
Dynamic Decode-and-Forward based Cooperative
NOMA with Spatially Random Users

Yong Zhou, Member, IEEE, Vincent W.S. Wong, Fellow, IEEE, and Robert Schober, Fellow, IEEE

Abstract—Non-orthogonal multiple access (NOMA) is a
promising spectrally-efficient multiple access technique for the
fifth generation (5G) wireless networks. In this paper, we propose
a dynamic decode-and-forward (DDF) based cooperative NOMA
scheme for downlink transmission with spatially random users.
In DDF-based cooperative NOMA, the base station transmits the
superposition of the signals intended for the paired NOMA users.
The user closer to the base station forwards the signal intended
for the far user as soon as it can successfully decode its own
signal and the signal intended for the far user. We consider two
user pairing strategies, namely random and distance-based user
pairing, which require one-bit feedback and the users’ distance
information, respectively. For each user pairing strategy, we
derive the outage probability of the proposed NOMA scheme
by using tools from stochastic geometry. Furthermore, based on
the obtained outage probability, we derive the diversity order
and the sum rate of the paired NOMA users. Simulation results
validate the analytical results and demonstrate that the proposed
DDF-based cooperative NOMA scheme achieves a lower outage
probability and a higher sum rate than orthogonal multiple access
(OMA), conventional NOMA, and cooperative NOMA.

Index Terms—Non-orthogonal multiple access, dynamic
decode-and-forward, user pairing, spatially random users.

I. INTRODUCTION

Non-orthogonal multiple access (NOMA) is a spectrally-
efficient multiple access technique, which has the potential
to meet the exponentially increasing traffic demand and to
support massive connectivity for billions of devices in fifth
generation (5G) wireless networks [2]–[4]. With NOMA, mul-
tiple users can be simultaneously served by one base station
in the same frequency channel and with the same spreading
code by allocating different transmit powers to the users
[5]. Compared to orthogonal multiple access (OMA), NOMA
enables a more favorable tradeoff between system throughput
and fairness for users with diverse channel conditions.
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NOMA has recently attracted significant research interest
[6]–[14]. In particular, the authors in [6] evaluate the system
level performance of downlink NOMA transmission, demon-
strating the importance of transmit power allocation and user
pairing for the design of efficient NOMA systems. The author
in [7] proposes an optimal transmit power allocation scheme
to maximize the sum rate of two paired users in multiple-
input multiple-output (MIMO) NOMA systems when either
instantaneous or statistical channel state information (CSI)
is available at the base station. Transmit power allocation
for multicarrier NOMA systems is studied in [8], where the
paired users are ordered based on their quality of service
(QoS) requirements. A joint subcarrier and power allocation
policy is developed in [9] to maximize the weighted sum
rate of multicarrier NOMA systems, where the base station
simultaneously serves the uplink and the downlink users. The
application of NOMA in narrowband Internet of Things (IoT)
systems is studied in [10], where the number of simultaneously
connected IoT devices is maximized. In addition, the impact
of user pairing on the outage probability and sum rate of
NOMA is investigated in [11], where both fixed and cognitive
radio-based power allocation are considered. In [12], signal
alignment is utilized to mitigate the co-channel interference
between different NOMA user pairs, and the performance of
MIMO NOMA systems for both uplink and downlink trans-
mission is analyzed. Random beamforming is employed in
[13] to reduce the channel estimation overhead in millimeter-
wave NOMA systems and tools from stochastic geometry are
utilized to analyze the sum rate of the paired users. However, in
the aforementioned studies, by sharing the frequency channel
and the transmit power with the near user1, the performance
of the far user can be degraded due to NOMA [15].

Cooperative NOMA can enhance the spectral efficiency
by introducing a cooperative diversity gain [16]. Based on
the principle of NOMA, successful decoding of the signal
intended for the far user is a prerequisite for performing
successive interference cancellation (SIC) and decoding at the
near user. When the signal intended for the far user is available,
the near user can act as a relay and forward the signal to
the far user, alleviating the adverse effects of NOMA. The
application of simultaneous wireless information and power
transfer in cooperative NOMA systems is studied in [17],
where the near user forwards the signal to the far user using
the energy harvested from the base station. Another category
of cooperative NOMA utilizes dedicated relays to facilitate

1For two paired NOMA users, we refer to the user closer to the base station
as the near user and to the other user as the far user.
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cooperative transmission [18]–[20]. In [18], [19], a dedicated
decode-and-forward (DF) relay is coordinated by the base
station to enhance the reception reliability of cell edge users.
The impact of relay selection on the performance of downlink
NOMA transmission is investigated in [20], where the direct
links between the base station and the users are assumed to
be blocked. However, the aforementioned cooperative NOMA
schemes require an additional time slot for relay transmission.
To address this issue, the authors in [21], [22] analyze the
outage probability of full-duplex cooperative NOMA for a
two-user scenario, where the near user acts as a full-duplex
relay to assist the transmission of the far user. However,
full-duplex relaying suffers from a higher hardware imple-
mentation complexity compared to half-duplex relaying, and
introduces non-negligible self-interference that can degrade the
performance of the near user. Moreover, neither user pairing
nor random user locations are taken into account in [21], [22].

Dynamic decode-and-forward (DDF) relaying is a physical
layer cooperation strategy, which allows a half-duplex relay
to provide a cooperative diversity gain without consuming
additional time slots [23]. Based on lattice coding/decoding
schemes, the authors in [24] propose a DDF relaying scheme
which has a low implementation complexity. The authors in
[25] characterize the achievable diversity-multiplexing tradeoff
(DMT) for DDF relaying and propose a DMT optimal code
construction. However, to the best of our knowledge, the
application of DDF relaying in NOMA systems with spatially
random users has not been studied, yet.

In this paper, we propose a DDF-based cooperative NOMA
scheme for downlink transmission. In particular, the base sta-
tion superimposes the signals intended for two paired NOMA
users by allocating different transmit powers to them. The near
user decodes both signals based on partial reception, where
the reception duration depends on the quality of the channel
between the near user and the base station. Subsequently, the
near user acts as a relay to improve the channel quality of
the far user and to increase the probability that the far user
can successfully decode the signal. To model the random user
locations, we consider a general network setting, where the
spatial locations of the users are modeled as a homogeneous
Poisson point process (PPP). For this network scenario, we
first investigate the performance of DDF-based cooperative
NOMA with random user pairing, where the near and the far
users are randomly selected for NOMA transmission based
on one-bit feedback. Furthermore, to investigate the impact of
the spatial locations of the paired users on the network perfor-
mance, we analyze the performance of DDF-based cooperative
NOMA with distance-based user pairing, where the near and
the far users are ordered based on their distances with respect
to the base station before user pairing is performed. The main
contributions of this paper are summarized as follows:
• We develop a tractable performance analysis framework

for the proposed DDF-based cooperative NOMA scheme for
downlink transmission with spatially random users. We con-
sider two user pairing strategies, which entail different CSI
requirements and offer different tradeoffs between network
performance and implementation complexity.
• Tools from stochastic geometry are utilized to derive

the outage probabilities of the near and the far users in the
proposed DDF-based cooperative NOMA scheme for the ran-
dom and distance-based user pairing strategies. Based on the
derived outage probability, we obtain the diversity order and
the sum rate for both user pairing strategies. Our results reveal
that the proposed DDF-based cooperative NOMA scheme can
achieve a diversity order of two for the far user without
sacrificing spectral efficiency.
• Simulations are used to validate the analytical results.

We show that the proposed DDF-based cooperative NOMA
scheme outperforms OMA, conventional NOMA, and cooper-
ative NOMA in terms of the outage probability and the sum
rate. The sum rate gain of DDF-based cooperative NOMA
over OMA is higher when users with more diverse target data
rates are paired. Moreover, the performance gain of distance-
based user pairing over random user pairing depends on the
user density and the target data rate.

Our work differs from the existing works on DDF relay-
ing [23]–[25] in several aspects. First, the proposed scheme
exploits the benefits of both DDF relaying and NOMA, to
facilitate both cooperative diversity and superimposed trans-
mission. Second, instead of a fixed-topology network, we
consider downlink transmission with spatially random users,
where the randomness of both the channel fading and the two-
dimensional spatial locations of the near and the far users is
taken into account. Third, instead of analyzing the asymptotic
outage probability or an upper bound on the outage probability,
we derive an analytical expression for the approximate outage
probability, which is shown to be accurate.

The remainder of this paper is organized as follows. Section
II describes the network topology and the signal model for the
proposed DDF-based cooperative NOMA scheme. We charac-
terize the outage probability, the diversity order, and the sum
rate of the proposed scheme with random and distance-based
user pairing strategies in Sections III and IV, respectively.
Simulation and analytical results are presented in Section V.
Finally, Section VI concludes this paper.

We use the following notations in this paper: P (x) and
Ey (·) denote the probability of event x and the expectation
with respect to random variable y, respectively. The conjugate
and the amplitude of a complex variable are denoted as
(·)∗ and |·|, respectively. 1(·) denotes the indicator function.
min {x, y} is equal to x if x ≤ y, and equal to y otherwise.
max {x, y} is equal to x if x > y, and equal to y otherwise.

