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Abstract—Mobile data offloading can help the mobile network operator (MNO) cope with the explosive growth of cellular traffic, by
delivering mobile traffic through third-party access points. However, the access point owners (APOs) would need proper incentives to
participate in data offloading. In this paper, we consider a data offloading market that includes both price-taking and price-setting
APOs. We formulate the interactions among the MNO and these two types of APOs as a three-stage Stackelberg game, and study the
MNO’s profit maximization problem. Due to a non-convex strategy space, it is in general a non-convex game. Nevertheless, we
transform the strategy space into a convex set and prove that a unique subgame perfect equilibrium exists. We further propose iterative
algorithms for the MNO and price-setting APOs to obtain the equilibrium. Employing the proposed algorithms, the APOs do not need to
obtain full information about the MNO and other APOs. Through numerical studies, we show that the MNO'’s profit can increase up to
three times comparing with the no-offloading case. Furthermore, our proposed incentive mechanism outperforms an existing algorithm

by 18% in terms of the MNO’s profit. Results further show that price competition among price-setting APOs drives the equilibrium

market prices down.

Index Terms—Mobile data offloading, network economics, non-convex game, Stackelberg game, subgame perfect equilibrium.

1 INTRODUCTION

1.1 Background

ELLULAR data traffic has been growing at an unprece-
dented rate over the past few years. The increasing
data traffic forces the mobile network operators (MNOs)
to employ different methods to fill the gap between the
fast growing demands and the slow growing capacity of
their deployed networks. Acquiring more spectrum licenses,
installing new macro/micro/femto-cell base stations (BSs),
and deploying new technologies can alleviate network con-
gestion and increase the MNO's capacity. Nevertheless,
these methods are both costly and time consuming to im-
plement. Mobile data offloading, which refers to delivering
data traffic of the MNO to third-party networks, is a promis-
ing alternative to address this gap. The MNO can deliver
traffic of its own subscribers through WiFi, femtocell, or
microcell networks to support the growing traffic demand.
Mobile traffic offloaded onto WiFi and femtocell networks
exceeded the cellular traffic for the first time in 2015 [1].
The performance benefit of mobile data offloading [2],
[3], [4], [5], [6] has motivated the MNOs to deploy their own
WiFi networks [7]. However, a ubiquitous deployment of
WiFi access points (APs) with a good coverage can be very
expensive due to the dynamic behavior of mobile traffic, the
small coverage area of each AP as well as the cost of APs
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deployment and site acquisition. To fully exploit the benefit
of data offloading, the MNO can take advantages of the
third-party APs. In return, the MNO should provide proper
economic incentives to the access point owners (APOs), in
order to compensate their cost in terms of energy consump-
tion, backhaul cost, and the potential impact on their own
customers.

1.2 Motivations and Contributions

Several existing studies on mobile data offloading market
(e.g., [8], [9], [10]) considered the leader-follower model
assuming that the MNO always has a larger market power
than the APOs. In these works, data offloading market is
modeled as a two-stage Stackelberg game, where the MNO
acts as the leader and sets the prices, while the APOs are
price-taking followers. However, in practice, some APOs can
have significant market power and hence are price-setting in-
stead of pricing-taking players. The aforementioned existing
models cannot be used to manage such markets. It is thus
important to understand how the MNO should interact with
both price-taking and price-setting APOs in a mobile data
offloading market.

In this paper, we propose an incentive framework which
allows the MNO to interact with both price-setting and
price-taking APOs. Residential users or small companies
which own WiFi/femtocell APs are considered as price-
taking players. The MNO has the priority to determine
market prices for this type of APOs. On the other hand,
price-setting players are those APOs who have more market
power than MNO. As examples, large network providers
such as BT WiFi [11] with over 5 million hotspots in United
Kingdom and chain stores such as Starbucks Corp. may
have more market power than a single MNO. The following
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Stage II: The MNO determines the
offloading strategy and sets prices for
the price-taking APOs.

Stage I1I: Price-taking APOs determine
el oo e b e e theamount of traffic they can admit.

Fig. 1: Three-stage Stackelberg game model. Price-taking and price-
setting APOs are represented by different icons for presentation clarity.

considerations sharply distinct our work from the existing
literature:

(a) The MNO negotiates with both price-setting and price-
taking APOs.

(b) The MNO aims to maximize its own profit, which is
obtained by increasing the aggregate network capacity
and simultaneously reducing the cost.

To facilitate the analysis, we formulate the interactions
between the MNO and APOs as a three-stage Stackelberg
game as shown in Fig. 1. Through this game, we study the
price competition among price-setting APOs as well as the
competition between the price-taking APOs for the amount
of traffic they can deliver'. In the first stage, the price-setting
APOs determine their prices with the goal of maximizing
their own payoffs. In the second stage, the MNO decides
whether to utilize the price-setting APOs by either accepting
or declining their offered prices, and how much traffic to
offload in case of accepting the prices. It then sets the prices
for the price-taking APOs with the goal of maximizing its
own profit. In the third stage, price-taking APOs follow the
MNO'’s prices to determine how much traffic they can admit
to maximize their own payoffs.

We consider two versions of this game formulation with
different MNO objective functions, namely: i) cost reduction,
and ii) network expansion. In the cost reduction problem,
given a fixed admitted traffic demand, the MNO offloads
mobile traffic to the APOs to reduce the cost of data delivery.
The network expansion problem further allows the MNO
to optimize the amount of traffic to be admitted into the
system, which will be delivered through its own macrocell
BSs and third-party APs. The network expansion problem
can be viewed as a generalization of the cost reduction
problem. For the sake of presentation clarity, we first study
the cost reduction problem and then extend the analysis to
study the network expansion problem.

In summary, the key contributions of this paper are as
follows:

o Unique incentive framework: We model a data offloading
market that incorporates both price-taking and price-
setting APOs. We model the interactions among the two
types of APOs and MNO as a three-stage Stackelberg
game, and derive the corresponding subgame perfect
equilibrium which determines the market prices.

o Equilibrium Analysis: We show that the game is in gen-
eral a non-convex game due to a non-convex strategy
space. Nevertheless, we transform the strategy space

1. It should be noted that in the existing works (e.g., [8], [9], [10]), it
was assumed that the APOs only compete for the amount of traffic they
can offload. However, utilizing our proposed framework, we are able
to model the price competition among the APOs as well.
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into a compact convex set via bijection, based on which
we prove the existence of a subgame perfect equi-
librium. We further prove that a unique equilibrium
strategy can be obtained in the cost reduction problem.

o Algorithm Design: To obtain the subgame perfect equi-
librium, we propose iterative algorithms, one for price-
setting APOs to determine their best response strategies
and one for the MNO to facilitate information exchange
among the APOs. Utilizing the proposed algorithms,
the price-setting APOs do not need to obtain full infor-
mation about the MNO and other APOs, at the expense
of a small communication overhead. We prove that the
proposed algorithms converge to the unique subgame
perfect equilibrium strategy.

e Equilibrium Efficiency: We evaluate the efficiency of the
equilibrium through extensive numerical studies, by
comparing the social welfare obtained by the equi-
librium with the social welfare of a market without
price competition. Results show that the equilibrium
efficiency increases as the number of APOs increases
due to a higher competition in the market. Moreover,
our proposed incentive framework is able to achieve a
close-to-optimal social welfare when a large number of
APOs participate in the data offloading market.

e Performance Evaluation: Simulation results show that
the proposed market model can significantly improve
the MNO's profit. Our proposed framework increases
the profit by up to three times comparing to the no-
offloading case in the cost reduction problem. More-
over, our proposed framework outperforms the scheme
proposed in [8] by 18% in terms of the MNO’s profit.
For the network expansion problem, our proposed
framework can increase the MNO'’s profit by up to
four times through delivering 30% more traffic. We also
show that a higher data delivery cost of the MNO leads
to higher payoffs for the APOs. Furthermore, we show
that the proposed iterative algorithms converge quickly
to the unique subgame perfect equilibrium strategy.

This paper is organized as follows. In Section 2, we

review the related literature. In Section 3, we introduce
the system model. We formulate the three-stage Stackelberg
game in Section 4. In Section 5, we study the existence
and uniqueness of equilibrium and develop the iterative
algorithms. We evaluate the performance of our framework
through extensive simulations in Section 6. Finally, we con-
clude in Section 7.

2 RELATED LITERATURE

The economic aspects of mobile data offloading have re-
cently been studied on two different approaches, namely
user-initiated and operator-initiated offloading. The former
approach considers the scenarios where mobile subscribers
negotiate with the MNO and APOs to offload their traffic.
The MNO has to lease the APs” bandwidth and provide
incentives for mobile users to initialize the offloading [9],
[10], [12], [13], [14], [15]. In particular, the mechanisms
proposed in [9], [10] are based on leader-follower games.
Lee et al. in [9] considered cellular traffic offloading via
freely available WiFi networks. Zhang et al. in [10] mod-
eled the data offloading market as a leader-follower game,
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where macrocell, small cell, and WiFi networks owners are
leaders, and mobile subscribers are price-taking followers.
In addition to the aforementioned studies in mobile data
offloading, leader-follower games have been widely used
to model pricing and economic aspects in different wireless
networks [16], [17], [18], [19], [20]. These works modeled the
markets as two-stage Stackelberg games.

