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Abstract—Narrowband Internet of Things (NB-IoT) provides
energy-efficient communications with extended coverage for low
data rate IoT devices. In this paper, we propose a power-domain
non-orthogonal multiple access (NOMA) scheme for NB-IoT
systems to enhance the connection density by allowing multiple
IoT devices to simultaneously access one subcarrier. We consider
both single-tone and multi-tone transmission modes of NB-IoT
systems, where each device can access a single subcarrier or a
bond of contiguous subcarriers, respectively. We formulate joint
subcarrier and power allocation problems for both transmission
modes to maximize the connection density while taking the qual-
ity of service requirements and the transmit power constraints
of IoT devices into account. We solve the single-tone nonconvex
mixed integer programming problem by transforming it into a
mixed integer linear programming problem to obtain the optimal
solution. The multi-tone problem is solved by using the difference
of convex programming approach to obtain a close-to-optimal
solution. We also propose low-complexity heuristic algorithms to
solve both problems in a suboptimal manner. Simulations results
show that our proposed scheme increases the connection density
of NB-IoT systems by 87% in the single-tone mode and by 24%
in the multi-tone mode compared to orthogonal multiple access.

Index Terms—Connection density maximization, massive Inter-
net of Things (mIoT), narrowband IoT (NB-IoT), non-orthogonal
multiple access (NOMA), power and subcarrier allocation.

I. INTRODUCTION

Machine-type communications (MTC) [1] enable devices
having sensing, processing and communication capabilities
to provide a wide variety of services with minimal human
intervention. The Long Term Evolution-Advanced (LTE-A)
Pro cellular technology is a candidate solution to connect the
MTC devices to the Internet, pushing forward the emerging
paradigm of the Internet of Things (IoT). The International
Telecommunications Union (ITU) introduces three use cases
for the fifth generation (5G) networks, which are enhanced mo-
bile broadband (eMBB), ultra-reliable and low latency com-
munications (URLLC) and massive IoT (mIoT) [2]. URLLC
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and mIoT are the use cases associated with enabling the IoT.
Providing cellular coverage for IoT devices in URLLC and
mIoT is different from that for conventional user equipment
(UE) devices in eMBB. In particular, the density of IoT
devices is expected to reach 106 devices per km2 [3], which is
much higher than that of UEs, as the number of IoT devices
worldwide may reach 3.9 billion by 2022 [4]. For IoT devices,
uplink data transmission represents a considerable share of
data traffic while UEs mostly receive data in the downlink
[5].

Although URLLC and mIoT have common features, such
as uplink data transmission and operation with minimal hu-
man intervention, they have different characteristics. URLLC
devices are subject to high reliability requirements (i.e., prob-
ability of successful packet delivery ≥ 0.99999) and strict
latency constraints in the order of several milliseconds [5].
These devices are usually associated with mission-critical
applications, such as e-health and autonomous driving. On
the other hand, mIoT devices (e.g., environmental sensors and
wearables) usually perform delay-tolerant tasks with relaxed
latency requirements in the order of seconds or hours [5]. High
energy-efficiency and high connection density are the main
requirements of mIoT devices [5]. Narrowband IoT (NB-IoT)
is standardized by the Third Generation Partnership Project
(3GPP) to support low-rate energy-efficient communication for
mIoT devices [6, Sec. 16, pp. 506−533].

In LTE-A Pro networks, NB-IoT can support an uplink data
rate up to 250 kbps [7]. NB-IoT allocates subcarriers of a
narrow bandwidth (e.g., 3.75 kHz or 15 kHz) to IoT devices
[8, p. 201]. By communicating over a narrow bandwidth, the
noise power is reduced and the network coverage can be
enhanced by 20 dB [7]. The coverage enhancement improves
the reliability of NB-IoT signals for cell-edge and indoor
IoT devices. Hence, NB-IoT is a candidate technology for
many IoT applications, such as smart metering and smart
hospitals [7]. Enhancing NB-IoT is one of the suggested work
items in Release 15 and Release 16 of the 3GPP New Radio
[9], [10]. These work items include enhancing NB-IoT by
supporting small cell operation, improving the uplink and
downlink transmission efficiency and reducing the latency and
the energy consumption. In addition, 3GPP New Radio will
support non-stand-alone operation to coexist on top of the LTE
network and it can benefit from the enhancement made to
LTE supporting technologies, such as NB-IoT [10]. Potential
approaches of enhancing NB-IoT to achieve the goals of the
work items include improving the random access procedure
and the medium access control for data transmission.