II. SYSTEM MODEL

A. Network Topology

Consider a downlink transmission scenario, which consists
of one base station and multiple users, as shown in Fig. 1.
Base station S is located at the center of a circular network
coverage area with radius R and is equipped with M antennas.
The spatial locations of the users are assumed to follow a
homogeneous PPP2, denoted as Φ, with density λ, which

2The proposed framework can be generalized to non-homogeneous PPP by
first deriving the probability density functions (PDFs) of the user distances
based on the corresponding intensity function and then applying them for
calculation of the outage probability and the sum rate.
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Fig. 1: The network topology for downlink NOMA transmission with spatially
random users. The network coverage area is divided into multiple sectors. We
focus on a typical sector C(β), where β denotes the angle of the sector. Base
station S pairs one user inside A1 ∩ C(β) and one user inside A2 ∩ C(β),
where A1 and A2 are the inner circle and the outer annulus, respectively.
The blue and green dots represent the near and the far users, respectively.

represents the average number of users per unit area [26].
Each user has a single antenna. The base station and all users
operate in the half-duplex mode. The channel between any two
transceivers suffers from path loss and quasi-static Rayleigh
fading. The channel fading coefficients are assumed to remain
invariant during one time slot and vary independently across
different links [11]–[13].

To mitigate the co-channel interference and to reduce the
system complexity, we always pair two users by NOMA as
in [17]–[22] and adopt hybrid multiple access. In particular,
the network coverage area is divided into M sectors and
each sector is served by one antenna of the base station
using an orthogonal channel. On the other hand, the users
inside the same sector are served using cooperative NOMA.
This network architecture facilitates the cooperation of the
paired NOMA users, as the near user is geographically located
between the base station and the far user, when M > 1, and
thus the near user is more likely to achieve a high cooperation
gain, see [27], [28]. Without knowledge of the instantaneous
channel gain at the base station, the paired NOMA users
can be ordered based on their distances with respect to the
base station. In fact, it has been shown in [11] that a higher
performance gain can be achieved when users with more
diverse channel conditions are paired. In light of this insight,
we assume that the network coverage area is divided into two
regions, i.e., an inner circle with radius R1 < R and an outer
annulus, denoted by A1 and A2, respectively, as shown in Fig.
1.

As the users have the same spatial distribution in each
sector, we focus on a typical sector, denoted as C(β), where
β = 2π/M is the angle of the sector. Note that M = 1
corresponds to the special case where the base station uses a
single antenna to serve all users within the network coverage
area. We pair one user in A1∩C(β) and one user in A2∩C(β)

for NOMA transmission. Depending on the type of CSI (e.g.,
one-bit feedback or the users’ distances) available at the
base station, we consider two user pairing strategies, namely
random user pairing in Section III and distance-based user
pairing in Section IV.

B. Signal Model

The time is slotted into intervals of equal length. Within
one time slot, the base station’s codewords span K blocks of
length T symbols each, where T depends on the length of the
codewords. The DDF-based cooperative NOMA transmission
involves two phases. In the first phase, the near user operates in
the listening mode and receives the superimposed mixture of
the users’ signals transmitted by the base station. At a certain
time instant, referred to as the decision time, the near user can
successfully decode its own signal after having successfully
decoded the signal intended for the far user. This is possible
when the achievable rates of the near and the far users’ signals
at the near user exceed the target data rates of the near and the
far users, respectively. In the second phase, from the decision
time to the end of the time slot, the near user switches to the
transmit mode and acts as a relay to help the far user decode
its own signal. Thereby, the decision time is a random variable,
which depends on the instantaneous channel gain between the
near user and the base station. Without loss of generality,
the decision time is assumed to coincide with the end of a
block and is denoted as D, which takes on values from the
set {1, 2, . . . ,K}, as in [23]–[25]. Specifically, 1 ≤ D < K
corresponds to the case that the near user assists the far user
during the last K − D blocks, while D = K corresponds to
the case where the near user is in the listening mode during
the entire time slot.

We denote the paired NOMA users inside sector C(β) as
uf and un, which denote the far user and the near user,
respectively. When NOMA is performed to serve users uf

and un, the i-th symbol transmitted by base station S can
be expressed as

x̂S,i = αf

√
PSsf,i + αn

√
PSsn,i, i = 1, 2, . . . ,KT, (1)

where PS denotes the transmit power of base station S, αf

and αn denote the transmit power allocation coefficients for
users uf and un, respectively, with α2

f + α2
n = 1, and sf,i and

sn,i denote the i-th symbols transmitted to users uf and un,
respectively, with E

(
|sν,i|2

)
= 1, ν ∈ {f,n}.

In the first phase of transmission, the signal received at user
uν , ν ∈ {f,n}, is given by

yν,i =
(
αf

√
PSsf,i + αn

√
PSsn,i

)
hν
√
`(xν) + zν,i,

i = 1, 2, . . . ,DT, D ≤ K, (2)

where hν denotes the Rayleigh fading coefficient between
base station S and user uν , and {zν,i} denotes the additive
white Gaussian noise (AWGN) at user uν with zero mean and
variance σ2. Hence, |hν |2 is an exponential random variable
with unit mean. In addition, `(xν) = r−ην and rν denote the
path loss and the distance between base station S and user
uν , respectively, where η is the path loss exponent, xν denotes
the polar coordinate (rν , τν) of the location of user uν , and τν
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denotes the angle of user uν with respect to base station S. The
paired NOMA users are ordered based on their distances with
respect to the base station. As rn ≤ rf , we adopt αn ≤ αf ,
i.e., the far user is assigned more power. Based on (2), the
signal-to-interference-plus-noise ratio (SINR) of signal {sf,i}
observed at the near user un is given by

Γf→n =
α2

f PS |hn|2`(xn)

α2
nPS |hn|2`(xn) + σ2

, (3)

where α2
f PS |hn|2`(xn) and α2

nPS |hn|2`(xn) denote the pow-
ers of the signals intended for the far user and the near user
observed at the near user, respectively.

We denote the target data rates of the far and the near users
as Rth

f and Rth
n , respectively. If the achievable rate of the far

user’s signal at the near user exceeds the target data rate of
the far user, i.e., k

K log2 (1 + Γf→n) ≥ Rth
f , k = {1, 2, . . .},

then the near user can successfully decode signal {sf,i}.
Subsequently, the near user can perform SIC to remove signal
{sf,i} from the received signal {yn,i} and decode signal {sn,i}
based on the signal-to-noise ratio (SNR) given by

Γn =
α2

nPS |hn|2 `(xn)

σ2
. (4)

The near user can successfully decode its own signal if
k′

K log2 (1 + Γn) ≥ Rth
n , where k′ = {k, k + 1, . . .}. If the

near user cannot decode signal {sf,i} within K blocks, then
the near user cannot perform SIC and cannot decode its own
signal, i.e., an outage occurs.

On the other hand, by treating signal {sn,i} as co-channel
interference, the SINR of signal {sf,i} observed at the far user
uf in the first phase of transmission can be expressed as

ΓI
f|n =

α2
f PS |hf |2`(xf)

α2
nPS |hf |2`(xf) + σ2

. (5)

According to the principle of DDF relaying, the near user
switches from the listening mode to the transmit mode once
it has successfully decoded both signals {sf,i} and {sn,i}
received from base station S. Hence, the decision time can
be written as

D = min

{
K,min

{
k
∣∣∣ k
K

log2 (1 + Γf→n) ≥ Rth
f ,

k

K
log2 (1 + Γn) ≥ Rth

n , k = {1, 2, . . .}
}}

. (6)

After successfully decoding both signals {sf,i} and {sn,i}
within D blocks, the near user can correctly predict the future
transmit symbols of the base station (i.e., sf,i for DT+1 ≤ i ≤
KT ) since it knows the base station’s codebook [24]. Based
on this knowledge, the near user transmits the following signal
in the second phase:

s̃f,i =

{
s∗f,i+1, i = DT + 1,DT + 3, . . . ,KT − 1,

−s∗f,i−1, i = DT + 2,DT + 4, . . . ,KT.
(7)

Base station S is unaware of the mode change at the near
user and keeps transmitting the superimposed signal in the
second phase. The base station and the near user transmit
synchronously from the decision time to the end of the time
slot. Hence, the signal received at the far user within blocks

[DT + 1,KT ] reduces to an Alamouti constellation [29] and
can be expressed as

yf,i =



(
αf

√
PSsf,i + αn

√
PSsn,i

)
hf

√
`(xf)

+
√
PUs

∗
f,i+1hf,n

√
`(xf − xn) + zf,i,

i = DT + 1,DT + 3, . . . ,KT − 1,(
αf

√
PSsf,i + αn

√
PSsn,i

)
hf

√
`(xf)

−
√
PUs

∗
f,i−1hf,n

√
`(xf − xn) + zf,i,

i = DT + 2,DT + 4, . . . ,KT,

(8)

where PU denotes the transmit power of the near user, and hf,n

and ` (xf − xn) denote the Rayleigh fading coefficient and the
distance between users uf and un, respectively. The far user
exploits the signal received from both the base station and the
near user for signal decoding. This resembles the decoding in
hybrid automatic repeat request (HARQ) systems.