The operator-initiated offloading approach focuses on
the offloading decisions made by the MNO and APOs on
behalf of the users. Such offloading decision is transparent
to the mobile users. Although several incentive mechanisms
have been proposed for operator-initiated offloading, none
of them considered price-setting and price-taking players si-
multaneously. Gao et al. in [8] proposed a market-based data
offloading solution considering only price-taking APOs.
Gao et al. in [21] further considered a bargaining-based
mobile data offloading approach, where the MNO is given
the authority to initiate the market interaction. Wang et al. in
[22] proposed a distributed incentive mechanism to model
the interactions between offloading service providers (i.e.,
APOs) and offloading service consumers (i.e., data flows).
Kang et al. in [23] proposed an incentive mechanism to
motivate WiFi APOs to deliver the MNO’s traffic. In this
work, WiFi APOs are rewarded not only based on the
amount of traffic they deliver but also based on the quality
of their offloading service. The works in [24], [25], [26]
proposed several auction mechanisms for data offloading,
where the APOs are assumed to be price-taking. In these
studies, the objective of the MNO is to minimize the cost
of data delivery. In our work, however, we study a more
general problem of improving the MNO’s profit by admit-
ting more traffic and reducing the cost simultaneously. Such
a distinction makes our analysis of the network expansion
problem much more challenging than those studied in the
literature.

In addition to the economic aspects of data offloading,
Chen et al. [27] studied energy-efficiency oriented traffic
offloading mechanisms. They proposed an online reinforce-
ment learning framework for the problem of traffic offload-
ing in a stochastic heterogeneous cellular network. Their
objective was to minimize the total energy consumption of
the heterogeneous cellular network while maintaining the
quality-of-service experienced by mobile users. However,
they did not consider the strategic behavior of APOs.

3 SYSTEM MODEL

We focus on the interactions between a macrocell BS of
an MNO and a set of third-party APOs?. The APs have
overlapping coverage area with the BS, hence the MNO may
offload its traffic to them. There are N price-taking and N*
price-setting APOs, denoted by sets N* = {1,..., N'} and
N ={N'+1,..., N'*+ N*}, respectively. Thus, we have the
set N = N* [N of third-party APOs, and |N| = N*+ N*.
Since each APO’s coverage area is relatively small, we
assume the APOs are spatially non-overlapping and they

2. Our analysis can be extended to the case of multiple macrocell
BSs. To do so, the cost (to be introduced later) imposed to all BSs by
delivering traffic to mobile users as well as the total traffic delivered
through all BSs should be considered.
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Fig. 2: A system with one macrocell BS, two price-setting APOs, and
seven price-taking APOs.

do not interfere with each other?, similar as the models
in [8], [21], [28]. We further assume that APOs operate in
spectrums different from the BS, and hence do not generate
interference to the BS. In particular, WiFi APs operate in
the unlicensed bands, and femtocell APs are allocated with
different frequency bands from the BS’s spectrum band [29],
[30]. Fig. 2 illustrates an example of the network with one
macrocell BS, two pricing-setting APOs, and seven price-
taking APOs.

We divide the coverage area of the BS into |A| + 1
regions represented by the set A'|J{0}. Among them, ||
regions are associated with APOs, where traffic of mobile
subscribers can either be served by the BS or be offloaded
to the corresponding APO. Set {0} represents the region
which is only covered by the BS but not by any APOs, where
offloading is not possible.

The total downlink traffic demand in a region m &
N J{0} is denoted by S,,,, which is initially steered towards
the MNO®. Hence, the traffic demand vector of the MNO is

S = <S07---7S|/\/\)~

The traffic demand S,,, varies over time due to the stochastic
nature of mobile subscribers traffic. We consider a quasi-
static network scenario, and analyze the market mechanism
in a data offloading period (e.g., two seconds), during which
S remains unchanged for all m. For different approaches
to measure and estimate the traffic demand, see [31], [32].
We define the amount of data traffic that can be delivered
by one unit of spectrum resource (in Hz) per unit time
as the transmission efficiency. The transmission efficiency of
each link depends on various factors such as path loss,
shadowing, and fading. However, we use the transmission
efficiency to determine the aggregate bandwidth required
to deliver the traffic demand to all users within each re-
gion. We do not specify how the transmission efficiency
is computed, as our framework is applicable for general
transmission models. The transmission efficiency can be
obtained through measurements and various prediction
methods [33], [34], [35]. Let 6,, denote the transmission ef-
ficiency (in bits/sec/Hz) of communications links between

3. Extension of the current model to a general model with over-
lapping APOs requires considering the interference among the APOs.
Moreover, the number of distinct overlapping regions partially covered
by different APOs grows exponentially with ||, which further makes
the analysis complicated. We leave this extension as future work.

4. Similar to other operator-initiated offloading mechanisms (e.g., [8],
[15], [21], [22], [23], [24]), we consider the total traffic demand of each
region, as the mobile subscribers are not directly involved in market
negotiations.



the BS and mobile subscribers located in region n € N,
which is covered by APO n. Since the coverage area of each
APO is relatively small, we assume that different mobile
subscribers in the same region n have the same transmission
efficiency. Furthermore, 6, represents the average transmis-
sion efficiency between the BS and those mobile subscribers
in region {0} (hence, not covered by any APOs)’. The BS’s
bandwidth resource consumed for delivering one bit of data
in region m € N J{0} within one unit of time is ei (in Hz).
The transmission efficiency profile of the BS in different regions
is

02 (0o,....0) .

We also denote the average transmission efficiency between
APO n € N and mobile subscribers located in the corre-
sponding region by ¢,,. The transmission efficiency profile of
APOs is

¢ = (1,

The transmission efficiency profiles may vary over time due
to mobility of the subscribers. We consider a quasi-static
network scenario, where the transmission efficiency profiles
remain unchanged within a single time period and may
change in different periods. We also assume that they can
be measured by the BS and the corresponding APOs®. The
above model and assumptions about transmission efficiency
have been widely used in mobile data offloading studies for
operator-initiated mechanisms (e.g., [8], [15], [21], [24]).

S ONt ONt41, -+ ONELNS) -

3.1 MNO Modeling

The MNO leases the bandwidth from third-party APOs to
offload the traffic of mobile subscribers. The MNO chooses
its offloading strategy to maximize its own profit, which
is the total revenue (obtained from providing network
bandwidth to the mobile subscribers) minus the cost (of
delivering mobile traffic). Let z!, denote the amount of
traffic (in terms of total delivered bits in offloading pe-
riod) offloaded to a price-taking APO in region n € N™.
Similarly, x; denotes the amount of traffic offloaded to a
price-setting APO in region n € N*. Then, we use y, to
denote the traffic in region n € N, that is not offloaded
to any APO but served by the MNO directly. Notice that
xl + yn (25 + yn, respectively), which represents the total
amount of traffic in region n € N* (n € N¥, respectively),
is equal to S, and is a constant in the later formulated
cost reduction problem. However, in the network expansion
problem, z%, +y,, (% +y,,) is the total admitted traffic by the
entire system in region n, and is a decision variable instead
of a constant. Since each region n € N is associated with
an APO, we use the terms region and APO interchangeably
forany n = 1,...,|N|. We denote the amount of traffic of
subscribers located in region {0} as yo, which can only be
served by the BS. The MNO'’s offloading strategy is captured

5. We assume region {0} is relatively large and many mobile sub-
scribers exist within this region. In this case, the average transmission
efficiency 0y accurately reflects the consumed resources.

6. An imperfect measurement of transmission efficiency profiles may
affect the strategy of the players and degrade the performance of
the framework. We may consider a robust optimization framework to
address such imperfect information, and we will leave this extension as
future work as the current model is already rich enough.
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t x*%], where

by vectors y = (ym)meNU{o} and ¢ = [z
' = (Tp)nent and ¥ = (T )nens.

The cost of MNO consists of the resource consumption
cost and the payment provided to the APOs for offloading
the MNO's traffic. The resource consumption cost is due to
delivering un-offloaded traffic, which consumes the follow-

ing amount of resources in the BS.

>

Ym
meN U{0} Om

)

Notice that for each m, Y., /0:, is the amount of bandwidth
resources required for transmitting v, bits in one unit of
time. The resource consumption cost of the MNO, denoted

by c(y), is

Z?Lm

meN J{0} Om

c(y) = )

We assume that function ¢(-) is strictly increasing and
convex (ie, ¢;(-) > 0,¢/(-) > 0) [36]. This convex cost
function indicates that the marginal cost for delivering one
more unit of data to the mobile subscribers is increasing. We
further assume that the marginal cost function and it first
derivative are weakly convex’.

For the APOs, they need to receive proper payments
from the MNO to be compensated for their costs incurred
for offloading the traffic. A price-setting APO can determine
such a payment, while a price-taking APO needs to decide
whether to accept or reject the payment determined by
the MNO. Although the payment functions are usually
assumed to be linear in the demand, there exist several
studies that consider nonlinear payment functions of the
demand (e.g., [37], [38], [39], [40], [41], [42]). In this paper,
we use the following different payment functions to reflect
the market power of different players.

e Price-setting APOs: MNO'’s payment function for APO
n e N®is ¢¢(z5) = ps (z3)°, where p is the price set
by the APO.

e Price-taking APOs: MNO'’s payment function for APO
n € N'tis ¢! (z!)) = p,xl, where p!, is the price set by
the MNO.

