coverage probability for user U,,.

Proposition 2. When both users Uy and Uy, are LOS, ¢op, <
@%IOMA, and ro < rp, the coverage probability of user Uy, is
given by

cov 52 Z ZkL+k

kL=2knx

L (kL) N (An) Qrp(82), (30)



if a3 > Trad, otherwise Prov(&2) = 0, where & =

TF02
[ Q1.p(&2) is given in (32), shown at the top of

the next page, 1 m, = % (@Wmy + 1), Cmayr Pop,my, AR Wiy,
are given in Proposition 1, fr, (Ttm,) is given in (17), and ¢;
and v;(¢op,m, ) are given in (21) and (23), respectively.

Proof. Please refer to Appendix H. O

According to Proposition 2, the coverage probability of
paired NOMA user U,, does not depend on the target data
rate of typical user Uy as user U,, does not need to perform
SIC. The coverage probability does depend on the PDF of the
distance of the far LOS user and the transmit power allocation
coefficients.

2) NOMA-II: The case of NOMA-II occurs when both
paired NOMA users are LOS, ¢op, < ONOMA and 75 > 7.
In this case, users Uy and U, are the far and near LOS users,
respectively. Hence, the coverage probabilities of users Uj and
U, can, respectively, be expressed as

kW, (ki)

Pipg (&2) = Z Z [ ———Un(kn)Quo0(§2), (33)
kL 2kn=0 L
kr Wy, (kL)
Py (€ Z Z ; _I;_kL UN(EN)Qup(€1),  (34)
kL—=2 kn
where
Qu,0(&) =P (vo)p = T, dop < OFOMA 1o > 1)), (35)
Qu,p(&1)

=P (Yosp > Tk, 7p > Ts, dop < OFMA 1, < 1) . (36)

Following the same steps as in the proofs of Proposi-
tions 1 and 2, we obtain Qrr(§2) from Qr,(§2) given
in (31) by replacing v;(¢op m,) With d;(¢op m,), and we
obtain Qrrp(&1) from Qr0(&1) given in (27) by replacing
di(Pop,m,) With v;(dop,m,). Note that, in (33) and (34),
S o> p—o k= Wy, (kL) Wn (k) is the probability that
there are at least two LOS users and typical user Uy is LOS,
and Qmip(&1) is the probability that paired NOMA user U,
can successfully perform SIC and decode its own signal when
NOMA is enabled.

3) NOMA-III: The case of NOMA-III occurs when typical
user Uy is NLOS and paired NOMA user U, is LOS, and
Pop < @gOMA. In this case, the signal intended for user Uy
is decoded first. The coverage probabilities of users Uy and
U, can, respectively, be expressed as

kxUr (kL)
Pt (§2) = Z Z ]I:LikL UN (kN)Quro(§2),  (37)
kL 1kN 1
cov kN\pL kL

P, (&) = kzl kz FL ‘I’N(kN)QIH,p(fl)7 (38)
where

Qio(&2) =P (vopp > T, dop < OFOMA) | (39)
Quuip(&) =P (vosp > Tr, v > Ts, dop < O5 M) . (40)

As typical user Uy is NLOS and is randomly selected,
we obtain QHI)()(fg) from QI70(€1) given in (27) by re-
placing Ny, &, Cr, fu, and fr (rum,) by Nn, &,
CN, Bn, and fx(7n,m,), Tespectively. Similarly, we obtain
Qurp(&1) from Qr,(&2) given in (31) by replacing &>
andfy, (7¢,m,) With & and fi,(r¢ m, ), respectively. Note that
S h 1 Yt =Wy, (k) Wn (k) is the probability that
there is at least one LOS user and typical user Uy is a NLOS
user.

C. Coverage Probability of OMA Transmission

OMA transmission is enabled when a second NOMA
user for pairing does not exist or the angle difference is
Pop > ORFOMA Based on Lemma 5, the complementary CDF
(CCDF) of SNR ~9M4 j € {0,p},v € {L,N}, defined in
(12) is given by

(@)

Egm ) P (Ins* PaDPMA0, () /0 2 )

exp (—7]\]"702”)B )
® Z alald /PB) BIVAL, ()
{DoMA ;) (DJC)MAéy (Tj))n
(N, /P "

© vY0" /B

Z ZTZ/ <l C, )

n=0

N,yo ¥

X exp <—M]> fl,(rj)drj,

N, -1 M.
(d) "+« R"T( vYo /PB) =
=~ i 1 — 2

‘ 2M;n) 27 Zl ©ma
n= 1= mo=

. (ﬁm > . (_Nm%;i;w) o) @
liczl PBliOy vR e

where (a) follows by substituting (12), (b) follows from
the normalized Gamma distribution of |h;|2, (c) follows by
taking the expectations over DJQMA and r;, and (d) follows
by applying Gauss-Chebyshev quadrature [38]. Note that we
adopt an exact expression for the CDF of the normalized
random variable |h;|?, rather than its upper bound as in
previous works [18].