For simplicity of notation, we define h1 =
αf

√
PShf

√
`(xf), h2 =

√
PUhf,n

√
`(xf − xn),

and h3 = αn

√
PShf

√
`(xf). Hence, for i =

DT + 1,DT + 3, . . . ,KT − 1, (8) can be rewritten
as

yf,i = h1sf,i + h3sn,i + h2s
∗
f,i+1 + zf,i, (9)

yf,i+1 = h1sf,i+1 + h3sn,i+1 − h2s
∗
f,i + zf,i+1. (10)

For decoding, the received signal at the far user in (9) and
(10) is linearly processed as [29]

ỹf,i = yf,ih
∗
1 − y∗f,i+1h2, (11)

ỹf,i+1 = y∗f,ih2 + yf,i+1h
∗
1. (12)

By substituting (9), (10) into (11), (12), we obtain

ỹf,i=
(
|h1|2+|h2|2

)
sf,i+h3h

∗
1sn,i−h∗3h2s

∗
n,i+1 + zf,ih

∗
1

−z∗f,i+1h2, i = DT + 1,DT + 3, . . . ,KT − 1, (13)

ỹf,i=
(
|h1|2+|h2|2

)
sf,i + h∗3h2s

∗
n,i−1 + h3h

∗
1sn,i

+z∗f,i−1h2+zf,ih
∗
1, i=DT+2,DT+4, . . . ,KT. (14)

By substituting h1, h2, and h3 into (13), (14), we have

ỹf,i =
(
α2

f PS |hf |2`(xf) + PU |hf,n|2`(xf − xn)
)
sf,i + z̃f,i,

i = DT + 1, . . . ,KT, (15)

where z̃f,i is given in (16), shown at the top of the next page.
From (15) and (16), the SINR of signal {sf,i} observed at

the far user uf in the second phase of transmission can be
expressed as

ΓII
f|n =

α2
f PS |hf |2`(xf) + PU |hf,n|2`(xf − xn)

α2
nPS |hf |2`(xf) + σ2

. (17)

Based on the above signal reception model, the SINR of
signal {sf,i} observed at the far user uf depends on whether
the near user is in the listening or in the transmit mode. Hence,
the achievable rate at the far user uf during the entire time slot
can be expressed as

Rf =


D
K log2

(
1 + ΓI

f|n

)
+ K−D

K log2

(
1 + ΓII

f|n

)
,

if 1 ≤ D < K,

log2

(
1 + ΓI

f|n

)
, if D = K,

(18)
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z̃f,i =


αfαnPS`(xf) |hf |2 sn,i − αn

√
PSPU `(xf)`(xf − xn)h∗f hf,ns

∗
n,i+1

+αf

√
PS`(xf)h

∗
f zf,i −

√
PU `(xf − xn)hf,nz

∗
f,i+1, i=DT+1,DT+3, . . . ,KT−1,

αn

√
PSPU `(xf)`(xf − xn)h∗f hf,ns

∗
n,i−1 + αfαnPS`(xf)|hf |2sn,i

+
√
PU `(xf − xn)hf,nz

∗
f,i−1 + αf

√
PS`(xf)h

∗
f zf,i, i = DT + 2,DT + 4, . . . ,KT.

(16)

where ΓI
f|n and ΓII

f|n are given in (5) and (17), respectively.
In the following two sections, we derive the probability

mass function of the decision time, the outage probability, the
diversity order, and the sum rate of the proposed DDF-based
cooperative NOMA scheme for random and distance-based
user pairing strategies, respectively.

III. RANDOM USER PAIRING

In this section, we consider DDF-based cooperative NOMA
with random user pairing, where base station S randomly pairs
one user in A1∩C(β) and one user in A2∩C(β) for downlink
cooperative NOMA transmission based on one-bit feedback.
Specifically, each user feeds back 1 or 0 to base station S to
indicate whether it is located in A1 ∩ C(β) or A2 ∩ C(β).
Under the random user pairing strategy, each user has the
same opportunity to be served. Note that when there is either
no near or no far user, OMA can be employed by the base
station to serve the randomly selected far or near user. As
the performance analysis of DDF-based cooperative NOMA
is the main focus of this paper and the performance analysis
of OMA is straightforward, we assume that there exist at least
one near user and one far user.

A. Probability Mass Function of Decision Time

For notational ease, we define θ(Rth
f , k) = 2

Rth
f K

k − 1,
which can be interpreted as the SINR reception threshold
given the target data rate Rth

f and the number of blocks k.
If α2

f > θ(Rth
f , k)α2

n, the probability that the near user un can
successfully decode both signals {sf,i} and {sn,i} received
from base station S after being in the listening mode for the
first k ∈ {1, . . . ,K} blocks can be written as

DT (k)

= P
(
k

K
log2 (1 + Γf→n) ≥ Rth

f ,
k

K
log2 (1 + Γn) ≥ Rth

n

)
(a)
= P

(
|hn|2 ≥ max

{
θ(Rth

f , k)σ2(
α2

f − θ(Rth
f , k)α2

n

)
PS`(xn)

,

θ(Rth
n , k)σ2

α2
nPS`(xn)

})
(b)
= Exn

(exp (−G(k)rηn)) , (19)

where (a) follows by substituting (3) and (4), (b) follows
by taking the expectation over the exponential distribution of
channel gain |hn|2, and we define

G(k) =
σ2

PS
max

{
θ(Rth

f , k)

α2
f − θ(Rth

f , k)α2
n

,
θ(Rth

n , k)

α2
n

}
. (20)

On the other hand, if α2
f ≤ θ(Rth

f , k)α2
n, we have G(k) =∞

and DT (k) = 0.
Due to random user pairing, the PDFs of distance rn and

angle τn of user un with respect to base station S are given by
frn(r) = 2r/R2

1 and fτn(τ) = 1/β, respectively. As a result,
if α2

f > θ(Rth
f , k)α2

n, we have

DT (k) =

∫ β

0

∫ R1

0

exp (−G(k)rηn)
2rn

R2
1

drn
1

β
dτn

=
2

R2
1η

(G(k))
− 2
η γ

(
2

η
,G(k)Rη1

)
, (21)

where γ(a, b) =
∫ b

0
exp(−c)ca−1dc is the lower incomplete

Gamma function [30].
According to (6), the decision time is the minimum number

of blocks required by the near user to successfully decode
both signals {sf,i} and {sn,i} received from the base station.
In other words, decision time D = k is equivalent to the
event that the near user fails to successfully decode both
signals after being in the listening mode for the first (k − 1)
blocks but successfully decodes both signals after being in the
listening mode for the first k blocks. Hence, the probability
mass function of decision time D, where D ∈ {1, . . . ,K−1},
is given by

P (D = k) = P (D ≤ k)− P (D ≤ k − 1)

= DT (k)−DT (k − 1)

(a)
=

2

R2
1η

(
(G(k))

− 2
η γ

(
2

η
,G(k)Rη1

)

− (G(k − 1))
− 2
η γ

(
2

η
,G(k − 1)Rη1

))
, (22)

where (a) follows by substituting (21). As the near user cannot
successfully decode any signal before the base station starts
transmitting, we have DT (0) = 0. On the other hand, the
probability that the decision time is D = K is given by

P (D = K)

= 1−DT (K − 1)

= 1− 2

R2
1η

(G(K − 1))
− 2
η γ

(
2

η
,G(K − 1)Rη1

)
. (23)

B. Outage Probability of Near User

An outage event occurs at the near user un when it fails to
decode signal {sn,i} received from base station S after being
in the listening mode for all K blocks. As the successful
decoding of signal {sf,i} is a prerequisite for performing
SIC and decoding signal {sn,i} at near user un, the outage
probability of the near user can be expressed as

qout,n = P
(
log2 (1 + Γf→n) < Rth

f

)
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+P
(
log2 (1 + Γf→n) ≥ Rth

f , log2 (1 + Γn) < Rth
n

)
, (24)

where the first term is the probability that the near user un

fails to decode signal {sf,i}, and the second term represents
the probability that the near user successfully decodes signal
{sf,i} but fails to decode signal {sn,i} after applying SIC.

The outage probability is the complement of the probability
of successful signal reception, which is the probability that the
near user un can successfully decode both signals {sf,i} and
{sn,i} within the entire time slot. Hence, the outage probability
of the near user of the DDF-based cooperative NOMA scheme
with random user pairing can be equivalently expressed as

qout,n = 1−DT (K)

(a)
= 1− 2

R2
1η

(G(K))
−2/η

γ

(
2

η
,G(K)Rη1

)
, (25)

where (a) follows by substituting (21) with k = K.

C. Outage Probability of Far User

An outage event occurs at the far user uf when it fails to
decode signal {sf,i} within the entire time slot. This outage
event can be divided into the following two cases: 1) Case I -
The near user un fails to decode signals {sf,i} and {sn,i} after
being in the listening mode for the first K−1 blocks, and the
far user uf also fails to decode signal {sf,i} received from the
base station; 2) Case II - The near user un successfully decodes
both signals {sf,i} and {sn,i} after being in the listening
mode for the first D < K blocks, but the far user uf fails
to decode signal {sf,i} received from both the base station
and the near user. The probabilities of Case I and Case II
are denoted as qI

out,f and qII
out,f , respectively. As a result, the

outage probability of the far user of DDF-based cooperative
NOMA with random user pairing can be expressed as

qout,f = qI
out,f + qII

out,f

= P
(
D = K, log2

(
1 + ΓI

f|n

)
< Rth

f

)
+ Exn,xf

(
K−1∑
k=1

Qn (rn, k)Q(k)

)
, (26)

where

Qn (rn, k) = exp (−G(k)rηn)− exp (−G(k − 1)rηn) , (27)

Q(k) = P
(
k

K
log2

(
1 + ΓI

f|n

)
+
K − k
K

log2

(
1 + ΓII

f|n

)
< Rth

f

)
. (28)

Here, Qn(rn, k) represents the probability that decision time
D is equal to k when the distance between the near user un

and base station S is rn. The following proposition presents
the approximate outage probability of the far user of the
proposed DDF-based cooperative NOMA scheme with random
user pairing.