In NB-IoT, random access is performed in a way similar to
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Fig. 1. NB-IoT transmission modes: (a) The PRB is divided into 48
subcarriers. The subcarrier bandwidth is 3.75 kHz. Only single-tone mode
is supported. (b) The PRB is divided into 12 subcarriers. The subcarrier
bandwidth is 15 kHz. Both single-tone and multi-tone modes are supported.

conventional LTE-A. An IoT device sends a single preamble
consisting of four symbol groups multiple times over a set of
subcarriers of the narrowband physical random access channel
(NPRACH) with a certain frequency hopping sequence [8, pp.
208−211]. The random access procedure in NB-IoT systems
may result in preamble collisions due to the use of a single
preamble sequence for all NB-IoT devices and a limited num-
ber of subcarriers for NPRACH. When a preamble collision
occurs, the device performs backoff and retransmission. The
settings of NB-IoT coverage enhancement levels and preamble
retransmission parameters are studied in [11] to increase the
random access success probability. The random access success
probability can also be improved by configuring the number
of preamble transmission repetitions [12].

For data transmission in NB-IoT, the system bandwidth is
equivalent to the bandwidth of one physical resource block
(PRB), i.e., 180 kHz. The PRB can be divided into either 48
or 12 subcarriers [8, p. 201]. For the case with 48 subcarriers,
each IoT device can be allocated a single subcarrier, referred
to as the single-tone mode, as shown in Fig. 1(a). For the case
with 12 subcarriers, each IoT device can be allocated either
a single subcarrier (single-tone mode), or a bond of 3, 6, or
12 contiguous subcarriers, referred to as the multi-tone mode,
as shown in Fig. 1(b). These modes enable medium access
with single-carrier frequency division multiple access (SC-
FDMA), i.e., an orthogonal multiple access (OMA) scheme,
which may not be sufficient to support the use case of mIoT
in the near future since each subcarrier can only be accessed
by a single IoT device at a given time. To overcome this
problem, an algorithm is proposed in [13] to offload NB-
IoT traffic to small cells operating in the unlicensed bands
in order to improve the aggregate data rate and secrecy for
some IoT applications (e.g., surveillance cameras). In [14],
it is proposed to adopt a compressed signaling technique
termed fast orthogonal frequency division multiplexing to use
spectrum more efficiently and provide connection for more
IoT devices.

To further support mIoT in NB-IoT systems, it is required
to allow a large number of devices to transmit data simulta-
neously over a limited number of subcarriers. Non-orthogonal
multiple access (NOMA) [15]–[19] is a promising technology
that can be used to enable multiple devices to access a single
subcarrier concurrently for data transmission. In uplink power-
domain NOMA, multiple devices, each with different transmit

power, transmit their messages using the same subcarrier at the
same time. After receiving these messages, the base station
exploits the received power level difference to decode them
sequentially using successive interference cancellation (SIC).
The message with the highest received power level is decoded
first. Subsequently, the decoded message is subtracted from the
combined message to facilitate the decoding of the messages
with lower received power levels.

Uplink NOMA transmission has been investigated in many
works [20]–[27]. Power allocation strategies are designed for
uplink transmission of multiple-input multiple-output (MIMO)
NOMA systems based on the cognitive radio concept in [20].
In [21], power allocation is designed to guarantee the quality
of service (QoS) requirements in MIMO-NOMA systems. In
[22], a joint power and resource block allocation problem
is formulated for data rate maximization in uplink NOMA
systems and a heuristic solution is proposed. The power
allocation and the resource block allocation problems are for-
mulated as two separate problems in [23]. First, many-to-many
matching is used to pair users and allocate channels. Then,
for a given resource allocation, the power allocation problem
is solved using either an iterative water-filling algorithm or
geometric programming. Optimal joint power and subcarrier
allocation to maximize the aggregate data rate of full-duplex
NOMA systems is obtained using monotonic optimization in
[24]. In [25], a user pairing scheme is proposed for uplink
single-antenna NOMA systems. This scheme is based on
obtaining tight upper and lower bounds of the aggregate rate
per subcarrier in low signal-to-noise ratio (SNR) regimes and
it is proven to result in a near-optimal sum rate performance.