When typical user Uy is LOS, its coverage probability can

be computed as
PSaiao(Tr) = WL(1)Un(0)Foma (TF)

) > S

kn=
+Z Z kL+k

k=2 kx=0

F OMA(2TF)
Uy, (kL) Un (k) QPMA (TF), (42)

where QPMA(T) = P ('y(%li/[A > 21w, pop > @EOMA) @

_ 27— @NOMA 2kr—2
Foma (2Tr) (7) . Note that (a) follows from

27
the independence between SNR M4 and angle difference

®op- On the right hand side of (42), the first and second terms
represent the coverage probability when user Up is the only
LOS user in the network, where a second NOMA user for
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pairing does not exist. The third term is the coverage proba-
bility when both users Uy and U, are LOS but ¢, > OFOMA,
When OMA is enabled, the base station transmits the signals
to users Uy and Uy, in the first and second halves of a time slot,
respectively. Note that QPMA (T) is a decreasing function of
the beamwidth of the main lobe of the base station (O§OM4)
and the number of LOS users (kr).

On the other hand, when typical user Uy is NLOS, its
coverage probability is given by

P&3ta0(Tr) = UL(0)UN (1) Foya (Tr)
+ UL (0) (1 — ¥n(0) — \IJN(1))FW%A(2TF)

4 Z Z k’N\I/L kL

Pt kL—i-k

where Q9MA(Tr) = P (voN" = 2TF, dop >
e oT 27— ONOMA 2k,
OMA( F) T

On the right hand side of (43), the first and second terms
represent the coverage probability when there are no LOS
users in the network coverage area. The third term is the
coverage probability when user Uy is NLOS and user U}, is
LOS but ¢, > OFOMA,

Similar to (42) and (43), when OMA is used, the coverage
probability of user U, is given by

Un (kn)QSMA(Tr), (43)

@EOMA)

cov _ Un(kn)
P&liap(Ts) = TL(1) Z Tt T Foua (2T5)
k}N 1
(oo}
kW (kL) OMA
v T
+ZZkL+k N(kn)QT T (T5)
k1,=2 kn=0
+ W (0) (1 — ¥n(0) - ‘I’N(l))F’Yﬁ%A@TS)
kW (kL) o OMA
Ty), (44
+kZ Z e INENQSMN(TY), @44
L=1kn
2k
where Q9MA(Ts) = Foma (275) (22927 )

According to (42), (43) and (44), the probability that OMA
transmission is enabled depends on the user density ()\), the

average LOS range (17), and the beamwidth of the main lobe
(QEOMA).

D. Coverage Probability and Outage Sum Rate of Proposed
NOMA Scheme

Based on the analysis in Sections III-B and III-C, we present
the main result on the coverage probability of the proposed
NOMA scheme in the following theorem.

Theorem 1. The coverage probabilities of users Uy and U,
for the proposed NOMA scheme in mmWave networks with
beam misalignment can, respectively, be expressed as

Pg** = 0.5 (Pp’ (&) + Prig (&2)) + Piito(62)

+ P&iao(Tr) + PSA o(Tk), (45)
PS5V = 0.5 (P (&2) 4+ Py (&1)) + Pty (&)
+ P&ia p(T6). (46)

Proof. When both users Uy and U}, are LOS, they have the
same probability (i.e., 0.5) to be the near or the far LOS user
due to the randomness of the user locations. By considering
all the cases for NOMA and OMA transmission in Sections
III-B and III-C, respectively, we directly obtain the coverage
probabilities of users Uy and U, given in (45) and (46),
respectively. O

Outage rate is defined as the mean data rate achievable at
a user when its signal is transmitted with a certain target data
rate. Based on the derived coverage probability, the outage
sum rate of the typical user and the paired NOMA user can
be directly calculated as

1
Rsum:< ( Py (&) + ICIO(V)(&)) Icﬁvo(§2)>
(PR o (Te) + PSS o(Tr)) R
+(( e () + PE(EL)) + ﬁ%(&))

+ Ponia,p(T5) Rs. 47

The outage sum rate is not a monotonic function of the
radius of the network coverage area, R. As the polynomially
increasing term with respect to R in the expression for the
coverage probability (e.g., (28)) cannot compensate for the
exponentially decreasing term when R is large, the outage sum
rate first increases and then decreases as R increases. Hence,
the value of R can be optimized to enhance the spectrum
efficiency.