The convex payment function related to price-setting APOs
reflects their market power and the desire to get compen-
sated more as they act as leaders for the MNO. However, for
price-taking APOs, the linear payment function expresses
the MNO's interest of paying less, since the MNO acts as
the leader for these APOs and has more market power to
set the prices.

We denote the price vector of price-taking and price-
setting APOs as p' = (p!))nent and p* = (p5)nens, re-
spectively. We further denote the revenue of MNO obtained
from delivering z bits to the mobile subscribers within the
offloading period as r(z), which is an increasing weakly
concave function. We define z(x,y) = > ,cnuqoy Ym +
> ent Th + 0 cars 3, which represents the amount of

7. The cost functions used in the existing works [6], [8], [9], [10] also
satisfy these conditions.
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total mobile traffic delivered through the MNO and different
APOs. The MNO's profit is

V(w,y,p) =7 (2(@,y)—cly)— > az5)— > qhah),

neN's neN?t
3)

where vector p = (pt, p*).

3.2 APO Modeling

The APs are managed by selfish owners. They share their
bandwidth with the MNO to maximize their own profits.
We assume that each APO n € N has a maximum capacity
of B,,, which can be assigned to serve the MNO traffic as
well as its own subscribers’ trafficc. We denote APO n's
profit from serving its own subscribers as 7,(-), which is
a function of the APO’s available capacity and may vary
across different offloading periods. The APO determines the
profit function r,,(-) considering its own subscribers’ traffic.
Similar to [43], we assume that -, (-) is a non-decreasing and
weakly concave function in the APO’s available capacity.

APOn € N will incur a profit loss from local subscribers
when it admits x bits of traffic from the MNO. We denote
the APO’s profit loss in this case by .J,,(z) as follows:

%@ém(&fﬁﬁ—%(%) 4

where ¢, () is the APO n’s cost of delivering the traffic
of MNO. In each APO n € N, the amount of bandwidth
resources required for transmitting « bits in a unit of time
is /¢y, and B, — x/¢, represents the available capacity
which can be allocated to the APO’s subscribers. Similar to
[36], we assume that ¢, (+) is differentiable, increasing, and
convex, which reflects the fact that the marginal cost for ad-
mitting one more unit of data is non-decreasing. Therefore,
the function J,(-) is a decreasing concave function, where
Jn(0) > 0and J, (¢, By) < 0. We further assume that J, (-),
which represents the marginal profit loss, and its first and
second derivatives are weakly concave as well®.

An APO’s payoff obtained from both offloading MNO
traffic and delivering its own subscribers’ traffic is as fol-
lows:

neNt (5
necN° (6

Vrf(x?rup?n) = J"L('r'z) +pfle’b7
2
‘/’rf(xprfz) = ‘]’Vb(xfz) +pf1 ('rfb) ?

A feasible offloading strategy needs to satisfy the inequali-
ties 2!, < ¢, B,, and x5 < ¢, B,,.

3.3 Data Offloading Game

We model the interactions between the MNO and APOs
as a three-stage Stackelberg game as shown in Fig. 1. In
each stage, each player determines its strategy with the goal
of maximizing its payoff. We formally define the following
game:

8. Weakly concave r,(-) and 7}/(-) and weakly convex ¢/, (-) and
cpi(+) can satisfy these conditions although they are not necessarily
required. The revenue and cost functions used in the existing works
[6], [8], [9], [10] satisfy these conditions. However, we assume that the
marginal profit loss and its first and second derivatives are weakly
concave, which is less restrictive than the assumptions used in the
aforementioned existing works.

o Stage I: Players: price-setting APOs n € N®; Strategy:
price vector p®; Payoff: V,? (x5, ps) given in (6).
o Stage II: Player: MNO; Strategy: offloading vectors x?,
y, and price vector p'; Payoff: V(x,y, p) given in (3).
« Stage III: Players: price-taking APOs n € N; Strategy:
offloading vector x'; Payoff: V,!(zl, pl) given in (5).
Our goal is to determine the subgame perfect equilibrium
(SPE) of the multi-stage game, where neither the MNO nor
the APOs have incentives to deviate unilaterally.

Definition 1 (Subgame Perfect Equilibrium [44]). A strat-
egy profile (x™E, yNE, pNF) including the offloading strategies
xNE and yNE and price vector pNE is a subgame perfect equilib-
rium if it represents a Nash equilibrium (NE) in every subgame
of the original game.

In the next section, we will formulate the three-stage
Stackelberg game for both cost reduction and network ex-
pansion problems. We will use backward induction [44] to
obtain the corresponding SPE.

4 THREE-STAGE GAME FORMULATION

In this section, we start with Stage III and analyze the
behavior of price-taking APOs. We then turn to Stage II
to obtain the MNO's strategy. Finally, we study the price-
setting APOs’ strategies in Stage I.

4.1 Stage lll (Price-taking APOs)

In Stage 111, given the price-vector p’ set by the MNO, the
price-taking APOs determine how much traffic they can
admit in order to maximize their own payoffs. In particular,
each APO n € N selects its strategy «!, within the strategy
space & = [0, ¢, By| to maximize its payoff V! (f, pl,).
This leads to the following optimization problem.

AP maxirgize Vi (2t pt) (7a)
xt >0
subject to z!, < ¢, By,. (7b)

We can show that problem (7) is a concave maximization
problem. Let z!, (pf,) denote the unique optimal solution of
problem (7), which is given in Theorem 1.

Theorem 1. The optimal offloading traffic decision of price-taking
APO nis

07 lf 0 Sp; <pt,min

: £ 0 - guin
o () =9 La(ph).  iph™0 <ph <phme ()

$n B, if pr, > Py,
where pt™in & —J'(0) and ptmax & —J! (¢, B,) with
Jl(x) = %o Furthermore, Ly (pl,) is an increasing function

in pt, and we know LG V() = —J' (2).

The proof of Theorem 1 is given in Appendix A. We now
characterize the properties of the optimal strategy z!, (pt,)
as a corollary of Theorem 1. These properties clarify the
behavior of the price-taking APOs and will be used later
in Stage II.

Corollary 1. !, (pl) is an increasing and concave function in

pl, over interval [pt;™in, ptmax],

The proof of Corollary 1 can be found in Appendix B.
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Fig. 3: The optimal strategy z, (p!,). APO n will not admit traffic of
the MNO for any price less than p5;™™. Moreover, the MNO will not
announce any price greater than p5™*, since APO n is not able to
deliver traffic more than its capacity.

Observations: Fig. 3 shows the optimal strategy of a
price-taking APO. As proven in Corollary 1 and illus-
trated in Fig. 3, !, (pl,) is concave and increasing for any
pl, € [pLmin, pﬁLmaX] Notice that the MNO will not set any
price greater than p;™*, since the APO is not able to admit
more traffic. Therefore, the strategy space of the MNO is
limited to p!, € [pf™n, plmax]. Moreover, we will show
that the analysis of Stage II becomes complicated due to
the concavity of optimal strategy of price-taking APOs.

4.2 Stage Il (MNO Problem)

We now analyze the MNO'’s behavior in Stage II. We first
formulate the cost reduction problem. We then extend the
results and formulate the network expansion problem.

4.2.1 Cost Reduction Problem

In the cost reduction problem, we have z!, + vy, = S, for
all n € Nt and 28 +y, = S, for all n € N*. Since S,, is
a constant for each APO n, the total delivered traffic S =
2 meN Ufo} Sm is also a constant. Thus, the MNO's profit is

VP(z,y,p) = (5) - > P = phal,

neN's neNt
&)

where 7(.9) is the constant revenue obtained in this case.

The MNO's strategy space is £ = Ezs X &y X Ept,
where Es = {[07 Sn}}nENSI Ey = {[O Sm}}mENU{O}r
while according to Corollary 1, we have &, =
{[ptymin, pt-max]} \r. Given the strategies of the price-
setting APOs (i.e., p°) and with the knowledge of how the
MNO strategy would affect the price-taking APOs” strate-
gies (e, zl (pl),n € N'), the MNO maximizes its own
profit in Stage II. This leads to the following optimization
problem.

MNO: maximize VP ((:ct (p"), :BS) Y, (pt,ps)) (10a)

(z*,y,pt)€E
YneNt
YneN-.

(10b)
(10c)

subject to !, (Ph) + yn = Sn,

The optimal solution of problem (10) exists and is unique
if the problem is a strictly concave maximization problem.
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Concavity of this problem depends on the concavity of the
objective function VP given by (10a) and convexity of its
constraints. According to Corollary 1, we know that con-
straint (10b) is not an affine equality (i.e., convex) constraint,
as a2t (pl,) is concave in p!,. Thus, problem (10) is not a
concave maximization problem.

To transform problem (10) into a concave maximiza-
tion problem, we replace constraint (10b) by an affine
equality constraint. To do so, we introduce new variables
' = (~ Jnent, which belong to the space set g =
{[0, #nBn]}neart.- We then replace 2%, (p,) by &, for any
n e N ¢ in constraint (10b), and obtain the followmg equality
which is an affine constraint.

4y, =5, VneN (11)

We further replace pf,,n € Nt by z!, ! (&) in the objec-
tive function of problem (10), where xf; Y is the inverse
of function z!, (pl). Inverse of z, : [pi™i" plmax]
[0, ¢ By exists due to Corollary 1. We now transform
problem (10) into the following equivalent problem.