Proposition 1. Assuming the existence of at least one near
user and one far user, the outage probability of the far user of
the DDF-based cooperative NOMA scheme with random user
pairing can be approximated as in (29), shown at the top of

the next page, if α2
f > θ

(
Rth

f ,K
)
α2
n, otherwise qout,f = 1,

where DT (K−1) and Qn(rn,c, k) are given in (21) and (27),
respectively, C1 =

θ(Rth
f ,K)σ2

(α2
f−θ(R

th
f ,K)α2

n)PS
, ωc = cos

(
2c−1
2C π

)
,

rn,c = R1

2 (ωc + 1), ζl = cos
(

2l−1
2L π

)
, τD,l = β

2 (ζl + 1), ψj =

cos
(

2j−1
2J π

)
, rf,j = R−R1

2 ψj + R+R1

2 , φi = cos
(

2i−1
2I π

)
,

zi =
kRth

f

2K (φi + 1), Qz(rf , rn, τD, k) is given in (30), shown
at the top of the next page,

G1(z, k) =
σ2θ(z, k)

(α2
f − θ(z, k)α2

n)PS
, (31)

G2(z, k) =
α2

f σ
2 (θ(z, k) + 1)K ln 2

(α2
f − θ(z, k)α2

n)
2
PSk

, (32)

G3(z, k) =
σ2α2

f

(
θ
(
Rth

f − z,K − k
)
− θ (z, k)

)
(α2

f − θ(z, k)α2
n)PU

, (33)

and C, I , J , and L are parameters to balance the tradeoff
between the computational complexity and the accuracy of
the approximation.

Proof. Please refer to Appendix A.

The accuracy of the approximations in Proposition 1 is
verified in Section V by computer simulations. According to
Proposition 1, the outage probability of the far user of DDF-
based cooperative NOMA with random user pairing depends
on the target data rates of both the near and the far users
(Rth

n and Rth
f ), as both target data rates determine the decision

time of the near user and hence affect the achievable rate of
the far user. Furthermore, the outage probability of the far
user also depends on the spatial distribution of the users, the
transmit power allocation coefficients (α2

f and α2
n), the number

of blocks in one time slot (K), and the path loss exponent
(η). In particular, the transmit power allocation coefficients
(α2

f and α2
n) should be carefully set based on the choice of

the target data rate of the far user (Rth
f ), so as to ensure that

the condition α2
f > θ

(
Rth

f ,K
)
α2
n is satisfied and hence SIC

can be successfully performed at the near user. The following
corollary presents the outage probability of the far user of
the DDF-based cooperative NOMA scheme with random user
pairing in the high SNR regime.

Corollary 1. For path loss exponent η = 2, sector
angle β ≤ π

3 , and high transmit SNRs PS
σ2 and PU

σ2 ,
assuming the existence of at least one near user and
one far user, the outage probability of the far user of
the DDF-based cooperative NOMA scheme with random
user pairing can be simplified as in (34), shown at the
top of the next page, if α2

f > θ
(
Rth

f ,K
)
α2

n, otherwise
qout,f = 1, where kmin = dRth

f K/log2

(
1 + α2

f /α
2
n

)
e,

kmax = d0.9Ke, A1(zi, k) =
R4−R4

1

4 − G1(zi, k)
R6−R6

1

6 ,

A2(zi, k) =
(

2− β2

6

)(
G1(zi, k)

R7−R7
1

7 − R5−R5
1

5

)
,

A3(zi, k) =
R6−R6

1

6 − G1(zi, k)
R8−R8

1

8 , A4(zi, k) =
A1(zi,k)R2

1

6 + A2(zi,k)R1

5 + A3(zi,k)
4 , A5(zi, k) =

A1(zi,k)
4 + A2(zi,k)

3R1
+ A3(zi,k)

2R2
1

, φi = cos
(

2i−1
2I π

)
,

zi =
kRth

f

2K (φi + 1), and

qI
out,f = (1−DT (K − 1))

(
1− 2

η (R2 −R2
1)
C
−2/η
1
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qout,f ≈ (1−DT (K − 1))

(
1− 2

η (R2 −R2
1)
C
−2/η
1

(
γ

(
2

η
, C1R

η

)
− γ

(
2

η
, C1R

η
1

)))
+

π3

(R+R1)R1βCLJ

C∑
c=1

√
1− ω2

c

K−1∑
k=1

Qn(rn,c, k)

L∑
l=1

√
1− ζ2

l

J∑
j=1

√
1− ψ2

jQz(rf,j , rn,c, τD,l, k)rη+1
f,j (β − τD,l)rn,c, (29)

Qz(rf , rn, τD, k) ≈ kR
th
f π

2KI

I∑
i=1

(√
1− φ2

i

(
1− exp

(
−G3(zi, k)

(
r2
f + r2

n − 2rfrn cos τD
)η/2))

× exp (−G1(zi, k)rηf )G2(zi, k)

)
, (30)

qout,f≈qI
out,f +

2R2
1R

th
f π

(R2−R2
1)KI

(
kmax∑

k=kmin+1

k (G(k−1)−G(k))

I∑
i=1

√
1−φ2

iG2(zi, k)G3(zi, k)A4(zi, k)

+

I∑
i=1

√
1−φ2

iG2(zi, kmin)G3(zi, kmin) (A5(zi, kmin)−G(kmin)A4(zi, kmin))

)
, (34)

×
(
γ

(
2

η
, C1R

η

)
− γ

(
2

η
, C1R

η
1

)))
. (35)

Proof. Please refer to Appendix B.

In (34), functions A4(zi, k) and A5(zi, k) depend on β only
via A2(zi, k), and all other terms do not depend on β. Hence,
after some algebraic manipulations, we can express the outage
probability of the far user in the high SNR regime as a function
of β2 as follows

qout,f ≈ B1β
2 +B2, (36)

where B1 > 0 and B2 > 0 are constants which do not depend
on β. In general, outage probability qout,f depends on sector
angle β because the distance between the paired near and far
users depends on β. Eq. (36) reveals that a smaller value of
β leads to a lower outage probability.

The high SNR approximations (i.e., (69) and (70)) derived
in the proof of Corollary 1 can be used to derive the diversity
order for the far user. We denote the transmit SNRs PS

σ2 =
PU
σ2 = ρ. Based on (54), when ρ→∞, we have

qI
out,f

(a)
≈ Exn (G(K − 1)rηn)Exf

(C1r
η
f )

(b)∼ 1

ρ2
, (37)

where (a) follows by applying exp(−x) ≈ 1 − x when x →
0, and (b) follows as both G(K − 1) and C1 are directly
proportional to 1/ρ, i.e., G(K − 1) ∼ 1/ρ and C1 ∼ 1/ρ.
Hence, qI

out,f decreases at a rate of 1/ρ2.
On the other hand, by substituting (69) and (70) into

(64), we obtain that qII
out,f decreases at a rate of 1/ρ3, i.e.,

qII
out,f ∼ 1/ρ3, as G(k), G2(z, k), and G3(z, k) are directly

proportional to 1/ρ. As qout,f = qI
out,f + qII

out,f , we have
qout,f ∼ 1/ρ2. Hence, the diversity order achieved by the far

user uf of DDF-based cooperative NOMA with random user
pairing can be calculated as

DO
f = lim

ρ→∞

− log2(qout,f)

log2 ρ
= 2. (38)

In comparison, the diversity orders achieved by the far user
of both conventional NOMA with random user pairing [12]
and OMA are one, as the far user only receives one copy of
its signal from the base station. The diversity order of the far
user of cooperative NOMA [17] is two at the cost of reducing
spectral efficiency, as discussed in Section V. By adapting to
the instantaneous channel conditions, the proposed DDF-based
cooperative NOMA scheme can achieve a diversity order of
two for the far user without sacrificing spectral efficiency while
realizing superposition transmission, and hence obtain a better
outage performance. Employing a similar analysis as for the
far user, we can show that the diversity order for the near user
of DDF-based cooperative NOMA with random user pairing
is one.

The following corollary provides a simplified expression for
the outage probability of the far user when R1 � R, which
can be more efficiently calculated than the expression in (29).

Corollary 2. For the special case of R1 � R, assuming the
existence of at least one near user and one far user, the outage
probability of the far user of the DDF-based cooperative
NOMA scheme with random user pairing can be simplified
as

qout,f ≈ qI
out,f +

2Rth
f π

(R2 −R2
1)R2

1KI

K−1∑
k=1

k∆1(k)

×

(
I∑
i=1

√
1− φ2

i∆2(zi, k)G2(zi, k)

)
, (39)
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∆2(zi, k) =
1

η
(G1(zi, k))−

η+2
η

(
γ

(
η + 2

η
,G1(zi, k)Rη

)
− γ

(
η + 2

η
,G1(zi, k)Rη1

))
−1

η
(G1(zi, k) +G3(zi, k))

− η+2
η γ

(
η + 2

η
, (G1(zi, k) +G3(zi, k))Rη

)
−1

η
(G1(zi, k) +G3(zi, k))

− η+2
η γ

(
η + 2

η
, (G1(zi, k) +G3(zi, k))Rη1

)
. (40)

if α2
f > θ

(
Rth

f ,K
)
α2

n, otherwise qout,f = 1, where
qI
out,f is given in (35), φi = cos

(
2i−1
2I π

)
, zi =

kRth
f

2K (φi + 1), ∆1(k) = 1
η (G(k))

−2/η
γ
(

2
η , G(k)Rη1

)
−

1
η (G(k − 1))

−2/η
γ
(

2
η , G(k − 1)Rη1

)
, and ∆2(zi, k) is given

in (40), shown at the top of this page.