IV. ERGODIC SUM RATE ANALYSIS

In this section, we derive the ergodic sum rate of both paired
NOMA users for the proposed scheme in mmWave networks.
The ergodic rate, as an important metric of spectral efficiency,
refers to the mean data rate achievable at a user when adaptive
modulation/coding is used to achieve the Shannon bound for
a given instantaneous SINR [39]. The ergodic rate is given by

R = IE’Y [10g2 (1 + min{’% Tmax})]



_ L Tmax F’Y (.T)
In2 14z

dz, (48)

where 7 and F.(z) denote the SINR and its CCDF, re-
spectively, E,[-] is the expectation with respect to SINR
Ys Thmax = 28max _ 1 js the SINR threshold imposed by
practical constraints for the RF circuit, and Rp.x is the
maximum achievable rate. If the SINR exceeds T,ax, this
cannot be exploited for further rate improvement. Instead of
using fixed target data rates as in the analysis of the coverage
probability, the ergodic rate is opportunistically determined
by the instantaneous SINR observed at the user and SINR
threshold 7}, .«. In this paper, the ergodic sum rate refers to the
summation of the ergodic rates of typical user Uy and paired
NOMA user U,,. In the following subsections, we analyze the
ergodic sum rates for NOMA and OMA transmission.

A. Ergodic Sum Rate of NOMA Transmission

As demonstrated in [40], when the far user can successfully
decode its own signal, the near user can always decode the
signal intended for the far user due to its better channel
conditions. Hence, the ergodic rates of users Uy and U, in
NOMA-I are determined by the SINRs 7o and 7,0 given in
(6) and (7), respectively. The following proposition presents
the ergodic sum rate of the paired NOMA users in NOMA-I.

Proposition 3. When both users Uy and U, are LOS, ¢, <
@gOMA, and Ty < 1y, the ergodic sum rate of the proposed
NOMA scheme can be computed as

M3

v (€3(Yms)
2M3 In2 Z m3 1 + Yms
N min {Tmaxa ?g} m % \/7 v 64 777’4 (49)
2M4In2 Xoma 1+ Ym,
b o (72’77713 0277’7'4
where &(1ms) = Ept Glm) = @S taym
Ymg = Tn;x (6m3 + ]_), 5m3 = cos (27;1\3/[;1”); Yy

27714—1

2
min i\iﬂma)ﬁa}(xmél 1)/2, Xm, = cos( i ), Ms
and M, are parameters to balance the tradeoff between
computational complexity and the accuracy of the Gauss-
Chebyshev quadrature approximation, and Py’ (§3(Ym)) and
P (§a(ym,)) are given by (26) and (30).

Proof. Please refer to Appendix 1. O

According to Proposition 3, the ergodic rate of each user is
expressed as a function of the coverage probability. In addition,
the ergodic rate of the far LOS user is limited by both the
SINR threshold T« and < 2 , which indicates the importance
of appropriate transmit power allocation. On the other hand,
the ergodic rate of the near user is not limited by — aF . Thereby,
the near user can achieve a higher ergodic rate. Thz following
corollary provides the ergodic sum rate of the paired NOMA
users in NOMA-II and NOMA-IIL.

Corollary 2. When both users Uy and Uy, are LOS, ¢gp <

@gOMA, and o > 1y, the ergodic sum rate of the proposed
NOMA scheme is given by
RNOMA
2
min {Tmaxva%}ﬁ %4: \/7 10 (€4 (Vma))
2M,1n 2 ) Xing 1+ vm,
Tnaxm II S I,p\S3\Tms /) 53 'Ymg,
4 /1 50
2M31n2 Z Ons L+ Ymy 0

where P (€4(Ym,)) and Py (€3(vms)) are given by (33)
and (34), respectively.

Similarly, when typical user Uy is NLOS, paired NOMA
user Uy, is LOS, and ¢op < @gOMA, the ergodic sum rate of
the proposed NOMA scheme is given by

RNPMA
2
i Al m .
i { T e i)
90, In 2 2 T
Ms
ma,xﬂ- \/7 p (& (ms))
51
2M31n2 Z me T G1)

where P (§a(vm,)) and PTY,(€3(Yms ) are given by (37)
and (38), respectively.