The aforementioned studies focus on the data rate maxi-
mization of human type communications. However, in mIoT
use case, maximizing the connection density is the main
requirement. Random NOMA is proposed in [26], where each
IoT device randomly selects a subcarrier for data transmission,
and the maximum arrival rate to maintain the number of
devices transmitting data below a certain limit is derived.
In our previous work [27], uplink power-domain NOMA is
used to improve the connection density of NB-IoT systems.
Heuristic algorithms are proposed to allocate the transmit
power and subcarriers with a higher priority given to those
IoT devices with higher data rate requirement.

Another approach for supporting uplink NOMA is to
use code-domain NOMA, e.g., sparse code multiple access
(SCMA) [28]. SCMA enables multiple devices to use complex
sparse spreading codes for message bits. Message passing
algorithm is used to decode messages with near-optimal
performance. Power-domain NOMA is used in our work,
rather than code-domain NOMA, due to the simplicity of
receiver implementation. To reduce the complexity of the
SCMA receiver, the overloading factor should be decreased,
i.e., the number of devices per communication channel should
be decreased (e.g., six devices accessing four communication
channels with an overloading factor of 1.5). With power-
domain NOMA, we can enable two devices to access a single
communication channel so that we may have 2N devices
accessing N channels even if this would reduce the achievable
data rate of each device compared to the case when N devices
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access N channels with either OMA or NOMA. However, high
data rates are not required for many mIoT applications as long
as a minimum data rate threshold is achieved.

The existing works on joint subcarrier and power allocation
for NOMA mainly focused on maximizing the aggregate data
rate of human-type communications. However, achieving a
high aggregate data rate for all the devices is not a major
requirement of many mIoT applications, where the mIoT
devices are required to transmit data with a minimum data
rate threshold. Transmitting data with a data rate that is higher
than the minimum threshold may not be necessary since it
increases the energy consumption. Furthermore, achieving a
lower transmission delay by transmitting data at a higher data
rate is not beneficial for mIoT devices that perform delay-
tolerant tasks. On the other hand, enabling the maximum
number of devices to transmit data with a minimum data
rate threshold is more compliant with the connection density
requirements of the mIoT use case.

In this paper, we consider an NB-IoT system that provides
cellular connections to IoT devices and develop algorithms
to maximize the connection density during data transmission
using uplink power-domain NOMA. We take into account
the minimum data rate and the maximum transmit power
constraints of IoT devices. Each subcarrier is accessed by two
IoT devices. The data of both devices are decoded sequentially
at the base station using SIC. Our objective is to serve the
maximum number of IoT devices in a single time slot such
that they meet their minimum data rate requirements, i.e.,
maximizing the connection density. NOMA can enable two
devices to access a single subcarrier, and hence the number
of simultaneously served devices can be greater than the
number of available subcarriers. The main contributions are
summarized as follows:
• We formulate joint subcarrier and transmit power allo-

cation problems for single-tone and multi-tone NB-IoT
systems to maximize the connection density.

• We obtain the optimal solution of the single-tone problem
by transforming it into an equivalent mixed integer linear
programming problem. We also obtain a close-to-optimal
solution of the multi-tone problem by using difference of
convex programming.

• We propose heuristic algorithms that provide suboptimal
solutions of the single-tone and multi-tone problems with
lower computational complexity by formulating simpler
binary integer programming problems.