Proof. If R1 � R, we have
(
r2
f + r2

n − 2rfrn cos τD
)η/2 ≈

rηf . In this case, the integrals over τD, rf , and rn in (64) can be
separated. By separately calculating each integral and applying
the Gauss-Chebyshev quadrature, we obtain (39). The details
of the calculation of the integrals are omitted due to space
limitation.

Corollary 2 reveals that although the outage probability of
the far user in general depends on sector angle β, cf. (36), for
the special case of R1 � R, it becomes independent of β.
This is due to the fact that for R1 � R, the distance between
the far user and the near user becomes independent of β.

D. Sum Rate

The base station transmits the signals to the near and the
far users with target data rates Rth

n and Rth
f , respectively.

Hence, the sum rate is determined by the outage probability.
Assuming the existence of at least one near user and one far
user in sector C(β), the sum rate of the DDF-based cooperative
NOMA scheme with random user pairing is given by

Rsum = (1− qout,n)Rth
n + (1− qout,f)R

th
f , (41)

where qout,n and qout,f are given in (25) and (29), respectively.

IV. DISTANCE-BASED USER PAIRING

In this section, we consider DDF-based cooperative NOMA
with distance-based user pairing, where the base station is
assumed to know the users’ distance information. Compared
to the instantaneous channel gain, a user’s distance changes
relatively slower and hence is more practical for the base
station to obtain. We focus on the typical sector C(β). The
number of users inside A1 ∩C(β) and A2 ∩C(β) are denoted
as Nn and Nf , respectively. With the users’ distances, base
station S orders the users based on the following criterion:

rn,1 ≤ rn,2 ≤ · · · ≤ rn,m ≤ · · · ≤ rn,Nn
, (42)

rf,1 ≤ rf,2 ≤ · · · ≤ rf,v ≤ · · · ≤ rf,Nf
, (43)

where rn,m denotes the distance between base station S and
the m-th nearest user in A1 ∩ C(β), and rf,v denotes the
distance between base station S and the v-th nearest user in
A2 ∩ C(β).

To investigate the impact of the paired NOMA users’ loca-
tions on the network performance, we consider a general user
pair, where base station S pairs the m-th nearest user inside
A1 ∩ C(β), denoted as un,m, and the v-th nearest user inside
A2 ∩C(β), denoted as uf,v , for downlink cooperative NOMA
transmission. In the following, we derive the probability mass
function of the decision time, the outage probabilities of the
near and the far users, the diversity order, and the sum rate of
the DDF-based cooperative NOMA scheme for distance-based
user pairing.

A. Probability Mass Function of Decision Time

Assuming that there are at least m users inside A1 ∩ C(β),
the complementary CDF (CCDF) of distance rn,m is equal to
the probability that there are less than m users inside a sector
with radius r, where r ≤ R1, denoted by C(r, β). Hence, we
have

F rn,m(r)
(a)
= P

(∑
xi∈Φ

1 (xi ∈ C(r, β)) < m
∣∣∣Nn ≥ m

)

(b)
=

P

( ∑
xi∈Φ

1 (xi ∈ C(r, β)) < m,Nn ≥ m

)
P (Nn ≥ m)

(c)
=

1

P (Nn ≥ m)

m−1∑
j=1

1

j!

(
λβr2

2

)j
exp

(
−λβr

2

2

)

×

(
1−

m−j−1∑
b=0

1

b!

(
λβ(R2

1 − r2)

2

)b
exp

(
−λβ(R2

1 − r2)

2

))
, (44)

where 1(·) is the indicator function, (a) follows from the
definition of intensity measure [26], (b) follows from the
definition of conditional probability, and (c) follows from the
definition of the spatial Poisson distribution as well as the
property of PPPs that the numbers of points in disjoint sets
are independent.

As the user locations follow a homogeneous PPP with
density λ, the probability that the number of users inside
A1 ∩ C(β) is not less than m can be expressed as

P (Nn ≥ m) = 1−
m−1∑
j=0

(
λR2

1β
)j

2jj!
exp

(
−λR

2
1β

2

)
. (45)

By substituting (45) into (44), we obtain F rn,m(r). By taking
the first derivative of Frn,m(r) = 1 − F rn,m(r), the PDF of
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distance rn,m can be expressed as

frn,m(r) =

βλr
(m−1)!

(
βλ
2 r

2
)m−1

exp
(
−βλ2 r

2
)

1−
m−1∑
j=0

(λR2
1β)

j

2jj! exp
(
−λR

2
1β

2

)
= C2r

2m−1 exp

(
−βλ

2
r2

)
, 0 ≤ r ≤ R1, (46)

where

C2 =
(βλ)

m
exp

(
βλR2

1/2
)

2m−1(m− 1)!
∞∑
j=m

(λβR2
1)
j

2jj!

. (47)

Note that angle τn,m is uniformly distributed within [0, β], i.e.,
fτn,m(τ) = 1/β.

By substituting the PDFs of distance rn,m and angle τn,m
of user un,m with respect to base station S into (19), the
probability that the m-th nearest user inside A1 ∩ C(β) can
successfully decode both signals received from the base station
after being in the listening mode for the first k blocks can be
expressed as

D̃T (k)

=

∫ R1

0

exp
(
−G(k)rηn,m

)
C2r

2m−1
n,m exp

(
−βλ

2
r2
n,m

)
drn,m

(a)
≈ C2R1π

2C

C∑
c=1

√
1− ω2

c exp

(
−G(k)rηn,c −

βλ

2
r2
n,c

)
× r2m−1

n,c , (48)

where (a) follows by applying Gauss-Chebyshev quadrature.
By substituting (48) into (22) and (23), the probability mass
function of decision time D, i.e., P (D = k), is obtained.

B. Outage Probability of Near User

Assuming that there are at least m users inside A1 ∩ C(β),
the outage probability of the m-th nearest user insideA1∩C(β)
is the probability that the near user fails to decode its own
signal within the entire time slot. Following similar steps as
in (25), the outage probability of the m-th nearest user inside
A1 ∩ C(β) can be approximated as

qout,n,m = 1− D̃T (K)

(a)
≈ 1− C2R1π

2C

C∑
c=1

√
1− ω2

cr
2m−1
n,c

× exp

(
−G(K)rηn,c −

βλ

2
r2
n,c

)
, (49)

where (a) follows by substituting (48) with k = K.
For the special case η = 2, a closed-form expression for

D̃T (k) can be derived. Hence, the following corollary provides
the exact outage probability of the m-th nearest user inside
A1 ∩ C(β) when the path loss exponent is 2.

Corollary 3. For the special case of η = 2, assuming that
there are at least m users within A1 ∩ C(β), the outage
probability of the m-th nearest user inside A1 ∩ C(β) of the

DDF-based cooperative NOMA scheme with distance-based
user pairing can be simplified as

qout,n,m = 1− C2

2

(
G(K) +

βλ

2

)−m
× γ

(
m,

(
G(K) +

βλ

2

)
R2

1

)
, (50)

where G(K) and C2 are given in (20) and (47), respectively.

Proof. When path loss exponent η = 2, the outage probability
of the m-th nearest user within A1 ∩ C(β) is qout,n,m =

1−C2

∫ R1

0
exp

(
−
(
G(K) + βλ

2

)
r2
n,m

)
r2m−1
n,m drn,m. By cal-

culating the integral over distance rn,m, we obtain (50).

C. Outage Probability of Far User

Similarly, an outage event occurs at the v-th nearest user
inside A2 ∩ C(β) when it fails to decode its own signal
after the entire time slot. The general expression of the
outage probability is given by (26). The following proposition
provides the outage probability of the v-th nearest user inside
A2 ∩ C(β) when pairing with the m-th nearest user inside
A1 ∩ C(β) for the proposed DDF-based cooperative NOMA
scheme.

Proposition 2. Assuming that there are at least m users
inside A1 ∩ C(β) and v users inside A2 ∩ C(β), the outage
probability of the v-th nearest user inside A2 ∩ C(β) when
pairing with the m-th nearest user inside A1 ∩C(β) of DDF-
based cooperative NOMA with distance-based user pairing
can be approximated as in (51), shown at the top of the next
page, if α2

f > θ
(
Rth

f ,K
)
α2

n, otherwise qout,f,v = 1, where ψj ,
rf,j , ωc, rn,c, ζl, τD,l, J , C, and L are defined in Proposition
1, Qz(rf,j , rn,c, τD,l, k) is given in (30), C4 = 1−D̃T (K−1),
and

C3 =
(βλ)v exp

(
βλR2/2

)
2v−1(v − 1)!

∞∑
j=v

(λβ)j(R2 −R2
1)j/(2jj!)

. (52)

Proof. Please refer to Appendix C.