Proof. For these two cases, the ergodic rates of users Uy and
Up are determined by the SINRs 7|, and ~;, given in (11)
and (10), respectively. By following the same steps as in the
proof of Proposition 1, we obtain (50) and (51). O

B. Ergodic Sum Rate of OMA Transmission

In the proposed scheme, OMA is enabled when a second
NOMA user for pairing does not exist or the angle difference is
pop > ONOMA In this case, the ergodic rate of user Uj,j €
{0,p}, is determined by SNR 'yOMA v € {L,N}, given in
(12). Based on the CCDF of SNR YPMA derived in (41), the
ergodic sum rate of users Uy and U for OMA transmission
is given in (52), shown at the top of the next page, where
P& 0 (s )- PSUA o (oms)- and PSR1a (Y, are given in
(42), (43), and (44), respectively.

C. Ergodic Sum Rate of Proposed Scheme

Based on the analysis in Sections IV-A and I'V-B, we present
the main result on the ergodic sum rate of the proposed scheme
in the following theorem.

Theorem 2. The ergodic sum rate of typical user Uy and
paired NOMA user U, for the proposed NOMA scheme in
mmWave networks with beam misalignment can be computed
as

1
RNOMA: 5 (R%\IOMA RHOMA) 4 RHIOMA+ ROMA, (53)
where RNOMA RNOMA R ROMA " gpd ROMA are given in

(49), (50), (51), and (52), respectively.
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Fig. 3: Coverage probability of users Ug and U} versus user density.

Proof. When both users Uy and U, are LOS, they have the
same probability (i.e., 0.5) to be the near and the far user.
By utilizing the ergodic sum rates for NOMA and OMA
transmission derived in (49), (50), (51), and (52), respectively,
we obtain the ergodic sum rate of users Uy and U, given in
(53). O

V. PERFORMANCE EVALUATION

In this section, we present the simulation and analytical re-
sults for the proposed NOMA scheme and compare them with
the results for conventional NOMA and OMA. Conventional
NOMA adopts distance-based user pairing, where the base
station pairs the typical user with the user that is closest to
the base station [37]. In OMA, for a fair comparison, the base
station transmits the signals to the typical user and the paired
NOMA user in the first and second halves of a time slot,
respectively. In the simulations, we consider a circular network
coverage area with radius R = 200 m. The noise power
is —90 dBm. Unless specified otherwise, we set f;, = 2.5,
ﬂN:3.5,CL:2,CN:l,NL:3,NN:2,n:5Om,
a2 =0.9, a2 =0.1,¢=0.1, OFOMA = 7/3, O9MA = 7 /6,
Oy = /6, Rp = 2 bit per channel use (BPCU), Rg = 8
BPCU, P = 10 dBm, and 03 = 03 = 0.2. For all numerical
results shown, we set the number of summation terms for the
Gauss-Chebyshev quadrature to 50, which is sufficiently large
to make the approximation error negligible.

Fig. 3 shows the impact of the user density (i.e., A\) on
the coverage probability. The simulation (Sim) results match
well with the analytical (Ana) results, which validates the
performance analysis. As A increases, the probability that the
angle difference ¢, is smaller than GEOMA increases, which

Transmit Power (Pg) in dBm

Fig. 4: Coverage probability of user Up, versus transmit power for A = 0.0003
nodes/m?.

in turn increases the probability that NOMA can be enabled
and reduces the negative effects of beam misalignment. Hence,
the coverage probabilities of typical user Uy in the proposed
NOMA scheme and paired NOMA user U, in all considered
schemes increase with A\. However, the coverage probability
of typical user Uy in conventional NOMA and OMA does
not depend on )\, as the probability that typical user Up is
served with NOMA is independent of A. As the probability
that both NOMA users are covered by the main lobe of the
base station is higher, the coverage probabilities of both users
are higher for the proposed NOMA scheme with angle-based
user pairing compared to conventional NOMA with distance-
based user pairing.

Fig. 4 illustrates the impact of the transmit power (i.e., Pg)
and the power allocation coefficient (i.e., aZ) on the coverage
probability of paired NOMA user U,. As Pp increases,
for all considered schemes the coverage probability of user
U, increases, as the received signal power also increases.
When af = 0.9, the proposed NOMA scheme outperforms
conventional NOMA and OMA. However, if a% is decreased
from 0.9 to 0.7, the coverage probabilities of user U, under
both NOMA schemes decrease significantly, and are even
lower than the coverage probability of OMA. This is because
the probability that paired NOMA user U, can successfully
perform SIC decreases with o. As the probability that OMA
is enabled is higher, conventional NOMA with distance-based
user pairing achieves a higher coverage probability than the
proposed NOMA scheme with angle-based user pairing when
the transmit power is not appropriately allocated. These results
show that appropriate transmit power allocation plays an
important role in exploiting the potential performance gains
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of NOMA.