Simulations show that using NOMA in NB-IoT systems can
increase the connection density by up to 87% compared to
OMA in single-tone mode and by up to 24% in multi-tone
mode. In addition, the proposed heuristic algorithms achieve
similar performance to the optimal and close-to-optimal solu-
tions of the single-tone and multi-tone problems, respectively.
The proposed algorithms are also shown to outperform NOMA
with heuristic pairing of near devices to the base station with
far devices from the base station.

The rest of this paper is organized as follows. In Section II,
we present the system model. In Section III, we formulate the
connection density maximization problem for the single-tone
mode in NB-IoT systems and propose an algorithm to solve
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Fig. 2. System model. Each subcarrier can be accessed by one class 1 device
and one class 2 device. Symbols from class 1 device are decoded first. Symbols
from class 2 device are then decoded subsequently after applying SIC.

it. We present and solve the connection density maximization
problem for the multi-tone mode in NB-IoT systems in Section
IV. Performance evaluation is conducted in Section V. Finally,
Section VI concludes this paper.

II. SYSTEM MODEL

Consider a cellular coverage area with a single base station
and multiple IoT devices. One PRB is used to provide cellular
coverage for IoT devices based on the NB-IoT standard [8,
pp. 200−201]. We focus on the mIoT use case in this work.
Hence, all the IoT devices have no strict latency requirements.
Each device only has a minimum data rate requirement and
a maximum transmit power constraint that are known by
both the IoT device and the base station. Each IoT device is
assigned to a particular class from the set of classes C = {1, 2}
based on its data rate requirements. The set of class 1 devices
(c = 1) is denoted as D1, and the set of class 2 devices (c = 2)
is denoted as D2. The sets of class 1 and class 2 devices
are disjoint, i.e., D1 ∩ D2 = ∅. Without loss of generality,
class 1 devices have higher data rate requirements than class
2 devices. To support more IoT devices, we use power-domain
NOMA to allow two IoT devices to simultaneously access the
same subcarrier. The classes determine the decoding order at
the base station such that the data symbols of the higher data
rate devices of class 1 are decoded first. Note that devices
from both classes have the same priority in our scheme.

In an NB-IoT system, the total bandwidth is divided into
S subcarriers. Each subcarrier has a bandwidth of B Hz. We
have a set of subcarriers S = {1, . . . , S}. Each subcarrier
can be allocated to one class 1 device i ∈ D1 and one class
2 device j ∈ D2, as shown in Fig. 2. At a given subcarrier
s ∈ S, device i ∈ D1 transmits symbol xi with transmit power
pi,s and device j ∈ D2 transmits symbol xj with transmit
power pj,s to the base station. We assume E[|xi|2] = 1, for all
i ∈ Dc, c ∈ C. The base station receives a combined symbol
y with the additive white Gaussian noise σ given by

y =
√
pi,shixi +

√
pj,shjxj + σ, (1)

where hi represents the channel gain between an IoT device
i ∈ Dc, c ∈ C and the base station. Flat fading is assumed
over the whole narrow system bandwidth of 180 kHz. The
channel gain incorporates the effects of path loss and fading.
Without loss of generality, we assume |hi|2pi,s > |hj |2pj,s,
so that the base station can decode symbol xi sent by class 1
device i first. Subsequently, the base station decodes symbol
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xj sent by class 2 device j after applying SIC. Throughout
this work, class 1 set, D1, includes the IoT devices that have
their data decoded first at the base station. Whereas, class 2
set, D2, includes the IoT devices that have their data decoded
after SIC at the base station.

Consider a class 1 device i ∈ D1 and a class 2 device j ∈
D2 access a given subcarrier s ∈ S. The signal-to-interference-
plus-noise ratio (SINR) of device i is given by

γi,s =
|hi|2pi,s

|hj |2pj,s +NoB
, i ∈ D1, s ∈ S, (2)

where No is the noise power spectral density. On the other
hand, the SNR of device j can be expressed as

γj,s =
|hj |2pj,s
NoB

, j ∈ D2, s ∈ S. (3)

The achievable data rate of class 2 device j, denoted as rj ,
can be expressed as the sum of the achievable data rate over
all subcarriers

rj =
∑
s∈S

B log2

(
1 +
|hj |2pj,s
NoB

)
, j ∈ D2. (4)

The achievable data rate of class 1 device i, denoted as ri, is
given by

ri =
∑
s∈S

B log2

(
1 +

|hi|2pi,s∑
j∈D2

|hj |2pj,s +NoB

)
, i ∈ D1,

(5)
where

∑
j∈D2

|hj |2pj,s represents the interference caused by
class 2 devices at subcarrier s.