The accuracy of the approximation in Proposition 2 is also
verified in Section V by computer simulations. In addition
to the parameters that influence the performance of random
user pairing, the outage probability of the far user of DDF-
based cooperative NOMA with distance-based user pairing is
further dependent on the user density (λ) and the distance
indices of the paired NOMA users (m and v). In particular,
the outage probability in (51) decreases as the user density (λ)
increases and the distance index of the far user (v) decreases,
as the probability that the selected far user has a smaller path
loss increases. Compared to random user pairing, distance-
based user pairing can achieve a lower outage probability at
the cost of generating more feedback overhead to enable the
base station to acquire accurate distance information.

Following a similar analysis as for random user pairing, the
diversity order for the far user of distance-based user pairing
can be derived. Based on (49) and (77), when ρ→∞, we have
qI
out,f,v ∼ 1/ρ2 and qII

out,f,v ∼ 1/ρ3. Thereby, the diversity
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qout,f,v ≈ C4

1− C3(R−R1)π

2J

J∑
j=1

√
1− ψ2

j rf,j

(
r2
f,j −R2

1

)v−1
exp

(
−C1r

η
f,j −

βλ

2
r2
f,j

)
+
R1(R−R1)C2C3π

3

4CLJβ

C∑
c=1

√
1− ω2

c

L∑
l=1

√
1− ζ2

l

J∑
j=1

√
1− ψ2

j

K−1∑
k=1

Qn(rn,c, k)

×Qz(rf,j , rn,c, τD,l, k)rη+1
f,j

(
r2
f,j −R2

1

)v−1
r2m−1
n,c (β − τD,l) exp

(
−βλ

2

(
r2
f,j + r2

n,c

))
, (51)

order for the v-th nearest user uf,v is 2, which is independent
of the distance index of the far user (v). Hence, comparing with
(38), random and distance-based user pairing achieve the same
diversity order for the far user. This is due to the fact that, the
considered user pairing strategy exploits distance information
but not instantaneous CSI, which would be needed to increase
the diversity order. Similarly, the diversity order for the near
user is one, regardless of the distance index of the near user
(m).

D. Sum Rate

Based on the analysis of the outage probabilities of the near
and the far users (i.e., un,m and uf,v), the sum rate of the m-th
nearest user inside C(β)∩A1 and the v-th nearest user inside
C(β) ∩ A2 of DDF-based cooperative NOMA with distance-
based user pairing is given by

Rsum,m,v = (1− qout,n,m)Rth
n + (1− qout,f,v)R

th
f , (53)

where qout,n,m and qout,f,v are given in (49) and (51), respec-
tively.

V. PERFORMANCE EVALUATION

In this section, we present simulation and analytical results
for the proposed DDF-based cooperative NOMA scheme and
compare them with corresponding results for conventional
NOMA [12], cooperative NOMA [17], and OMA. For con-
ventional NOMA, the base station transmits the superimposed
mixture of the near and the far users’ signals during the entire
time slot. For cooperative NOMA, the base station transmits
to the near and the far users in the first half of a time slot using
NOMA, and the near user acts as a relay in the second half of
the time slot if it can successfully decode the signal intended
for the far user. Hence, the spectral efficiency of cooperative
NOMA is reduced by half. At the end of the time slot, the
far user uses maximum ratio combining (MRC) to decode the
signals received from the base station and the near user. For
OMA, the base station transmits the signals to the near and the
far users in the first and second half of a time slot, respectively.
In the simulations, we consider a circular network coverage
area with radius R = 800 m. The noise power and the path
loss exponent are set to −100 dBm and 3.8, respectively. We
assume Rayleigh fading channels. Unless specified otherwise,
we set K = 20, R1 = 300 m, PS = PU , α2

f = 0.8, α2
n = 0.2,

β = π/3, and λ = 5 × 10−5 nodes/m
2. In addition, we set

C = I = J = L = 30, which are sufficiently large values to
guarantee the accuracy of the approximation.

Fig. 2 illustrates the impact of the transmit power on the
outage probabilities of the near and the far users of DDF-
based cooperative NOMA with random user pairing as given
in (25) and (29), respectively. The simulation results are in
good agreement with the analytical (A) results, which validates
the performance analysis. For DDF-based cooperative NOMA,
the outage probability of the far user is lower than that of the
near user when the transmit power is larger than 17 dBm. This
is because the outage probability of the far user decreases
faster than that of the near user by exploiting cooperative
diversity. The outage probabilities of the near and the far users
of DDF-based cooperative NOMA are lower than those of
cooperative NOMA, because cooperative NOMA reduces the
spectral efficiency by half to achieve cooperative diversity. For
the far user, DDF-based cooperative NOMA always achieves
a lower outage probability than conventional NOMA because
of the cooperative diversity. On the other hand, DDF-based
cooperative NOMA and conventional NOMA achieve the same
outage probability for the near user. This is because for both
schemes, an outage event occurs if and only if the near user
cannot successfully decode its signal received from the base
station by the end of the time slot. In addition, the slopes of the
outage probabilities of the far user are identical for cooperative
NOMA and DDF-based cooperative NOMA, which confirms
that they achieve the same diversity order.

Fig. 3 shows the impact of the far user’s target data rate (i.e.,
Rth

f ) on the outage probability for different NOMA schemes
with random user pairing. To successfully decode the signal
for a higher target data rate, a higher reception threshold
in terms of the SINR is required at the receiver. Therefore,
the outage probability increases with Rth

f for all schemes.
Cooperative NOMA outperforms conventional NOMA when
Rth

f is small as the far user exploits cooperative diversity.
However, when Rth

f ≥ 1.25 BPCU, the far user is always in
outage for cooperative NOMA because of the loss in spectral
efficiency incurred by cooperation. In contrast, the proposed
DDF-based cooperative NOMA scheme achieves cooperative
diversity without sacrificing spectral efficiency. Hence, the
outage probability of the far user is always lower for DDF-
based cooperative NOMA than for conventional NOMA and
cooperative NOMA. In fact, the proposed DDF-based coop-
erative NOMA scheme adapts to the instantaneous channel
conditions and dynamically decides when the near user should
switch from the listening mode to the transmit mode. On the
other hand, the probability that either the near user or the far
user is in outage is the complement of the probability that
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Fig. 2: Outage probabilities of the near and the far users versus the
transmit power for Rth

f = Rth
n = 1 bit per channel use (BPCU).
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Fig. 3: Outage probability versus far user’s target data rate Rth
f for PS =

20 dBm and Rth
n = 1 BPCU.

both users can successfully decode their own signals. For all
considered NOMA schemes, the probability that either the near
user or the far user is in outage is dominated by the outage
probability of the near user when Rth

f is small, and is equal
to the outage probability of the far user when Rth

f is large.
Fig. 4 shows the impact of the transmit power allocation

coefficients (i.e., α2
f ) and the radius of the inner circle (i.e.,

R1) on the outage probabilities of DDF-based cooperative
NOMA with random user pairing. By increasing α2

f from 0.7
to 0.75, the outage probability of the near user decreases,
as the near user has a higher probability to successfully
perform SIC. However, by increasing α2

f further, the outage
probability of the near user increases. This is because the
benefits introduced by increasing the probability of successful
SIC cannot compensate the reduction of the SNR of the
signal intended for the near user. By increasing α2

f from
0.9 to 0.95, the outage probability of the far user increases.
This is because the probability that the near user successfully
decodes the signal intended for the far user decreases, which
in turn reduces the probability that the near user can assist
the transmission of the far user. Overall, the near and the
far users achieve the lowest outage probabilities at different
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Fig. 4: Outage probability versus transmit power allocation coefficient α2
f

for different values of R1 when Rth
f = Rth

n = 1.5 BPCU and PS = 20
dBm.
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Fig. 5: Outage probability versus transmit power for Rth
f = 1.5 BPCU

and Rth
n = 2 BPCU.

values of α2
f , and the value of α2

f can be set to balance the
performances of the near and the far users. By increasing R1

from 400 m to 500 m, the outage probabilities of both near
and far users increase, as both users are more likely to suffer
from a larger path loss. Due to its higher diversity gain, the
performance degradation of the far user when increasing R1

is less significant than that of the near user.
Fig. 5 plots the outage probabilities of the near and the

far users of DDF-based cooperative NOMA for three special
cases. For path loss exponent η = 2, the outage probability of
a randomly selected far user, given in (29), can asymptotically
be simplified as in (34). As we can see, the asymptotic results
are in good agreement with the analytical results, especially
when the transmit power exceeds −20 dBm. Fig. 5 validates
the approximate and exact outage probabilities of the first near
user when η = 2, given in (49) and (50), respectively. More-
over, the approximation of

(
r2
f + r2

n − 2rfrn cos τD
)η/2 ≈ rηf

is more accurate when the value of R1 is smaller. As we
can see, the approximate expression given in Corollary 2 is
accurate when R1 = 100 m. Note that the outage probability
of the far user derived in Proposition 1 is accurate for any
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value of R1.
Fig. 6 shows the impact of the user density (i.e., λ) on

the outage probabilities of the near and the far users for
the proposed DDF-based cooperative NOMA scheme with
distance-based user pairing. If the near and the far users
closest to the base station, i.e., (m, v) = (1, 1), are paired,
the outage probabilities of the near and the far users are
lower than those for randomly selected near and far users,
respectively. This is because the nearest users suffer from the
same or a smaller path loss than randomly selected users. By
increasing (m, v) from (1, 1) to (2, 2), the outage probabilities
of both the near and the far users increase due to the increased
path loss, which illustrates the impact of the users’ locations
on the network performance. In the low user density region,
random user pairing outperforms distance-based user pairing
with (m, v) = (2, 2). As the user density increases, the
outage probability for distance-based user pairing decreases,
as the probability of selecting a user closer to the base station
increases. However, the outage probability of random user
pairing does not depend on the user density. As a result, for
high user densities, distance-based user pairing achieves lower
outage probabilities than random user pairing for both the near
and the far users.