In Fig. 5, we show the outage sum rates of the proposed
NOMA scheme as a function of the target data rates of both
paired NOMA users (i.e., Rg and Rp). As Rg increases, the
outage sum rates of all considered schemes improve. Similarly,
the outage sum rates of all considered schemes also increase
with Rr. However, because the coverage probability decreases
with Rg, the rate of improvement of the outage sum rates
decreases for large Rg. Moreover, we observe that the outage
sum rate gap between NOMA and OMA becomes larger when
Rg increases. Hence, the outage sum rate gain of NOMA
over OMA is higher when the paired NOMA users have
more diverse target data rates. This is because the SINR
requirements for OMA to achieve the same spectral efficiency
as NOMA increase disproportionally for large Rs.

Fig. 6 shows the impact of the radius of the network
coverage area (i.e., i) and the path loss exponent of the LOS
links (i.e., Or,) on the outage sum rate. As R increases, the
outage sum rate first increases to a peak point as the number
of users in the network increases and in turn the probability
that two users are served using NOMA increases. However,

Proposed NOMA (Ana)
Conventional NOMA (Sim)

- — OMA (Ana)
|| © Simulations

Ergodic Sum Rate

, ,
80 100 120 140 160 180 200
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Fig. 7: Ergodic sum rate versus average LOS range for different beamsteering
error variances, A = 0.0001 nodes/mQ, B, = 2, Pg = 0 dBm, and
Rmax = 10 BPCU.

if R is increased beyond a certain point, the outage sum rate
starts to decrease, as both paired NOMA users, especially the
typical user, are more likely to suffer from larger path losses.
Hence, the size of the network coverage area can be adjusted
to maximize spectral efficiency. On the other hand, when £, is
smaller, higher outage sum rates are achieved. This is because
signals are less attenuated for smaller path loss exponents, and
hence, the network achieves better SINR coverage.

In Fig. 7, we compare the ergodic sum rates of the proposed
NOMA scheme as functions of the average LOS range (i.e., 1)
for different beamsteering error variances (i.e., O’% and O'%). As
71 increases, the probabilities that the typical user is LOS and
the angle difference ¢, is small increase. Hence, the ergodic
sum rate of the proposed NOMA scheme increases with 7).
In addition, the ergodic sum rates of all considered schemes
decrease when the beamsteering error variance increases, as
the probability that a user is covered by the main lobe of the
base station decreases when o3 and o3 increase. Moreover,
the ergodic sum rate achieved by the proposed NOMA scheme
is larger than that achieved by conventional NOMA. This is
because, for the proposed user pairing strategy, both paired
NOMA users are covered by the main lobe of the base station
with a higher probability compared to conventional distance-
based user pairing.

Fig. 8 shows the impact of the transmit power (i.e., Pp)
and the beamsteering error variances (i.e., 0123 and O'%) on
the ergodic sum rate. As Pp increases, the ergodic sum rates
of all considered schemes increase, due to a better signal
quality. Similar to Fig. 7, the ergodic sum rate of each scheme
decreases for higher beamsteering error variances. However,
for all considered schemes, the performance difference for
different beamsteering error variances decreases with Pg. For
the proposed NOMA scheme, there is no performance gap for
the two considered values of the beamsteering error variances
when Pg = 30 dBm, as in this case, the transmit power
is large enough to compensate the negative impact of beam
misalignment.

In Fig. 9, we show the ergodic sum rates of the proposed
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NOMA scheme as functions of the beamwidth of the main
lobe. Considering the impact of Oy, there exists a maximum
of the ergodic sum rate, due to the tradeoff between the
beamwidth of the main lobe and the antenna array gain.
Specifically, by increasing Oy from 7/9 to /3, the ergodic
sum rate of the proposed NOMA scheme increases. However,
if ©y is further increased, the ergodic sum rate of the proposed
scheme starts to decrease. This is because, in this case, the
benefits introduced by more NOMA transmission opportuni-
ties cannot compensate for the reduction in antenna array gain.
Furthermore, even for small OXOMA (e.g., OYOMA = 7 /9),
the proposed NOMA scheme achieves a much higher ergodic
sum rate than OMA. By increasing OX°MA from /9 to 7 /3,
the ergodic sum rate of the proposed NOMA scheme increases
as the probability that NOMA is enabled increases and the
NOMA transmission is less vulnerable to beam misalignment.