The base station uses its knowledge of the minimum data
rate requirements and maximum transmit power constraints of
IoT devices to control their transmit power and allocate the
subcarriers according to their channel conditions. We assume
perfect channel state information (CSI) is available at the base
station such that the channel gain hi, i ∈ Dc, c ∈ C, can be
obtained by using the demodulation reference signals [8, pp.
201–203] sent within the narrowband physical uplink shared
channel (NPUSCH). A given subcarrier can be allocated to
either (a) a pair consisting of one class 1 device and one class
2 device using NOMA or (b) only one device from class 1
using OMA or (c) only one device from class 2 using OMA.

We introduce a binary subcarrier allocation matrix K, where
element kci,s is equal to one if device i ∈ Dc, c ∈ C, is
allocated subcarrier s ∈ S, and kci,s is equal to zero otherwise.
Each subcarrier can be accessed by at most one class 1 IoT
device and one class 2 IoT device, i.e.,∑

i∈Dc

kci,s ≤ 1, s ∈ S, c ∈ C. (6)

An IoT device can transmit data if it is allocated at least
one subcarrier in the current time slot (e.g., transmission time
interval (TTI) [7]).

The total transmit power of device i should not exceed the
maximum transmit power, Pi. Hence, we have

0 ≤
∑
s∈S

pi,s ≤ Pi, i ∈ Dc, c ∈ C. (7)

An IoT device allocates its transmit power only to the allocated
subcarriers to it. That is

pi,s ≤ Pik
c
i,s, i ∈ Dc, c ∈ C, s ∈ S. (8)

Constraint (8) indicates that if device i is not allocated
subcarrier s (i.e., kci,s = 0), then pi,s is forced to be zero.
If kci,s is equal to one, then pi,s can take any value in the
range (0, Pi].

Device i is required to satisfy a minimum data rate require-
ment Ri if it is allocated sufficient subcarriers

ri ≥ min

(∑
s∈S

kci,s, 1

)
Ri i ∈ Dc, c ∈ C. (9)

This condition implies that an IoT device is allocated subcar-
riers if and only if its QoS requirement can be met. If device i
can satisfy its data rate requirement, it can be allocated at least
one subcarrier, i.e.,

∑
s∈S k

c
i,s ≥ 1. Constraint (9) becomes

ri ≥ Ri which enforces that the transmit power over allocated
subcarriers takes a value in the range (0, Pi] according to
constraints (4), (5) and (8). On the other hand, if device i
cannot satisfy its data rate requirement, it cannot be allocated
any subcarriers, i.e.,

∑
s∈S k

c
i,s = 0. Constraint (9) becomes

ri ≥ 0 but the transmit power over all subcarriers takes a value
of zero, i.e., pi,s = 0, s ∈ S, according to constraint (8). This
results in forcing ri = 0 according to constraints (4) and (5).

III. SINGLE-TONE CONNECTION DENSITY MAXIMIZATION

In this section, we focus on the connection density max-
imization problem when subcarrier bandwidth B is equal to
3.75 kHz, i.e., S = 48 subcarriers, as shown in Fig. 1(a). The
single-tone mode is the only available transmission mode in
this case.