Z pn - Z i‘il‘rf;(il)('ift)

neNs neNt
(12a)

1), (12b)

maximize T
(zs,y,&8t) €€

subject to (10c), (1

where € = &g+ x &y x Ezt. Since problems (10) and (12) are
equivalent, we can obtain the MNO’s optimal strategy by
solving problem (12). Through the following theorem, we
prove that problem (12) is a strictly concave maximization
problem.

Theorem 2. Problem (12) is a strictly concave maximization
problem under any fixed p° and has a unique optimal solution.

The proof of Theorem 2 is given in Appendix C.
We denote the optimal solution of problem (12) as

(ms*(ps),y*(ps),:Et*(ps)). This solution depends on the
strategy of price-setting APOs, i.e., p°, which will be ob-
tained in Stage I.

4.2.2 Network Expansion Problem

The network expansion problem considers a more general
scenario than the cost reduction problem. Through network
expansion, the MNO maximizes its own profit by reducing
the cost and expanding the network, where the total de-
livered mobile traffic can be higher than the MNO’s own
network capacity.

To obtain the strategy of the MNO, we first determine
its profit. Note that the total delivered traffic is no longer a
constant in this case. Similar to the cost reduction problem,
we introduce new variables ' = (Z!)),,cn+ and replace the
optimal strategy of price-taking APO n (i.e., z!, (pt,)) by &,.
The MNO'’s profit is

Z pn n

VreR (&, r(z (2", z°
neN's

= Y e, (@),

neN't

z°),y,p°) =

(13)

where the first term in (13) is the revenue obtained from
delivering data to mobile subscribers. The MNO'’s optimal
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strategy can be determined from the following problem,
where we take the limited capacity of the BS into account.

MNO: maximize V" ((z', z°),y, p°) (14a)
(w*,y,2")€E
subject to Z!, + Y > Sn, VneN' (14b)
Zy 4+ Yn > Sp, VneN® (l4c)
Yo > So, (14d)
>, <s (14¢)
meN U{o} "

where B denotes the capacity of the BS, and constraint
(14e) ensures that the total resources consumed in the BS is
less than its available capacity. Since the network expansion
problem predicts how much traffic the MNO can ultimately
deliver, constraints (14b)-(14d) ensure that the total traffic
is greater than or equal to the admitted traffic. The network
capacity obtained through network expansion can either be
allocated to the best effort traffic or be used to admit more
mobile subscribers.

The feasible region of problem (14) is different from
(12). However, we can show that it is still compact and
convex. Notice that all constraints are affine. Therefore,
similar to Theorem 2, problem (14) is a strictly concave
maximization problem and has a unique optimal solution.
Similarly, we denote the optimal solution of problem (14)
as (ws*(ps),y*(ps) ' (p )) Notice that if the inequality
constraints of problem (14) are replaced by equality con-
straints and constraint (14e) is removed, then the problem
will be transformed into the cost reduction problem.

The MNO's profit maximization problems in both cost
reduction and network expansion problems are shown to
be concave maximization problems. Therefore, their opti-
mal solutions can be obtained using standard optimization
techniques such as the interior-point method [45]. Moreover,
the payoff maximization problems of price-taking APOs
formulated in Section 4.1 and the one of price-setting APOs
which will be introduced in Section 4.3 have only one
variable (i.e., the APO’s strategy). These together imply the
scalability of the proposed incentive framework.

4.3 Stage | (Price-setting APOs)

We now analyze the price competition among price-setting
APOs, which determine their strategies with the knowledge
of how their strategies would affect the MNO strategy.
For price-setting APO n € N°, the optimal response of
the MNO obtained in Stage II (i.e., =}, (p°)) depends not
only on price p;, but also on the prices submitted by
other players. This reflects the interdependence of APO’s
pricing decisions. Let p® ,, denote the strategy of the price-
setting APOs excluding n. Thus, we have p® = (p;i, pe n)
Since the strategies of price-setting players are coupled,
we form the price-setting non-cooperative game (PS-NCG)
G5(N*,E%,V?), in which £° represents the strategy space.
Moreover, the APO n’s payoff function is

(P P0) 525 ) = Jn (w3 (pn,p_n))

2
+p5 (23 (03P, ) (15)

s s*
75 (:cn

where the optimal strategy of the MNO (i.e., xf: (pfl, p‘in))
obtained in Stage II is substituted into the payoff function.
To obtain the optimal strategies of price-setting APOs, we
first introduce the concept of best response strategy and NE.

Definition 2 (Best Response Strategy [46]). Given p?,,
player n’s best response strategy is:

*
S

ph = argmax V; (= (32%0) . 23) (16a)
subject to xn (p5. 0% ) < nBn, (16b)
which  is  the  choice of p)  that  maximizes

Vi (2 (5p2,) 05,
Deﬁmtlon 3 (Nash Equlhbrlum [46]). A strateqy profile
p* (p1 ,...7pN9 ) is an NE if it is a fixed point of best

responses, i.e., for all pr >0,neN¢
* NE NE NE B ’ NE ’
Ve (a:;i ( " ,p_n),p;i ) >V, (ﬂvi (pf“p‘in)api)-

To obtain the best response strategies of price-setting
APOs, we first need to know z° (ps,pe,), which is the
MNO'’s optimal strategy in response to the price vector
(ps,p%,). We determine the MNO's optimal strategy and
its properties through Lemmas 1 to 3 to analyze the exis-
tence and uniqueness of the NE in Section 5.

Lemma 1. In the cost reduction problem, given p? ,,, the MNO'’s
optimal strateqy is

) Sn lfp < ps ,min
S S S ’ " " ’
= n SA s 17
z,, (P, P2,) { %, otherwise, (17)

where L, (ps,, p°.,,) is a function of p, and p* ,,, and pS™" > (
and Ky, > 0 are user dependent constants.

The proof of Lemma 1 is given in Appendix D, where
we also obtain L, (pS,p®,,). We now derive the following
properties of MNO's optimal strategy given in (17).

Lemma 2. Given p°,, the MNO’s optimal strategy
s (1027 p® ) obtained in (17) satisfies the following properties.
1) xs (ps,p>.,,) is decreasing in p, for pS, > pSmin;
2) x3 (ps,p°,,) is convex in pg for ps, > pSmin;
3) Ly(ps,p*,) is decreasing and convex in p, for pj, >

S, mm

2
The proof of Lemma 2 is given in Appendix E.

Lemma 3. In the network expansion problem, the MNO's opti-
mal strategy 3 (pn7 p?.,,) satisfies the following properties.

1) hn*lpi_m xs (ps,p°,,) = oo for any p° .
2) x5 (ps,p2,,) is strictly decreasing in pg, for any p*® ,,.

The proof of Lemma 3 can easily be obtained similar to
the proof of Lemma 2 given in Appendix E, hence is omitted
due to page limit.

Observations: Fig. 4(a) illustrates the optimal solution
x8 (p,p®,) in the cost reduction problem, which con-
firms the properties in Lemma 2. According to Fig.
4(a), price-setting APO n will never set its price p;, <

smin - gince the MNO offloads the same amount of traf-

pn’
fic even when setting SN In other words,

p, = P
the payoff function V (:chfl (p, p° n),pi) is less than
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Fig. 4: MNO's optimal strategy, which determines the amount of data
offloaded to APO n (a) :ci; (p3,,P2,,) in the cost reduction problem.
APO n does not submit any price less than p§™®, since the MNO does
not offload more traffic than its demand. (b) % (pS,, p*. ) in the net-
work expansion problem. The amount of offloaded traffic approaches
infinity when p?, — oo.

s, min

Ve (xfI (p&™in ps ), pf;““n) for any p: < pS™®, since
8 (ps,p®,) = x5 (p™» p*,). Therefore, we can limit
the strategy space of APO n to p5 € [pi™", 00), where
the MNO's optimal strategy x5 (p,p°,) is decreasing and
convex. Fig. 4(b) shows the optimal strategy x5 (p,p°,)
in the network expansion problem. According to Fig. 4,
the MNO’s optimal strategy z° (p3,p°,,) in Stage II can
be greater than the capacity of the APO (i.e., ¢,B5,) for
small values of the price p; . This would not be a problem
however, as price-setting APO n will choose its price p;, in
Stage I such that the amount of traffic that MNO chooses to

offload in Stage II will be no larger than the APO’s capacity.

5 EQUILIBRIUM ANALYSIS

In this section, we study the existence and uniqueness
of the equilibrium in PS-NCG. We then develop iterative
algorithms for the price-setting APOs and MNO in the cost
reduction problem and prove that they converge to the
unique NE.

5.1 Existence of Nash Equilibria

We study PS-NCG formulated in Stage I for price-setting
APOs, to show whether there exists an NE strategy. To
derive the NE of the game, we can compute the APO’s
best response strategies in this game by solving problem
(16). However, PS-NCG is generally a non-convex game due
to the non-convexity of the payoff function. Furthermore,
constraint (16b) may also be non-convex in the network
expansion problem. To tackle this issue, we use the strat-
egy space mapping and transform the non-convex strategy
space into a compact convex one via bijection.

To transform constraint (16b) into a convex constraint,
we introduce a new variable Z;, for each price-setting APO
n € N'*, and replace =3 (p,, p°.,,) by Z5,. We further replace
ps by xf:(il)(is) in problem (16), where ° = (Z°),enr-.
The inverse function 2 ) (&*) always exists due to Lem-
mas 2 and 3. Therefore, the APO n’s strategy space is
mapped one-to-one from p? € [0,+0c0) into Z5 € [0, +00).
The strategy space is further limited to z € [0,¢,B,],
to take the limited capacity of APO into account. Thus,
problem (16) can be converted into the following equivalent

—n
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problem, from which the best response strategy of APO n
will be obtained.