Fig. 10 illustrates the impact of the user density (i.e.,
A) and the maximum achievable rate (i.e., Ry.x) on the
ergodic sum rate. As A increases, the ergodic sum rate of the
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Fig. 10: Ergodic sum rate versus user density of the network for By, = 2,
n =100 m, Pg = 0 dBm, and 03 = 0% =0.1.

proposed NOMA scheme increases, as the negative impact
of beam misalignment on NOMA transmission decreases. For
A > 3.5 x 1074, the ergodic sum rate of the proposed
NOMA scheme increases only slowly with A, saturating to
the maximum achievable rate. In contrast, the ergodic sum
rate of OMA does not depend on A. On the other hand, by
increasing the maximum possible rate R,,x from 10 BPCU
to 12 BPCU, the ergodic sum rates of all considered schemes
improve, as for larger R,,.x, higher SINRs can be exploited to
further enhance the ergodic sum rate. These results show that
the maximum achievable rate should be set based on a desired
tradeoff between achievable performance and implementation
complexity.

VI. CONCLUSIONS

In this paper, we developed a general and tractable perfor-
mance analysis framework for downlink NOMA transmission
in mmWave networks with spatially random users taking into
account link blockages, directional beamforming, beam mis-
alignment, and user pairing. We proposed an angle-based user
pairing strategy, where the LOS user that has the minimum rel-
ative angle difference to the typical user is selected. Moreover,
we proposed dynamic user ordering among the paired NOMA
users to account for the randomness of link blockages and
user locations. Tools from stochastic geometry were utilized
to derive the coverage probability, outage sum rate, and ergodic
sum rate. Simulation results showed that the proposed scheme
outperforms conventional NOMA with distance-based user
pairing and OMA. Our results revealed that the proposed
NOMA scheme reduces the negative impact of beamsteering
errors and demonstrated the importance of transmit power
allocation and the choice of the beamwidth of the main lobe
on the network performance. An interesting topic for future
work is the extension of the proposed performance analysis
framework to heterogeneous multi-cell networks, where both
user association and inter-cell interference need to be taken
into account and the impact of the beamwidth on the overall
network performance needs to be investigated.



APPENDIX
A. Proof of Lemma 1

As the spatial locations of the LOS users form an inhomo-
geneous PPP ®p, with density Ap(r), the CDF of the distance
between the base station and a randomly selected LOS user is

given by
Jrdx (o) 1
fo x)zdr (@) / exp (_$> wdz,  (54)
0 n

jo (z)adx P
e

defining p = fOR exp(—7)wdx =
n? (1 — exp (f (1 + %)) By taking the first derivative
of F1,(r) in (54), we obtain the PDF of the distance between
the base station and a randomly selected LOS user given
in (14). Following similar steps, we obtain the PDF of the

distance between the base station and a randomly selected
NLOS user, i.e., fn(r), given in (15).

FL<7")

where (a) follows by substituting p(z) =
and by

B. Proof of Lemma 2

For two LOS users Uy and Uy, the distance between the base
station and the near LOS user is denoted as r, = min (rg, rp).
Thereby, the CCDF of distance r, can be expressed as

F, (r) =P (min (rg,rp) > 1)

(i)IF’(To >r)P(rp > 1)

W1 -me)?, (55)

where (a) follows from the independence between distances
ro and rp,, and (b) follows by substituting (54) as both users
are conditioned to be LOS users and follow the same distance
distribution. By taking the first derivative of 1 — F',._(r), the
PDF of distance 7, is given by

fro(r) = 2fu(r) = 2FL(r) fu()
2

2 ‘s
=200y = oo [ pljade. 56)

By substituting [, p(z)zdz = n? (1 — exp (—7) (1 + )2
into (56), we obtain the PDF of distance r, given in (16 .
On the other hand, the distance between the base station and
the far LOS user is denoted as r¢ = max {ro, r, }. Hence, the
CDF of distance r¢ is given by

F, (r) =P(max{ro,rp} <r)
=P(ro<r)P(r, <)
= (FL(r)*.

By taking the first derivative of F;.(r), the PDF of distance
r¢ can be derived as

(57)

fre(r) =28 (r) fL(r) (58)

2 T
= pﬁp(r)r/o p(z)zdz.

After some algebraic manipulations, we obtain the PDF of
distance r¢ given in (17).