A. Problem Formulation
For the single-tone mode, each IoT device is allocated at

most a single subcarrier, i.e.,∑
s∈S

kci,s ≤ 1, i ∈ Dc, c ∈ C. (10)

Constraint (10) implies that
∑

s∈S k
c
i,s ∈ {0, 1}. Hence,

constraint (9) can be written without the min operator as
follows:

ri ≥
∑
s∈S

kci,sRi, i ∈ Dc, c ∈ C. (11)

The connection density maximization problem in single-
tone mode aims to maximize the number of IoT devices that
are allocated one subcarrier and meet their QoS requirements
while satisfying the transmit power constraints. To achieve
this goal, it is required to control the transmit power such
that class 1 and class 2 devices are paired using NOMA
(i.e., for a given subcarrier s, the best case is to have∑

i∈D1
k1i,s =

∑
j∈D2

k2j,s = 1 according to (6)). In this case,
each subcarrier can be accessed by two devices which can
increase the connection density. The problem is formulated as
follows:

maximize
PD1

, PD2
, K

∑
c∈C

∑
i∈Dc

∑
s∈S

kci,s (12a)
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subject to kci,s ∈ {0, 1}, i ∈ Dc, c ∈ C, s ∈ S (12b)

constraints (4)–(8), (10)–(11),

where PD1 = [pi,s] ∈ R|D1|×S and PD2 = [pj,s] ∈ R|D2|×S

are matrices of the allocated transmit power per subcarrier of
class 1 and class 2 IoT devices, respectively. Note that |Dc| is
the cardinality of the set Dc, c ∈ C. Problem (12) is a mixed
integer nonconvex problem due to nonconvex constraints (5)
and (11) for all IoT devices i ∈ D1.

B. Problem Transformation

In order to obtain an optimal solution for problem (12),
we formulate an equivalent mixed integer linear programming
problem by making use of the fact that each IoT device is
allocated a single subcarrier. Based on (5), constraint (11) for
device i ∈ D1 can be expressed as (Please refer to Appendix
for detailed steps):

|hi|2
∑
s∈S

pi,s ≥
(
2

Ri
B − 1

)NoB +
∑
s∈S

k1i,s
∑
j∈D2

|hj |2pj,s


−

(
1−
∑
s∈S

k1i,s

)(
2

Ri
B −1

)
NoB, i ∈ D1. (13)

We introduce the variable I1i,s to represent the interference
suffered by class 1 device i at subcarrier s such that

I1i,s = k1i,s
∑
j∈D2

|hj |2pj,s, i ∈ D1, s ∈ S. (14)

Constraint (14) can be expressed as a group of inequalities
using the big-M formulation [24], [29, Ch. 2]

I1i,s ≤
∑
j∈D2

|hj |2pj,s, i ∈ D1, s ∈ S (15a)

I1i,s ≤ k1i,s
∑
j∈D2

|hj |2Pj , i ∈ D1, s ∈ S (15b)

I1i,s ≥ 0, i ∈ D1, s ∈ S (15c)

I1i,s ≥
∑
j∈D2

|hj |2pj,s − (1− k1i,s)
∑
j∈D2

|hj |2Pj ,

i ∈ D1, s ∈ S. (15d)

If k1i,s is equal to zero, then I1i,s is also equal to zero. On
the other hand, if k1i,s is equal to one, then I1i,s is equal to∑

j∈D2
|hj |2pj,s. Hence, we can write constraint (13) as a

function of I1i,s as

|hi|2
∑
s∈S

pi,s ≥
(
2

Ri
B − 1

) (
NoB + I1i,s

)
−

(
1−
∑
s∈S

k1i,s

)(
2

Ri
B −1

)
NoB, i ∈ D1. (16)

Furthermore, the QoS constraint of class 2 devices, which
is a convex constraint, can be written in an affine form using
constraints (4), (8) and (10) as

pj,s|hj |2 ≥ k2j,sNoB
(
2

Rj
B − 1

)
, j ∈ D2, s ∈ S. (17)

The equivalent problem of problem (12) can be formulated
as follows:

maximize
PD1

, PD2
, ID1

, K

∑
c∈C

∑
i∈Dc

∑
s∈S

kci,s (18)

subject to constraints (6)–(8), (10), (12b), (15a)–(15d),
(16), (17),

where ID1
= [I1i,s] ∈ R|D1|×S is the matrix of the interference

suffered by class 1 devices per subcarrier. Problem (18) is
a mixed integer linear programming problem, which can be
solved by using CVX with Gurobi (or Mosek) solver to obtain
the optimal solution with the branch and bound method. This
method requires solving a linear programming problem for
each combination of the binary variables. In this problem,
we have abin binary variables, acon continuous variables and b
constraints. Then, we need to solve 2abin linear programming
problems where the complexity order of each is O(a2conb) [30,
p. 6]. Hence, the overall algorithm complexity is O(2abina2conb).