In Fig. 7, we study the impact of the transmit power and
the far user’s target data rate on the sum rates of different
NOMA schemes with random user pairing. When Rth

f = 1
BPCU, as the transmit power increases, the sum rates of all
NOMA schemes increase, as the probability of successful
signal reception at each user increases. Cooperative NOMA
achieves a lower sum rate than conventional NOMA when
the transmit power is smaller than 8 dBm. This is because
lower transmit powers lead to a lower probability of successful
signal reception at the near user, which in turn reduces the
probability that cooperative transmission is possible. Thereby,
the achieved cooperation gain cannot compensate for the loss
in spectral efficiency. However, when the transmit power is
higher than 8 dBm, cooperative NOMA outperforms conven-
tional NOMA. As it can exploit the benefits of cooperative
transmission without sacrificing spectral efficiency, the pro-
posed DDF-based cooperative NOMA scheme always achieves
a higher sum rate than conventional NOMA and cooperative
NOMA. On the other hand, when Rth

f is increased from 1
BPCU to 2 BPCU, the sum rate of DDF-based cooperative
NOMA becomes smaller for transmit powers smaller than 16
dBm, due to the relative increase in the outage probability.
When Rth

f = 2 BPCU, the sum rate of cooperative NOMA is
always 0, as the condition α2

f > θ
(
2Rth

f ,K
)
α2

n needed for
successful decoding cannot be satisfied regardless of the value
of the transmit power.

In Fig. 8, the sum rates of DDF-based cooperative NOMA
with distance-based user pairing and OMA are shown for
different choices of the near user’s target data rate. DDF-based
cooperative NOMA achieves a higher sum rate than OMA in
all considered cases. When (m, v) = (1, 1), the performance
gain of DDF-based cooperative NOMA over OMA is enlarged
by increasing Rth

n from 2 BPCU to 4 BPCU. This is because
the adverse effect of the low spectral efficiency of OMA
becomes more pronounced for larger Rth

n . Hence, it is more
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Fig. 6: Outage probability versus user density when R1 = 400 m, PS =
20 dBm, Rth

f = 1 BPCU, and Rth
n = 2 BPCU.
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f when
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desirable to pair near and far users with more diverse target
data rates. On the other hand, by increasing v from 1 to 8
for Rth

n = 2 BPCU, the sum rate of DDF-based cooperative
NOMA decreases due to the larger associated path loss. When
the transmit SNR exceeds 30 dBm, the sum rate converges
to the summation of the target data rates of both users, as
the received SINR at each user is large enough to guarantee
successful signal reception.

Fig. 9 illustrates the impact of the user density (i.e., λ) and
the near user’s target data rate on the sum rates of DDF-based
cooperative NOMA with random and distance-based user
pairing. As the user density increases, the sum rate of distance-
based user pairing increases, because the probability of se-
lecting a user closer to the base station increases. However,
the sum rate of random user pairing does not depend on the
user density, as the distribution of the locations of randomly
selected users does not change. Due to the smaller associated
path loss, distance-based user pairing outperforms random
user pairing for (m, v) = (1, 1) and for (m, v) = (2, 2)
when λ > 9 × 10−4 nodes/m

2. Furthermore, when Rth
n is

increased from 2 BPCU to 3 BPCU, the performance gain of
distance-based user pairing over random user pairing becomes
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larger, which again indicates that a larger sum rate gain can
be achieved when users having more diverse target data rates
are paired. When the node density exceeds 10−3 nodes/m

2,
distance-based user pairing achieves the highest sum rate gain
over random user pairing, as the selected users are close to the
base station and can always successfully decode the signals.

Based on the presented numerical results, in Table I, we
summarize the impact of important system parameters on the
performance of the proposed DDF-based cooperative NOMA
scheme.

VI. CONCLUSIONS

In this paper, we proposed a DDF-based cooperative NOMA
scheme for downlink transmission with spatially random
users. We investigated random and distance-based user pairing
strategies, which require one-bit feedback and the users’
distance information at the base station, respectively. Tools
from stochastic geometry were utilized to derive analytical
expressions for the outage probabilities of the near and the
far users, the diversity order, and the sum rate of the pro-
posed scheme. Simulation results validated the performance
analysis and showed that the proposed DDF-based cooperative

TABLE I: Impact of Important System Parameters.

Parameter Impact
Target data rates The sum rate gain of DDF-based cooperative
(Rth

f and Rth
n ) NOMA over OMA increases with the gap

between Rth
n and Rth

f .
User density (λ) The performance (i.e., outage probability and

sum rate) gain of distance-based user pairing
over random user pairing increases with λ.

Transmit power The outage probability of the far user
(PS) decreases faster with increasing transmit

power than that of the near user.
Power There exist optimal values of α2

f which
allocation minimize the outage probabilities of the near
coefficient (α2

f ) and the far users, respectively.
User distance The performance gain of distance-based user
indices (m and pairing over random user pairing decreases
v) with m and v.

NOMA scheme outperforms OMA, conventional NOMA, and
cooperative NOMA. In contrast to these competing schemes,
DDF-based cooperative NOMA achieves cooperative diversity
for superposition transmission without sacrificing spectral ef-
ficiency. Our results revealed that the sum rate gain of DDF-
based cooperative NOMA over OMA is higher when NOMA
users with more diverse target data rates are paired, and the
performance gain of distance-based user pairing over random
user pairing increases with the user density.

APPENDIX

A. Proof of Proposition 1

Based on (26), the probability that Case I occurs is given
by

qI
out,f

(a)
= P (D = K)P

(
α2

f PS |hf |2`(xf)

α2
nPS |hf |2`(xf) + σ2

<θ(Rth
f ,K)

)
= (1−DT (K − 1))Exf

(1− exp (−C1r
η
f )) , (54)

where (a) follows from the independent channel fading as-
sumption across different links.

For random user pairing, the PDFs of distance rf and angle
τf of far user uf with respect to base station S are frf (r) =
2r/(R2 −R2

1) and fτf (τ) = 1/β, respectively. Thus, we have

qI
out,f = (1−DT (K − 1))

×

(
1−

∫ β

0

∫ R

R1

exp (−C1r
η
f )

2rf

R2 −R2
1

drf
1

β
dτf

)
= (1−DT (K − 1))

×

(
1− 2

η (R2 −R2
1)
C
−2/η
1

×
(
γ

(
2

η
, C1R

η

)
− γ

(
2

η
, C1R

η
1

)))
. (55)

The SINRs of signal {sf,i} observed at the far user uf in
the first and second phases are correlated as the value of |hf |2
does not change throughout the time slot. To facilitate the
calculation of the probability that Case II occurs, we denote
the achievable rate at the far user uf in the first phase by
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Z = k
K log2

(
1 + ΓI

f|n

)
. The cumulative distribution function

(CDF) of random variable Z is given by

FZ(z) = P
(
k

K
log2

(
1 + ΓI

f|n

)
≤ z
)

(a)
= P

(
|hf |2 ≤

θ(z, k)σ2rηf
(α2

f − θ(z, k)α2
n)PS

)
= 1− exp

(
−

θ(z, k)σ2rηf
(α2

f − θ(z, k)α2
n)PS

)
, (56)

if α2
f > θ(z, k)α2

n, where (a) follows by substituting (5).
The condition for the existence of the CDF of random vari-

able Z, i.e., α2
f > θ(Z, k)α2

n, can be equivalently expressed
as

Z <
k

K
log2

(
1 +

α2
f

α2
n

)
. (57)

By taking the first derivative of FZ(z), the PDF of random
variable Z can be expressed as

fZ(z) =
d

dz
FZ(z)

= exp

(
−

σ2θ(z, k)rηf
(α2

f − θ(z, k)α2
n)PS

)
×
α2

f σ
2 (θ(z, k) + 1) rηf K ln 2

(α2
f − θ(z, k)α2

n)
2
PSk

= exp (−G1(z, k)rηf )G2(z, k)rηf , (58)

where G1(z, k) and G2(z, k) are defined in (31) and (32),
respectively.

Based on (28), for a given decision time k, we obtain (59),
shown at the top of the next page, where (a) follows by
substituting (17) and (b) is due to the Rayleigh fading channel.

Based on the definition of Z, we have PSh
2
f `(xf) =

θ(Z, k)σ2/
(
α2

f − θ(Z, k)α2
n

)
. By substituting it into (59),

Q(k) can be simplified as

Q(k)

=EZ

(
1−exp

(
−
σ2α2

f

(
θ
(
Rth

f −Z,K−k
)
−θ (Z, k)

)
(α2

f − θ(Z, k)α2
n)PU `(xf − xn)

))

=EZ
(

1− exp

(
− G3(Z, k)

`(xf − xn)

))
,

where G3(Z, k) is defined in (33).
As Q(k) can be interpreted as the probability that the far

user uf fails to decode signal {sf,i} received from base station
S for decision time D = k, the value of Q(k) should be
greater than or equal to 0. To ensure Q(k) ≥ 0, we have
θ
(
Rth

f −Z,K−k
)
≥θ (Z, k), which is equivalent to

Z ≤ k

K
Rth

f . (60)

We set Rth
f < log2(1 +

α2
f

α2
n
), which leads to Z ≤ k

KR
th
f

based on (57) and (60). Otherwise, if Rth
f ≥ log2(1+

α2
f

α2
n
), the

far user uf is always in outage (i.e., qout,f = 1), regardless of
the channel condition between base station S and the far user
uf .