C. Proof of Lemma 3

Although the spatial locations of the LOS users follow an
inhomogeneous PPP ®j,, the spatial distribution of the LOS
users is isotropic. As angle ¢; is uniformly distributed within
[0,27] and is independent of angle ¢;,j # i, the CDF of
$o0i = |Po — ¢i| can be expressed as Fy, (¢) = 4”2;5’ o €
[0, 27]. By taking the first derlvatlve of F¢0 (¢), the PDF of
¢oi s given by fe,, (¢) = F¢m (o) = Qﬂf,(b € [0, 27].
When there are kr, LOS users in the network coverage area
and user Uy is LOS, the CDF of the minimum relative angle
difference ¢, can be expressed as

2 — ¢ 2ky,—2
2 ’

Fyo,(6) =1 ( (59)
which follows from the user pairing strategy in (3) and by
applying order statistics [41]. When there are k;, LOS users in
the network coverage area but user Uy is NLOS, by following
similar steps, we obtain the CDF of the minimum relative
angle difference ¢q, as

2ky,
27 — ¢> . (60)

Fan@) =1~ (T

By taking the first derivative of Fy, (¢) given in (59) and
(60), we obtain the PDF of angle difference ¢q;, in (18).

D. Proof of Lemma 4

When the angle difference ¢, is given, typical user Uy is
covered by the main lobe of the base station if |3 ¢op +Ap| <
l@gOMA, which can equivalently be expressed as Ap €

—% (GEOMA + ¢0p) , % (GEOMA — ¢0p)]. As beamsteering
error Ap is assumed to follow a Gaussian distribution, the
probabilities that typical user Uy is covered by the main
lobe and the side lobe of the base station can be expressed

@NONIA‘(ﬁU I\/IA+¢O

5 9(ong) = Py () — py, (2Lt
1—g(¢op). respectively. Hence, the PMF of the directivity gain
from the base station to the typical user can be expressed as
P (G (OFMA, 300, + Ap) = GYf (OFOM)) = g(doy)
and P (G (03082, 100, + Ap) = G (O3OMA)) = 1~
g(¢op). The base station is covered by the main lobe of typical
user Uy if beamsteering error Ay, € [-3Oy, $6u]. Hence,
the probability that the base station is covered by the main lobe
and the side lobe of the typical user can be expressed as y =
Fay (30u) —Fa, (—36v) and 1 —y, respectively. Thereby,
the PMF of the directivity gain from the typical user to the base
station can be expressed as P (Gy (O, AUO) =GY (Bv)) =
Yy and P (GU (@U, AUU) G (@U)) =1-

As DONOMA = Gp (@NOMA 1¢0p + AB) GU (Ou, AUO)
the PMF of the total directivity gain between the base station
and the typical user when NOMA is enabled is given by

)=>_P (GB (@EOMA, S60 + AB> = w)

zeEA

0
x P (GU (@U,AUO) = l‘) y

where A = {GM (OXOMA) G5 (ONOMA) L.

and

P (DyMA =9

(61)



By substituting the PMFs of directivity gains
Gg (@NOMA 1¢0p + AB) and Gy (@U, AUD) into (61), we
obtain the PMF of the total directivity gain DY°M# given in
(19). Following similar steps, we obtain the PMF of the total
directivity gain Dg OMA given in (20).

E. Proof of Lemma 5

When OMA is enabled, typical user Uy is covered by the
main lobe of the base station if Ap € [—~3OMA 1OQMA]
Hence, the probabilities that the typical user is covered by
the main lobe and the side lobe of the base station are given
by w = Fa, (109MA) — Fr, (—209M) and 1 — w,
respectively. The PMF of the directivity antenna gain from
the base station to the typical user when OMA is enabled can
be expressed as P (Gp (O9MA, Ag) = GY(O9M4)) = w
and P (Gg (O§MA, Ag) = GF(08M4)) = 1 — w. Following
similar steps as in the proof of Lemma 4, the PMF of the total
directivity gain between the base station and the typical user
for OMA transmission given in (24) is obtained.

FE. Proof of Proposition 1

Given that there are k;, > 2 LOS users, the probability
that user U, can successfully perform SIC and decode its own
signal is given by

Qro(&1)=P

NOMA
®B

=/ P (vp—0 > Tk, 70 > Ts,70 < 7p) foo, (Pop)ddop, (62)
0

(Vo0 = T, Y0 = Ts, dop < ONOMA g < )

where fs, (¢op) is given in (18). Given the angle difference
®op, We have

]P’(Wpao > Tr,v0 > Ts, 1m0 < 1p)

2o (10l 2 oty )

_ NLE
(_) Z (NLgl) A FEV -} OMA exp ( ,D(I;IOMA;L(Tn)> (63)
- NOM n n ’
(P T (DYOMAL, ()

where (a) follows by substituting (4) and (6) and by defin-

Tro? Tsc72
and (b) follows
12,7Tpa§)PB ’ (¥§PB 4 ( )

ing & =

from the normalized Gamma distribution of |hg|?. Note that
E {Dyoma }[ ] refers to the expectation over the total direc-
DNOMA

max (a

tivity gain and distance r,, which takes into account
that typical user Uy is the near LOS user, i.e., ro < 7.