C. Heuristic Solution with Binary Integer Programming

In this subsection, we present a low-complexity heuristic
algorithm to obtain a feasible solution of problem (12) by for-
mulating a binary integer programming problem. Our heuristic
algorithm is based on determining the transmit power of IoT
devices according to their QoS requirements and decoding
order. Then, these values are used to perform subcarrier
allocation such that the maximum number of devices are
paired.

From (4) and (11), we can obtain the minimum transmit
power, denoted as p̂j , of class 2 device j ∈ D2 to meet its
data rate requirement

p̂j =
(2Rj/B − 1)NoB

|hj |2
, j ∈ D2. (19)

If p̂j > Pj for a given class 2 device j, then this device
is unable to meet its QoS requirement given the maximum
transmit power budget. Device j should not be considered for
subcarrier allocation (i.e., k2j,s = 0 for all s ∈ S). Note that
this transmit power is allocated to a single subcarrier since we
consider the single-tone mode. By using exactly the minimum
transmit power to satisfy the QoS constraint, we reduce the
interference caused by class 2 devices to class 1 devices. This
enables us to have more class 2 devices that can be paired with
class 1 devices and use NOMA. Achieving a higher data rate
is not an objective for most mIoT applications. Consequently,
there is no advantage of using a transmit power higher than
p̂j for class 2 devices.

On the other hand, we set the initial transmit power of class
1 devices, denoted as p̂i, to the maximum value according to
(7), i.e.,

p̂i = Pi, i ∈ D1. (20)

Using the maximum transmit power, class 1 devices have
a higher chance to meet their QoS requirements and can
tolerate more interference from class 2 devices. We estimate
the maximum tolerable interference for each device i ∈ D1,
denoted as Îi, when using the maximum transmit power to
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achieve the minimum data rate threshold Ri from (5) and (11).
Hence, we have

Îi =
Pi|hi|2

2Ri/B − 1
−NoB, i ∈ D1. (21)

Note that a negative value of Îi for a device i ∈ D1 indicates
that this device has poor channel conditions and cannot achieve
its required data rate even if there is no interference from class
2 devices. Hence, it should not be considered for subcarrier
allocation (i.e., k1i,s = 0 for all s ∈ S).

Finally, we formulate a binary integer programming prob-
lem to match a class 2 device j ∈ D2 with initial transmit
power p̂j to a class 1 device i ∈ D1 that can tolerate an inter-
ference power of p̂j |hj |2 from this device (i.e., p̂j |hj |2 ≤ Îi
when Îi > 0. Note that always p̂j > 0 since Rj > 0). Hence,
for a given subcarrier s ∈ S,∑
j∈D2

p̂j |hj |2k2j,s ≤
∑
i∈D1

Îik
1
i,s + ω

(
1−

∑
i∈D1

k1i,s

)
, s ∈ S,

(22)
where ω is a scaling factor of a very large value. The term
w(1 −

∑
i∈D1

k1i,s) has a value greater than zero only if
subcarrier s is not allocated to any of the class 1 devices.
When a given subcarrier is not allocated to any of the class 1
devices, there will be no upper limit on the interference that
can be caused by class 2 devices (i.e., p̂j |hj |2 <∞). ω can be
set to take any value greater than the maximum interference
that can be caused by class 2 devices at a given subcarrier s,
i.e., ω should be greater than or equal to max

j∈D2

Pj |hj |2. The

single-tone connection density maximization problem can be
formulated as follows:

maximize
K

∑
c∈C

∑
i∈Dc

∑
s∈S

kci,s (23a)

subject to k2j′,s = 0, j′ ∈ {j ∈ D2 | p̂j > Pj}, s ∈ S (23b)

k1i′,s = 0, i′ ∈ {i ∈ D1 | Îi < 0}, s ∈ S (23c)

constraints (6), (10), (12b), (22).