AP 3 = argmax V(55,0 V(&) (8a)
subject to Z;, < ¢, B,. (18b)

Since there is a one-to-one mapping between Z;, and price

p;,, the best pricing strategy of player n can be obtained from
pd = ay Y (£°"). Although the constraint of problem
(18) is affine, the objective function may not be concave.
We prove the existence of an NE using the Brouwer’s fixed

point theorem [46, Ch. 3].
Theorem 3. There exists an NE in Game PS-NCG.

Proof. To prove this theorem, we first show that the
fixed point solution of the best response strategies for all
price-setting APOs exists. To determine the fixed point
solution, we first represent the APO n’s best response
strategy obtained from problem (18) as #i = f,(&°,),
where 7, is the amount of traffic offloaded to the price-
setting APOs excluding n. We further define the function
z° = F(z°), where F = (fi)nens : {[0, 0nBnl}tnens —
{O’ (bn‘Bn]}nEJ\/q

We now apply the Brouwer’s fixed point theorem [46,
Ch. 3], which states that for any continuous function F that
maps a closed convex set into itself, there is a point xg such
that F(xg) = xo. It is clear that the set {[0, ¢, Bn]}nen-
is closed and convex and F is continuous. Therefore, there
exists a fixed point solution for function F = (f,)nens :
{0, ¢n. Bu]tnens = {0, ¢nBnl}nens, which corresponds to
the best response strategies of price-setting APOs as it is
obtained from problem (18). According to Definition 3, we
prove the existence of an NE. |

5.2 Uniqueness of the Nash Equilibrium

In this subsection, we focus on the cost reduction problem
and show that a unique NE exists for this problem. Notice
that in practice, the MNO determines the offloading strategy
based on the cost reduction problem, while the network
expansion problem is only formulated to predict how much
traffic the MNO can ultimately deliver. To obtain the NE,
we determine the best response strategies of price-setting
APOs through the following problem, when we substitute

*

B (pfl,pin) given by (17) into problem (16).

n

. L s s L s s 2
pr = argmax Jn ( n(pn’p—n)) +p; ( n(pn7p—n))
;>0 Knpy, +1 Knpy, +1
(19a)

< ¢ B,.
gt + 1 < ¢nBn

subject to (19b)
Due to Lemma 2, constraint (19b) is a convex constraint.
However, the objective function may not be concave as
3 (ps,p°,) = % is convex in p; . Nevertheless,
through the followirnignlemma, we prove that problem (19)
is a strictly concave maximization problem and admits a

unique optimal solution.

Lemma 4. There exists pS™a* > pS™i% sych that problem (19)
is a strictly concave maximization problem over the closed interval

somin ys.max] gnd the objective function is decreasing for pg, >
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py %, Thus, problem (19) has a unique optimal solution over the
same interval.

The proof of Lemma 4 is given in Appendix F. Utilizing
Lemma 4, we can replace the feasible region of problem
(19) by [p3™in, psmax] which is introduced in Appendix F.
Through the following theorem, we now prove the unique-
ness of the NE in PS-NCG.

Theorem 4. There exists a unique NE in Game PS-NCG.
Proof. The proof is based on the following lemma [47].

Lemma 5 ([47]). A unique NE exists in Game PS-NCG if for all
nenNs

o The strateqy space is a nonempty, convex, and compact
subset of some Euclidean space.

e Player n's payoff V,J is continuous and strictly concave in
its own strategy p;.

According to Lemma 4, PS-NCG satisfies the above prop-
erties, and we can conclude the uniqueness of the NE. |

5.3 Algorithm Design

In this subsection, we develop iterative algorithms for price-
setting APOs and the MNO to obtain the NE of PS-NCG
under the cost reduction problem. Utilizing the proposed
algorithms, price-setting APOs do not need to obtain full
information about the MNO (e.g., inner operation of the
MNQO, traffic demand, and cost). The proposed algorithm
for the MNO also facilitates information exchange among
the price-setting APOs in a distributed manner. We prove
that the proposed algorithms converge to the unique NE
determined in Section 4.

We first develop an iterative algorithm for the price-
setting APOs to update their best response strategies. We
consider a price-setting APO n € A, whose best response

strategy can be obtained by solving problem (19). Let pf:t)

and xf;m denote the APO n’s and MNO'’s strategies at
the t-th iteration. We update the APO n's strategy using
the following rule, which is obtained based on the gradient
method:

p T =P [ 4 e aﬁf;*
ops,

dJ, (t) o+ L (1) 2
(Gl o vl ) ¢ o ))

where <p(t) is the step size at iteration ¢ and P,, denotes
the projection onto the feasible region of problem (19). We
denote this update rule as

p‘g(t)

t+1 t
Pfl( +1) —F <P5L( )) '
The proposed gradient-based algorithm is illustrated in
Algorithm 1. Price-setting APO n first randomly initializes
pfl(o) (Step 1). In each iteration, the APO submits its price
to the MNO via the communication link established be-
tween the APO and MI\lO (Step 3). Meanwhile, the MNO

«(8) oz
computes z7,  and x|

APO. Upon reception of the MNO's responses (Step 4), the

(20)

and announces them to the

Algorithm 1: BR,,(p? ,,): Iterative Best Response Adap-
tation for a Price-setting APO n.

e ege qs . (0)
1 initialization: ¢t < 0, p;,

2 do

3 The APO submits the price strategy p;"ft) to the MNO.
4 The APO collects the MNO’s responses

oM ) das”

,and e

zy, (pn ,p2,)and T

5 The APO updates its price strategy.
pfb(tﬂ) — Fn (pi(t)) as in (20)

6 t+t+1

S<t—1>‘

. (t)
7 while |p;, ~ — p;, > €

5(1)
s output: p,,

Algorithm 2: Distributed Iterative Algorithm for Infor-
mation Exchange among the MNO and APOs.

1 initialization: k < 0, conv_flag +- 0, and €
2 while conv_flag = 0
3 The MNO collects pff“ from all APOs n € N°.

4 Each APO n € N* updates its best response strategy
via Algorithm 1.

s(k+1) s(k)

ps <—BRn(p,n),Vn€./\/‘g
5  The MNO checks the termination criterion.

if |pfl(k+1) - pfl(k)\ < €,¥n € N° then
conv_flag «+ 1
end
6 k+k+1

7 end

5(k)
8 output: p

APO updates the price based on rule (20) (Step 5). This
procedure continues until convergence. The APO checks the
termination criterion (Step 7) and stops the algorithm when
the relative changes of the prices during consecutive itera-
tions are sufficiently small (as determined by the positive
constant ¢). Utilizing this iterative algorithm, price-setting
APOs only need to know the MNO’s responses to their
strategies. The proposed iterative algorithm has a relatively
small communication overhead, since a few messages need
to be exchanged in the market.

Utilizing Algorithm 2, the MNO facilitates information
exchange among the price-setting APOs. The MNO re-
sponse to each price-setting APO reflects the strategies of
other APOs. As a result, the price-setting APOs do not need
to know (or measure) the strategies of other APOs. In each
iteration, the MNO shares the information needed by the
price-setting APOs and receives their updated best response
strategies. This procedure continues until convergence.

We now prove the convergence of our algorithms. As
stated in Lemma 4, problem (19) is a striclty concave max-
imization problem. Therefore, the gradient-based algorithm
shown in Algorithm 1 converges to the optimal solution of
this problem [48]. To study the convergence of Algorithm 2,
we follow the rationale of the proof in [49], which has been
widely used in the literature (e.g., [50]).

Theorem 5. The proposed iterative algorithm shown in Algo-
rithm 2 converges to the unique NE of PS-NCG.

Proof. Algorithm 2 converges when the following con-
ditions are satisfied [49]: First, a fixed point solution



(that is NE) must exist. Second, the payoff function
Vs (1’2 (ps.p%,) D5 ) is concave in (pf, p® ). Notice that
according to [49, Def. 1], concavity is sufficient for the
convergence, while it is not a necessary condition. Similar
to Lemma 4, we now show that V,] is concave in the feasible
region of the payoff maximization problem around the NE.

S
—n

Lemma 6. For each price-setting player n € N3, the payoff
function V3 (xf: (p. %) ,pfl) is concave in (ps, p*.,).

The proof of Lemma 6 is given in Appendix G. As stated

in Theorem 4, a unique NE exists for PS-NCG. Moreover,

Lemma 6 states that V,° (;vn (ps.p%,) ,pf;)
These together complete the proof of Theorem 5.

is concave.
[ |

6 PERFORMANCE EVALUATION

In this section, we evaluate the MNO'’s profit when of-
floading its subscribers’ traffic to the third-party APOs,
and APOs’ payoffs by admitting the MNO traffic. Through
extensive numerical studies, we compare the SPE with
the outcome of data offloading game (DOFF) proposed in
[8], which only considers motivating price-taking APOs to
admit the MNO’s traffic.

To validate the SPE’s efficiency, we compare our pro-
posed framework with the socially optimal solution. The
efficiency of SPE is defined as the ratio between the so-
cial welfare obtained by the SPE and the maximum social
welfare. This value is always less than or equal to 1, and
illustrates how the market outcome degrades due to players’
selfish behaviors in problems considered in this paper.