By taking into account the constraint on Z, Q(k) is given
by

Q(k) =

∫ k
KR

th
f

0

(
1− exp

(
− G3(z, k)

`(xf − xn)

))
fZ(z)dz

(a)
=

∫ k
KR

th
f

0

(
1− exp

(
− G3(z, k)

`(xf − xn)

))
× exp (−G1(z, k)rηf )G2(z, k)rηf dz, (61)

where (a) follows by substituting (58), `(xf − xn) =(
r2
f + r2

n − 2rfrn cos τD
)−η/2

, and τD = |τf − τn| denotes
the absolute value of the angle difference between angles τf
and τn.

Based on the above analysis, the probability that Case II
occurs can be expressed as

qII
out,f =Exn,xf

(
K−1∑
k=1

Qn(rn, k)

∫ k
KR

th
f

0

(
1−exp

(
− G3(z, k)

`(xf−xn)

))

× exp (−G1(z, k)rηf )G2(z, k)rηf dz

)
, (62)

where Qn(rn, k) is defined in (27).
As angles τf and τn are uniformly distributed within [0, β]

and independent from each other, the CDF of τD = |τf − τn|
can be expressed as FτD (τ) =

(
2βτ − τ2

)
/β2, τ ∈ [0, β]. By

taking the first derivative of FτD (τ), the PDF of τD is given
by

fτD (τ) =
d

dτ
FτD (τ) =

2β − 2τ

β2
, τ ∈ [0, β]. (63)

By substituting the PDFs of rf , rn, and τD into (62), we
have

qII
out,f =

8

(R2−R2
1)R2

1β
2

∫ R1

0

∫ β

0

∫ R

R1

K−1∑
k=1

Qn(rn, k)

×Qz(rf , rn, τD, k)rη+1
f (β−τD)rndrfdτDdrn, (64)

where

Qz(rf , rn, τD, k) =

∫ k
KR

th
f

0

exp (−G1(z, k)rηf )G2(z, k)

×
(
1−exp

(
−G3(z, k)

(
r2
f + r2

n− 2rfrn cos τD
)η/2))

dz. (65)

The direct calculation of (64) can be very involved due
to multiple integrals. In the following, we approximate the
integrals in (64) with summations to reduce the computational
complexity by using Gauss-Chebyshev quadrature [31]. As a
result, (65) can be approximated as (30). With respect to the
integral over distance rf , we have∫ R

R1

Qz(rf , rn, τD, k)rη+1
f drf

≈ (R−R1)π

2J

J∑
j=1

√
1− ψ2

jQz(rf,j , rn, τD, k)rη+1
f,j , (66)

where J , ψj , and rf,j are defined in Proposition 1. For the
integral over angle τD, we have

Qτ (rn, k) =

∫ β

0

∫ R

R1

Qz(rf , rn, τD, k)rη+1
f (β − τD)drfdτD
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Q(k) = EZ
(
P
(
K − k
K

log2

(
1 + ΓII

f|n

)
< Rth

f − Z
∣∣∣Z))

(a)
= EZ

(
P
(
PU |hf,n|2`(xf − xn) <

(
α2

nPS |hf |2`(xf) + σ2
)
θ(Rth

f −Z,K−k)−α2
f PS |hf |2`(xf) |Z

))
(b)
= EZ

(
1−exp

(
−
(
α2

nPS |hf |2`(xf) + σ2
)
θ(Rth

f − Z,K − k)− α2
f PS |hf |2`(xf)

PU `(xf − xn)

))
, (59)

=
βπ

2L

L∑
l=1

√
1− ζ2

l

(R−R1)π

2J

J∑
j=1

√
1− ψ2

j

×Qz(rf,j , rn, τD,l, k)rη+1
f,j (β − τD,l), (67)

where L, ζl, and τD,l are defined in Proposition 1.
Finally, with respect to the integral over distance rn, we

have

qII
out,f =

4π

(R2 −R2
1)R1β2C

C∑
c=1

√
1− ω2

c

×

(
K−1∑
k=1

Qn(rn,c, k)Qτ (rn,c, k)rn,c

)
, (68)

where C, ωc, and rn,c are defined in Proposition 1, and
Qn(rn,c, k) and Qτ (rn, k) are given in (27) and (67), respec-
tively.

After some algebraic manipulations and substituting (35)
and (68) into (26), we obtain the outage probability of the
far user of DDF-based cooperative NOMA with random user
pairing, given in (29). Hence, the proof of the proposition is
complete.

B. Proof of Corollary 1

When the transmit SNR is high and k ≤ kmax, we have

Qz(rf , rn, τD, k)

(a)
≈
∫ k

KR
th
f

0

G3(z, k)
(
r2
f + r2

n − 2rfrn cos τD
) η

2

×
(
1−G1(z, k)r2

f

)
G2(z, k)dz, (69)

exp (−G(k)rηn)−exp (−G(k − 1)rηn)
(b)
≈
{

(G(k − 1)−G(k)) rηn, if k ≥ kmin + 1,
1−G(k)rηn, if k = kmin,

(70)

where (a) and (b) follow by applying exp(−x) ≈ 1−x when
x→ 0.

When β ≤ π/3, by applying the small-angle approximation,
we have

cos τD ≈ 1− τ2
D/2, 0 ≤ τD ≤ β. (71)

By setting η = 2, substituting (69), (70), and (71) into
(64), and calculating the integrals over τD, rf , and rn in
sequence, we obtain (72), shown at the top of the next
page, where G2(z, k) and G3(z, k) are defined in (32) and
(33), respectively, and A4(z, k) and A5(z, k) are defined in
Corollary 1. By using the Gauss-Chebyshev quadrature, we
can obtain the outage probability of the far user, given in (34).
Hence, the proof of the corollary is complete.

C. Proof of Proposition 2

Following the same steps as in (44) and (46), and assuming
that there are at least v users in A2∩C(β), the PDF of distance
rf,v of user uf,v with respect to base station S can be written
as

frf,v (r) =
βλr

(v − 1)!P(Nf ≥ v)

(
βλ

2

(
r2 −R2

1

))v−1

× exp

(
−βλ

2

(
r2 −R2

1

))
= C3r

(
r2 −R2

1

)v−1
exp

(
−βλr2/2

)
, (73)

where R1 ≤ r ≤ R, C3 is given in (52), and

P (Nf ≥ v)

= 1−
v−1∑
j=0

(
λβ(R2 −R2

1)/2
)j

j!
exp

(
−λβ(R2 −R2

1)/2
)
.

By substituting (73) into (54), the outage probability for
Case I can be expressed as

qI
out,f,v

=
(

1− D̃T (K − 1)
)
Exf,v

(
1− exp

(
−C1r

η
f,v

))
= C4

(
1−

∫ R

R1

exp
(
−C1r

η
f,v

)
C3rf,v

(
r2
f,v −R2

1

)v−1

× exp

(
−βλr2

f,v/2

)
drf,v

)

≈ C4

(
1− C3(R−R1)π

2J

J∑
j=1

√
1− ψ2

j rf,j

×
(
r2
f,j −R2

1

)v−1
exp

(
−C1r

η
f,j −

βλ

2
r2
f,j

))
. (74)

The outage probability for Case II can be expressed as

qII
out,f,v

= Exn,m,xf,v

(
K−1∑
k=1

P (D = k)Q(k)
∣∣∣Nn ≥ m,Nf ≥ v

)
, (75)

where Q(k) is given in (61). By substituting the PDFs of rn,m

and rf,v into (75), we obtain (76), shown at the top of the next
page.

By following similar steps as for the proof of Proposition
1, we obtain

qII
out,f,v
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qII
out,f ≈

4R2
1

R2 −R2
1

(
kmax∑

k=kmin+1

(G(k − 1)−G(k))

∫ k
KR

th
f

0

G2(z, k)G3(z, k)A4(z, k)dz

+

∫ k
KR

th
f

0

G2(z, kmin)G3(z, kmin) (A5(z, kmin)−G(kmin)A4(z, kmin)) dz

)
, (72)

qII
out,f,v =

2

β2
C2C3

∫ R1

0

∫ β

0

∫ R

R1

K−1∑
k=1

(
exp

(
−G(k)rηn,m

)
− exp

(
−G(k − 1)rηn,m

))
×Qz (rf,v, rn,m, τD, k) rη+1

f,v

(
r2
f,v −R2

1

)v−1
r2m−1
n,m exp

(
−βλ(r2

f,v + r2
n,m)/2

)
(β − τD) drf,mdτDdrn,v. (76)

≈ R1(R−R1)C2C3

4CLJβ

C∑
c=1

√
1− ω2

c

L∑
l=1

√
1− ζ2

l

×

(
J∑
j=1

√
1− ψ2

j

K−1∑
k=1

Qn(rn,c, k)Qz(rf,j , rn,c, τD,l, k)

× rη+1
f,j

(
r2
f,j −R2

1

)v−1
r2m−1
n,c (β − τD,l)

× exp
(
−βλ

(
r2
f,v + r2

n,m

)
/2
))

. (77)

Based on (74) and (77), we obtain (51). The proof of the
proposition is complete.
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