By utilizing the PMF of the total directivity gain DYOMA
given in Lemma 4, we have

exp (_ Dgro]h\/{]kii (”‘n) )
('DSIOMAKL (Tn)) n

(@) - di(¢op) NG
= Bl lZ (ci emfn»" o ( cmrn))]

TI’?L neX _NLngEL
¢ CL, b ¢;CL

E{D(I)\IOMA )Tﬂ}

) oo ()

4
é Z ¢Op

mo= 1

NLfl rn ;Mo
X - A~ T n,ma/» 64
eXp< ooy | I (mms) (64)
where 1y, = Z(wm, + 1), @, = cos qglf/[ 177) (a)
and (b) follow from the expectations over DYOMA and r,,

respectively, and (¢) follows by applying Gauss—ChebysheV
quadrature [38]. By substituting (63) and (64) into (62) and
by applying Gauss-Chebyshev quadrature with respect to the
integral over ¢qp,, we obtain Q1(¢;1) in (27). Considering the
randomness of the number of the LOS and NLOS users, we
obtain (26) as there are at least two LOS users in this case.

G. Proof of Corollary 1

Without beamsteering errors, the base station and user Uy
are always covered by each other’s main lobe when ¢g, <
OFOMA " As a result, the total directivity gain is given by
DYOMA — GM(OXOMMGM(Qy) = ¢; and the probability

NOMA \ 2kL—2
of gop < ONOMA 51— (1 — 2 . For the LOS ball

model, the CDF of the distance between the base station and a
randomly selected LOS user is given by Fp,(r) = ﬁl(r <
R10s). By taking the first derivative of Fy,(r), we obtain the
PDF as fi(r) = #—1(r < Rpos). By following similar
steps as in the prooIf of Lemma 2, the PDF of distance 7,
is obtalned as fr (r) = 2fu(r) — 2FL(r) fL(r) = R%:)s -
R4 , for r < Rpos. By substituting f,. () into the following
1ntegra1 we have

R
/r”ﬁLexp<
0
_ 4 (610L>”+”L ( LNL&R )
BLR}os \ NLé: B’ ¢ LOS
4 NL§1
RLOS>-

s (o) (o
BLRIos \ Vi T\ B
we obtain

After combining the aforementioned results,
Q1,0(&1) given in (29).

‘NL&TﬁL> fr (T)dr

a1CL

H. Proof of Proposition 2

Given that there are ky, > 2 LOS users, the probability that
user U, can successfully decode its own signal is given by

Qip(&) =P

/@I];IOMA
0

Following similar steps as in the proof of Proposition 1, we
obtain Qr,,(&) given in (31) and PryY (&) given in (30), by
taking into account that paired NOMA user U, is the far LOS
user (i.e., 1, > ro) and the PMF of the total directivity gain
DEOMA is given in (20).

NOMA
(7p|0 > TF, gop < O ,Tp 2 TO)

P (Yoo = T, Tp > 70) fio, (Gop)ddop. (65)



1. Proof of Proposition 3

In NOMA-I, the CCDF of y, defined in (6) can be expressed
as

Floola) = Z Z I@lj-ile\pL(kL)q/N(kN)

k1, =2 kn=0
X /
0
53(1)

@EOI\/IA R
/ ]P)('YO > x)frn (Tn)drnf¢0p(¢0p)d¢0p» (66)
0
where P (yg > z) =P (\hO\Q > er)). By following
D (1

the same steps as in the proof of Propositzion 1, we obtain
Flyy(z) = Pio(&s(x)), where &(x) = F7-. Similarly, in
NOMA-I, the CCDF of ;o given in (7) can be computed by
J— 2
Fyo (@) = Prp(€a(x)), where &a(z) =

(o
F

: ! @Z—zad)Pa" Note
that when = > %, we have I, (x) = 0. Thus, the ergodic

S . .
sum rate of users Uy and U}, is given by

/T“‘“ PI,0(§3($))dm
0 14z

1
NOMA _ 1
Ri " In2

2
min Tmax,a—,F}
L {3k
0

BN Prp(§a())
In2

T+ dx. (67)

By applying Gauss-Chebyshev quadrature, we obtain RYOMA

given in (49).
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