The social welfare is defined as the summation of all
players’ payoffs as follows.

V(@,y) =7 (z(@,y) —c@)+ D Jalan)+ D Julzy).
neNt neNs
The maximum social welfare, denoted by ¥*, can be ob-
tained from the following problem.
W = maximize ¥ (z, ),
iz Vo
where R is the feasible region of (x,y). We denote the
equilibrium strategies derived in our model as NE and yNE.

Definition 4 (SPE’s Efficiency). The SPE’s efficiency is the
ratio between the social welfare obtained by the equilibrium and
the maximum social welfare, and equals

\I’( iL’NE, yNE)

U+ '

The price-of-anarchy (PoA) is another concept in game
theory that measures how the efficiency of a system de-
grades due to selfish behavior of its agents. For the cost

reduction problem that admits a unique SPE, the PoA is the
inverse of SPE’s efficiency.

21

6.1

We consider an MNO, represented by a macrocell BS. Unless
stated otherwise, there are N* = 10 price-taking WiFi APOs
and N° = 2 price-setting WiFi APOs. We now describe the
measurement-based models (similar as in [9], [24]) used to
evaluate the performance of our proposed framework. We

Simulation Setup
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consider a model of WiFi connection probability based on
the measurements in [2], and a model of traffic demand of
mobile subscribers based on the information from [1], [51],
[52]. There are a total of 400 mobile subscribers. The APOs
are located in those areas with high mobile subscribers
density, and hence high traffic demand. According to [2], the
average WiFi contact probability is 0.7. Similar to [8], [21],
we consider the normalized transmission efficiency profiles
of MNO and APOs, which follow a uniform distribution
in the intervals [0.3,1] and [0.4, 1], respectively. We further
assume that the bandwidth of macrocell BS is 20 MHz, while
the normalized bandwidth of each WiFi AP is randomly
chosen from {1,2,5.5,11} MHz similar to [21]. The achiev-
able data rate is the product of bandwidth and transmission
efficiency.

To generate realistic traffic demand, we refer to the
measurements of mobile data reported in [51], [52] and
the projection of future mobile data predicted by Cisco [1].
The average smartphone will generate 4.4 GB of traffic per
month by 2020 [1]. According to [51], [52], the user traffic
volume follows an upper-truncated power-law distribution.
We choose the parameters of such a distribution to match
the per-month average data traffic of 4.4 GB’.

We assume that the revenue and cost functions for the
MNO are r(z) = 7z and ¢,(y) = ¢y?, respectively, where
7 = 1$%$/Mb and the constant ¢ is the MNO cost factor. For
each APO n € N, we assume r,(x) = a,log (1 + ) and
cn(z) = &,22, where a,, and ¢, are chosen randomly and
uniformly from the intervals [1,1.5] and [0.2,0.5], respec-
tively. We study the market for an offloading period that
corresponds to two seconds.

6.2 Cost Reduction Problem

We first evaluate the MNO'’s profit and the total traffic
delivered to mobile subscribers. Fig. 5 shows the profit for
different values of the MNO cost factor (i.e., ¢), while Fig.
6 illustrates the corresponding amount of traffic delivered
by the macrocell BS and offloaded to the APOs. From these
figures, we can observe that data offloading significantly
increases the MNQO's profit. The profit is increased up to
three times when ¢ = 0.04, whereas 25% of traffic is
offloaded to the APOs. When the cost of data delivery in
the MNO increases, the MNO leases more resources from
APOs to offload more traffic. Moreover, the proposed three-
stage game outperforms the DOFF game by up to 18% when
¢ = 0.04. Such improvement is achieved by the participation
of price-setting APOs, which provide more resources and
drive the prices for price-taking APOs down.

We then evaluate the efficiency of SPE. Fig. 7 shows the
ratio between the social welfare obtained at an SPE and the
maximum social welfare. As the number of APOs increases,
the efficiency ratio increases due to a higher competition
in the market. Furthermore, the SPE’s efficiency degrades
when the cost of data delivery becomes higher. This is
because more traffic will be delivered to the APOs, which

9. The daily traffic of each mobile subscriber follows the power-law
distribution fg(s) = (1 — U)s*"/Smaxl_G for 0 < s < S™3X where
o = 0.57 as observed in [52] and S™?#* js determined such that the per-
month average data traffic is 4.4 GB assuming mobile users are active
at daytime (i.e., 8:00 a.m. — 8:00 p.m.)



SHAH-MANSOURI et al.: AN INCENTIVE FRAMEWORK FOR MOBILE DATA OFFLOADING MARKET UNDER PRICE COMPETITION

25 ‘
) —=—3-stage Game
—--DOFF [g§]
20¢ -%- No-offloading
-
R=
S 15¢
[}
e}
Z 101
=] o
5¢
Ty
0 ‘ ‘
0 0.01 0.03 0.04

0.02
MNO Cost Factor

Fig. 5: The MNO’s profit for different values of MNO cost factor.
The proposed framework significantly improves the MNO’s profit in
comparison with DOFF [8] and no-offloading case.
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Fig. 6: The corresponding total delivered traffic for different values of
MNO cost factor. More traffic will be offloaded to the APOs as the cost
of data delivery in the MNO increases.
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Fig. 7: Efficiency of equilibrium. Three-stage game efficiently generates
a close-to-optimal social welfare.

can manipulate the market and make the SPE less efficient.
When the cost of data delivery is zero, the social welfare
at the SPE is the same as the maximum social welfare. In
this case, we have (zNE, yNE) = (0, S), which results in the
efficiency of 1.

We now investigate the payoffs achieved by the APOs
when delivering the traffic. To evaluate the payoffs of
different APOs in a fair manner, we choose the same set
of parameters for all APOs. Fig. 8 illustrates the average

P rice-setting APOs
6| [llPrice-taking APOs

APOs’ Average Payoff

0 0.01
MNO Cost Factor

0.02 0.03 0.04

Fig. 8: Average payoffs per APO for price-setting and price-taking
APOs versus the MNO cost factor.
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Fig. 9: Average payoff that a price-taking APO can obtain for different
values of N¢ and the average of optimal price p! set by the MNO for
price-taking APOs. (Nt = 10,¢ = 0.04)

payoffs per APO obtained by price-setting and price-taking
APOs. The larger cost of data delivery of the MNO, the
higher payoff that the APOs can obtain. Furthermore, the
price-setting APOs can achieve a higher average payoff than
the price-taking APOs due to more market power.

We further evaluate how the price competition among
price-setting APOs affects the market prices set by the MNO
for price-taking APOs (i.e., p'). Fig. 9 shows the average
payoffs of price-taking APOs and the corresponding prices
set by the MNO, when different number of price-setting
APOs participate in the market. From this figure, we can
observe that the participation of price-setting APOs will
drive the market prices down as they have more market
power. Consequently, the price-taking APOs obtain less
payoffs.

We finally investigate the convergence rate of Algorithm
2. In each iteration, the price-setting APOs update and
submit their best response strategies to the MNO. Fig. 10
illustrates the price dynamics chosen by the price-setting
APOs, and shows that Algorithm 2 converges fairly quickly.
As Theorem 5 states that this algorithm converges to the
unique NE of Game PS-NCG, we conclude that Algorithm
2 converges quickly to the SPE.

6.3 Network Expansion Problem

The network expansion problem studies how much traffic
the system can deliver, when the MNO is able to expand the
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Fig. 10: The prices chosen by price-setting APOs in different iterations
as obtained by Algorithm 2. (¢ = ¢/ = 0.01,o®) = 1/?)
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Fig. 11: The MNO'’s profit for different values of ¢. The proposed
framework significantly improves the profit in comparison with no-
offloading case.

network by offloading more mobile traffic to the APOs. Fig.
11 shows the MNO'’s profit obtained by data offloading, and
Fig. 12 shows the total traffic delivered by the macrocell BS
and offloaded to the APOs for different values of c. Fig.
12 shows that 30% more traffic can be delivered to the
mobile subscribers by leasing the APOs’ resources when
¢ = 0.04, under the network expansion equilibrium result.
Fig. 11 shows the MNO can obtain up to 4 times more profit
in this case. By comparing Fig. 12 and Fig. 6, we see that
the consideration of network expansion allows us to deliver
20% more traffic when ¢ = 0.04, comparing with the case of
not considering network expansion.

Fig. 13 shows the efficiency of the equilibrium of the
network expansion problem. Since the amount of traffic
offloaded to the APOs in the network expansion problem is
higher than in the cost reduction problem, the equilibrium
is less efficient in the network expansion problem. Unlike
Fig. 7, the efficiency ratio is less than 1 even when ¢ = 0.
This is because the MNO is still interested in leasing the
APO’s resources to expand its network, even if its cost of
data delivery is zero.

7 CONCLUSION

In this paper, we studied the economics of mobile data
offloading in cellular networks, where an MNO interacts
with both price-setting and price-taking APOs to offload the

IEEE TRANSACTIONS ON MOBILE COMPUTING, VOL. PP, NO. 99, MONTH 2017

a
(=}

- Maci‘()(:ell T‘rafﬁc
Il Offloaded Traffic

40t

30

20

Total Delivered Traffic (Mb)

0 0.01
MNO Cost Factor

0.02 0.03 0.04

Fig. 12: The amount of total traffic that can be ultimately delivered to
the mobile subscribers.
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Fig. 13: Efficiency of equilibrium versus ¢. The equilibrium efficiency
degrades when the cost of data delivery becomes higher.

mobile traffic. We proposed an incentive framework for the
data offloading market, and modeled the interactions in the
market as a three-stage Stackelberg game. We analyzed two
games with different MNO objective functions via the cost
reduction and network expansion problems. In the cost re-
duction problem, given fixed total admitted traffic demand,
the MNO aims to offload its traffic to reduce the cost of
data delivery. Through the network expansion problem, the
MNO is able to increase the aggregate network capacity
and simultaneously reduce the cost of data delivery. Nu-
merical results showed our proposed incentive framework
outperforms an existing market model by 18% in terms of
the MNO'’s profit in the cost reduction problem. Moreover,
the MNO can obtain 4 times more profit through network
expansion. Results further showed that price competition
among price-setting APOs will drive the market prices
down, comparing to the case where all APOs are price-
taking.

Although we only considered a single representative BS
in this model, the results can be directly extended to the
case where an MNO has multiple BSs. For future work, we
will consider a market when multiple MNOs compete to
offload their traffic to different types of APOs. Moreover,
we will consider interference induced by overlapping APs,
when they are densely deployed. We will further take the
latency and reliability into account to enable data offloading
in future fifth generation (5G) wireless systems.



SHAH-MANSOURI et al.: AN INCENTIVE FRAMEWORK FOR MOBILE DATA OFFLOADING MARKET UNDER PRICE COMPETITION

ACKNOWLEDGMENTS

This work is supported by the Natural Sciences and En-
gineering Research Council of Canada (NSERC) and the
General Research Funds (Project Number CUHK 14202814
and 14219016) established under the University Grant Com-
mittee of the Hong Kong Special Administrative Region,
China.

APPENDIX A
PROOF OF THEOREM 1

The optimal solution of problem (7) can be obtained by
Karush-Kuhn-Tucker (KKT) analysis, which satisfies the
following conditions.

+*

Tn(2y, ) +pr, — )\* ng = =0, (22a)
An (xff - %Bn) =0, (22b)
al < ¢nBy, (220)
A =0, (22d)
where J/ (zt) & d]"|wt* and A} > 0 is the optimal

Lagrange multiplier. Accordmg to the KKT conditions, we
consider two different cases:

Case 1. X}, = 0: In this case, the optimal solution satisfies

+*

T(@h ) + vy = 0. (23)
We denote the value of z! (p!,) obtained from (23) as
L,(pt), where we know L% 2 () = —=J, (). Although
it is not in closed form, we still can extract the required

properties. If p, < pﬁlmm £ —J!(0), (23) does not have any
=0.

solution and we obtain z%

Case 2. A} > 0: In this case, according to the complemen-
tary slackness condition given by (22b), the optimal solution
is :c = ¢, By, It means that the total capacity of APO n is

allocated to the MNO'’s traffic. This condition is satisfied

when pf, > pimax £ —JI (¢, By,).
This completes the proof of Theorem 1. |
APPENDIX B

PROOF OF COROLLARY 1

The optimal strategy z!, is increasing for p! €
[pl;™, pj;™*¥] since —Jy,, and hence L, (p},), are increasing.
To show that z!, is concave, we take the derivative twice

from both sides of (23). We have

d?zt” dJ! . dat’

z (@) +
dpl, dz dp},
According to the assumptlons ment10ned in Section 3, we
know that J/,(+)

can conclude that 4 dp,Q

dQJ/ x
2 n (gl ) =0.

(24)

we

< 0, which completes the proof. W

APPENDIX C
PROOF OF THEOREM 2

The strategy space of the MNO is a compact and convex set.
In addition, all constraints of problem (12) including (11) are
affine constraints. Therefore, to prove that problem (12) is a
strictly concave maximization problem, we need to show
that its objective function, given as follows, is concave.

Ve (2 2°),y,p°) = =3 pi(a)?
neNs
= > wen T@E). @)
neNt
Let h(z') & =Y e T ah DEt). To investigate the

concavity of (25), we f1rst represent the variable set of
problem (12) as n = (y,x$,Z') and form the Hessian as
follows.

HY 0 0
21/crp .
:{8‘/} (o B 0], (0
Oni0MN; 1, n,em 0 o0 H*
where
o[ 2]
OYmOYk | m ken Ufoy
1
0o
1 1
- l)| (epuw):—w@ww,
i o b,
Y
H” = —2diag(p5,...,p¥s),
t 0%h 02h
Hm == d' 20y ~—s2 .
o o

It is clear that H is negative semidefinite, if HY, H*", and
7t . . . . .

H®* are all negative semidefinite. We first focus on HY.

Given any non-zero vector w = (wo, . . ., wx|), We calculate

T

=" (y) (ObwT) (BbwT) .
o (Zl,f\go z—z) > 0 and (Hb'wT)T (yw’) =
2

ZWI ann) > 0, we have wHYw” < 0. Thus, matrix

Y is negative semidefinite. Furthermore, we can easily
show that H® is negative semidefinite. As mentioned in
Section 4 and illustrated in Fig. 4, we always know p}, > 0

for all n € N?®. To prove that diagonal matrix HZ'

negative semidefinite, it is sufficient to show that for any
3%h(&)
7 6:5:,2

wHYwT 27)

Since ¢’ (y) =

< 0. We first prove the following lemma.

Lemma 7. For any invertible concave function f, f(=1)(z) is
convex if f is an increasing function, where f(=1) is the inverse

of function f.

Proof. To prove Lemma 7, we derive the second derivative
of f(=1(x). The first derivative of f(~1(x) is m,

(0 (@) S
W’ Wthh 1S

positive when f is an increasing and concave function. This
completes the proof of Lemma 7. |

hence the second derivative is —



We now proceed the proof of Theorem 2. Each diagonal
element of H?' is

. *(~1) t*(—1)
OPh(@)  dwa o d%zy, (28)
PR it LT

As stated in Corollary 1, zt (pt) is an increasing con-
cave function. According to Lemma 7, i, Fl)(i‘%) is an

increasing convex function. Thus, we can conclude that
3%h(&?)

< 0, which results in the negative semidefiniteness

axt?
of H?'. Therefore, the objective function (25) is concave,
which completes the proof. |
APPENDIX D

PROOF OF LEMMA 1

We first prove that there exists a pS™® > 0 such that
3 (pS,p°,) = S, when p? € [0,p5™"). We then obtain
x3 (ps,p°,,) for pS > p&™. According to constraint (10c),
we know that 2% (p3,p®,,) < S,. To prove that p%™" exists,
by contradiction, we assume that =3 < S, for p5, = 0.
Therefore, we have y;, > 0 to satisfy s 4yt = S, We
know that (zf,y,) = (Sn,0) is also a feasible solution of
problem (12). By substituting (z7,y,) = (Sp,0) into the
objective function (i.e., MNO's profit) of problem (12), we
obtain a higher MNO’s profit than (27 ,y). Note that the
payment pflacff is zero when p? = 0. Therefore, 5 < S,
cannot be the optimal solution, and we have (Ef: = 5,, when
py, = 0.

To obtain the MNO’s optimal strategy =5 (p3, p®.,,), we
form the Lagrangian of problem (12).

Lcrp ((ita ms)> Yy, psa A> «, ﬂ)
=r(8) —c(y) =Y (@) = > @y, ()

neNs neNt
- Z An (5, + Yn — Sn) — Z An (iﬁb + Yn — Sn)
neN's neN't
neN neNs neNt

where A = (A)nen, @ = (@n)nen = 0, and B =
(Bn)nen = O are the Lagrange multipliers. Let h,(z}) £

x’;: (_1)(;%%). The optimal solution satisfies the following
KKT conditions.
oLP 1
1 =—— (Y )=, +a, =0, V
(A1) G = = @) =N+ an =0, Yned.
oL s ,.s" * * s
('AQ) o1 = _2p7z,zn - )\n + 6n = Oa Vn € N )
oLeP o . .
(A3) S = =M@ =X, + 8, =0,  VneN,
(A4) any, =0, ay, >0, VneN,
(A5) Brxy =0, B >0, VneN®,
(A6) BrE), =0, B >0, VneN,
(A7) &5, +yp =S, VneN,

(A8) ¥ +y* = S, VneN?,

1 A& dhy,
where h;, = Py

x5 (ps,p°,) for n € N°. We know z% (p,p°,) = S,

. We focus on the MNO’s optimal strategy
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when p? € [0,p5™"). In this case, we have 3% = 0 ac-

cording to (A.5). When we further increase p,, 2% (p5,p>,,)
decreases, whereas according to (A.2), A% # 0. Since
x5y + Yy = Sn, we have y;; > 0, which forces a;, to be

zero. In this case, by combining (A.1) and (A.2), we have

ot pt ) = S (Zneruo ‘Z*”)
AT 20,p8, 20,p2,

To determine (29), we categorize the APOs excluding n into

the following sets: Q) = {m € N |y}, =0}, Q2 = {m €

NU{0I\{n} s = Sm}, Qb = {m e N\ {n} [0 <y;, <

Sm }. We now rewrite Zme N U{0} g—z’ as follows:

(29)

Sy Sp—xd Sy — x5
) D D
meQz M " meN= Q3 "
Sy — &t
D W )

meNt Q3 Orm

Notice that z3, + y* = S, for allm € N, &t, 4+ y*, = S,
for all m € N, and y; = Sp. Moreover, we know z?, > 0
for all m € N*N Q3 and &, > 0 for all m € N*( Q3.
According to (A.4)—(A.6), we have o, = 0 and 5, = 0 for
all m € Q3. By combining (A.1)-(A.3), we have

= O0mp}rs,, YmeN()Q) m+#n,
VmeN! ﬂ Q3.
We denote the inverse of function A/, (-), which exists due to

Corollary 1, as i (+). By substituting the above equations
into (30), we obtain

I DY
meN U{0} meN= Q3 Fm’m

_ oy e e

meNt (3, Orm 7
where A, £ 37, 02 S /0m +5n/0n+ 2 e 02 Sm/0m

is constant. By subs'{ituting (33) into (29) and some mathe-
matical manipulations, we have

‘Tf: s .8 1
0 + annitn Z s 92
n meN= o3 PV

G
(32)

*
S S
enpnzn

an;x;’: = h;n (jf;)a

(33)

h D (Opsas’)

n

= Ay — D @0upha)) — ; :

D

meNt Q3

which can be rewritten as:

(Kl + )25 = gn(Onpsas,), (34)
62

N ,
where Rp = X:WLE-/\/.S nes pfﬂ@’fn and

gn (OnpS ) 2 0, Ay — 0,V (20,5287
h Y (Oapga)

—0, .

meNt N Q3

(35)

Thus, by solving equation (34), the MNO’s optimal strategy
x5 (ps,p°,,) can be obtained as follows:

s, min

if p; < pymn,

. Sn,
xs S S — L, S S .
n (pnv p—n) { Ln (0 P20) otherwise,

Knps+1 2
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which completes the proof. n

APPENDIX E
PROOF OF LEMMA 2

To prove that z¥ (p3, p° ,,) is decreasing in p?,, by contradic-
tion, we assume that z? (p3,p°,,) is non-decreasing. Thus,

pias (ps,p’,) is increasing in pg, while S meN U0} 0
given in (30) is decreasing in p; . Notice that according to
Corollary 1, hiY is an increasing function. Therefore, the
right hand side of (29) is decreasing in p; , which contradicts
the assumption that z° (p$,p®.,,) is non-decreasing.

To show that the second and third properties stated in
Lemma 2 also hold, we take the derivative twice from both

sides of (34).

2 + nt1
gy, D g

*\ 2
— 2 xs* +ps dxi d29n
)

40, (2(1;2 T i;f; ) jgg. (36)
Thus,
(2 dxs’ ps d?zs ) (Kn g, dgn) d?zs
dp;, 7" dpy? dp;, ) dpy?
s* 2 2
=02 (xf: 4t (3131:9% ) jpfg 37)

To proceed, we need the following lemma.

- an;)(fl) (2z) —

is decreasing and convex.

Lemma 8. The function g,(x) = 60,4,

h 0 (@)
On > oment Nes  Om

Proof. Since ¢;(+) is an increasing convex function, similar
to Lemma 7, we can conclude that the inverse function

c;)(*l)(-) is increasing but concave. We now show that

hY s also an increasing concave function. Recall that
() = :rfn(_l)(x) = —J] (x). According to the assump-
tions mentioned in Section 3, A, (-) is an increasing convex

. o g 0(—1) . . . .
function, while hrg ) is an increasing concave function due

to Lemma 7. Thus, g, (-) is decreasing and convex. ]

According to Lemma 8, — dg" and 3 &g 3 5 are both positive.

To show that % (pn, pe

) Is convex in pn, by contradlctlon
2
we assume that there is at least one point, where ipb - < 0.

In this case, the left hand side of (37) becomes negatlve since
x5 (ps,p®,,) is non-increasing, while we know dpf% > 0.
Therefore, we can conclude that % is convex in p?. Simi-
larly, if there exists a point at which the second derivative
of L"L(pn’p—n) = (Kﬂp% + 1) (pn?p—n) as shown in
(36), is negative, the second denvatlve of pSxs (ps,p°,)
will be negative as well, since xn is convex. However, this
contradicts with (36). Thus, L, (pf,, p% ,,) is convex in pj,.

We finally show  that  L,(p3,p°,) =
(knps + 1)af ( ps,p°,) is decreasing. When p2
increases, pix’ (pS,p°,) increases as well, while

gn(0npsxs’) decreases according to Lemma 8. Thus,

(knpp, + D)y, (05, 0%) = gn(Onpzy, ), as given by (34), is
decreasing in p;,. |
APPENDIX F

PROOF OF LEMMA 4

According to Lemma 2, the feasible region of problem (19)
is compact and convex. With the help of properties stated
in Lemma 2, we show that there exists p5™a* > ps™min such
that for any pS € [pS™ p$™m2], the objective function is
concave and the optimal price p? is located within this
region. For the sake of presentation clarity, we abuse the
notations and use L, (p) since p® ,, is constant in problem
(19). To obtain the optimal solution of problem (19), we set

the first derivative of the objective function (19a) to zero.

WU () + o) + (o)

We now show that the objective function V}; is concave
at any stationary points satisfying the above equation. The
second derivative of V] is

=0.

(38)

d2ve A%z o,
dag’ [dag . das’ cdas
n n J// S 2 n 2 s* _n .
"y <dp;°; n@n ) dp;3>+ g
(39)
By substituting = = % into (39) and some mathemat-

ical manipulations, % can be rewritten as follows:
d2 Vs L// s Ln s Ln s
n _ Ln(pn) J (L) ot (p7)
knpy, +1 Knpj, + 1

dpfz2 B KnPy, + 1
) ﬁ (ip (Tt +2077) + (xi*f)

( Ly (pr) Ln(p7) )
+ s - s 2
"ann + 1 (H:npn + 1)

< [ g” Ln(pr) L.(pr) _
" \knpy + 1) \Knpy, +1

Ly (p;,)
(knpy + 1)2)

2Ln(py) | 2pnLn(pn)  2pLa(pr)
knpj, + 1 Knpy, + 1 (“np% + 1)2
2Ly (p;,) Ly (py,)

(kup, & 1)2 “0)

s

d?ve
the second term of 3%
I)’Vl

Due to (38), is zero. We further

2

., d2ve
rewrite o7 as follows:

&V Lu®i) o ( La(p)
dps?  knpi 4+ 17" \knps +1
LI S

n ( n(p3)

Knpy + 1

2L,(p;,)

(an% + 1)2

LI S

n ( 7 (p3)

Knps + 1

La@) \* . ( La(p)
— i 1A
(knps, +1)2 knps + 1

(o5 Ly (p5) + L(P3)
Ly (p}i) )

- (knpy +1)2




(2zaxpz> 2pn L (pn)  2pLa(py) )

Koy +1 0 knpy + 1 (kaph +1)2)
(41)

The first and second terms of dp‘g/g are both negative

since J,(+) is a decreasing concave function while L, ()
is convex. Similar to Lemma 2, we can prove that L, is

also convex in p;, while the proof is omitted due to page
limit. Therefore, the third term of (41) is also negative since
pe Ll (ps) + L, (ps) < L) (2p%) due to convexity of L.
Finally, the fourth term of (41) is negative as well, since it
can be rewritten as (i;;s I (psxs) < 0. Therefore, V7 is

concave at any stationary points implying that there exists
at most one such point. We now consider two possible cases:

Case 1. There is one stationary point as denoted by p? .
Thus, we can conclude that there exists an interval where the
objective function V? is locally concave and p3 belongs to
this interval. Furthermore, V] is decreasing for p; > p ™%
due to the uniqueness of the stationary point.

Case 2. There is no stationary point, which implies that
the objective function is either increasing or decreasing. If
the objective function is strictly decreasing, the optimal so-
lution of problem (19) is p5™™ and we have p3max = psmin,
If the objective function is increasing, the second term of (40)
is always negative. Thus, V,® is concave in [p5™®, +00) and

s, max = +00.

by
In conclusion, we can limit the feasible region of problem
(19) to the interval [p5™i", p$max] which completes the

proof. u
APPENDIX G

PROOF OF LEMMA 6

To show that the payoff function V (ch: (ps,p%,,), p;) is

concave in p* = (p%,p*,,) over the feasible region of APO
n’s payoff maximization problem, we use the first order
condition for the concavity. The function f(p®) is concave
if for any p® and p°®, we have

F®°) < f@*)+ @ —p) Vf@®P).

Therefore, for each price-setting APO n € N3, we need to
show that

o (w3 (55,0%0) ) + 5 ()

(42)

2
(55.5°))

< I (= Ghpt )) w5 (5 (hpta))
3 g
meNs

Due to Lemma 4, V}; is concave in p; . Therefore, to prove
that V7 is concave in p;, it is sufﬁcient to show that
Zme,/\/*\{n}(ﬁfn pm)dp
we assume p° = p°. If 7 = av > 0 for all m € N*\ {n}, the

above condition holds. We now derive oV, as follow:
oV} (%vs

op;,
ops,  Ops, <Jl ( n

As stated in Lemma 2, z;, s

(95 9%,) ) + 20555 (P P2) ) -

is non-increasing in p;,, while

Dy, Ty, 1s increasing. Thus, based on (31) given in Appendix
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o
D, z;

*

>

. . . ox?
is non-decreasing in p;, and we have ope
"

0. Furthermore, according to (38), J/ (x,i (ps. p% n)) +

2pix
pletes the proof.

s (p3,p°,) is positive around the NE, which com-
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