Problem (23) is a binary integer programming problem, which
can be solved by using CVX with Gurobi solver. Note that
we restrict the domain of pi,s to be {0, p̂i} for all IoT devices
i ∈ Dc, c ∈ C. Algorithm 1 shows the detailed steps to solve
this problem. In Steps 2 – 4, the initial values of the transmit
power of class 1 and class 2 devices are calculated. Problem
(23) is solved in Step 5. Step 6 is used to assign the transmit
power to the allocated subcarrier for each device according to
the solution of problem (23).

The complexity of evaluating a feasible solution of the bi-
nary integer programming problem with a binary variables and
b constraints is O(ab). Hence, the computational complexity
of checking all the possible binary combinations is O(2aab).
Although the algorithm has an exponential complexity, in
our simulations, it has a small average running time of 0.49
seconds per simulation using MATLAB/CVX with Gurobi
solver in a PC with processor Intel(R) Core(TM) i7-2600K
CPU@3.4 GHz.

Algorithm 1: Heuristic algorithm for joint subcarrier and
power allocation in single-tone mode

1 Input: ω, hi, Ri, Pi, i ∈ Dc, c ∈ C
2 Determine p̂j , j ∈ D2 using (19)
3 Determine p̂i, i ∈ D1 using (20)
4 Determine Îi, i ∈ D1 using (21)
5 Solve problem (23) to obtain kc

i,s, i ∈ Dc, c ∈ C, s ∈ S
6 pi,s := p̂ik

c
i,s, i ∈ Dc, c ∈ C, s ∈ S

7 Output: PD1 , PD2 , and K

IV. MULTI-TONE CONNECTION DENSITY MAXIMIZATION

In this section, we formulate the connection density maxi-
mization problem when the subcarrier bandwidth B is equal to
15 kHz, i.e., S = 12 subcarriers, as shown in Fig. 1(b). Both
single-tone and multi-tone modes can be used in this case.

A. Problem Formulation

The NB-IoT standard [6, p. 524] enforces two constraints
on subcarrier allocation for the multi-tone mode. The first
constraint is that each IoT device can be allocated either 0,
1, 3, 6, or 12 subcarriers. That is,∑

s∈S
kci,s ∈ {0, 1, 3, 6, 12}, ∀ i ∈ Dc, c ∈ C. (24)

The second constraint is that the subcarriers allocated to
each IoT device should be contiguous and follow a specific
combination m out of the set of all possible combinations
M = {1, 2, . . . ,M}, which has M = 19 combinations as
follows:

• One subcarrier
(∑

s∈S k
c
i,s = 1, i ∈ Dc, c ∈ C

)
. There

are twelve combinations.
• Three subcarriers

(∑
s∈S k

c
i,s = 3, i ∈ Dc, c ∈ C

)
start-

ing from subcarrier s to subcarrier s + 2 and s ∈
{1, 4, 7, 10}. There are four combinations, e.g., the bond
of subcarriers {7, 8, 9}.

• Six subcarriers
(∑

s∈S k
c
i,s = 6, i ∈ Dc, c ∈ C

)
starting

from subcarrier s to subcarrier s + 5 and s ∈ {1, 7}.
There are two combinations, e.g., the bond of subcarriers
{1, . . . , 6}.

• The whole 12 subcarriers (
∑

s∈S k
c
i,s = 12, i ∈ Dc, c ∈

C). There is one combination.

If the summation
∑

s∈S k
c
i,s is equal to zero, then no subcar-

riers are allocated to device i ∈ Dc, c ∈ C. Let vci,m = 1
indicate if device i ∈ Dc, c ∈ C is allocated subcarriers
according to combination m, and vci,m = 0 otherwise. Each
device can be allocated subcarriers in a way that suits only
one of the aforementioned combinations. Hence, we have∑

m∈M
vci,m ≤ 1, i ∈ Dc, c ∈ C. (25)

In addition, each combination can be assigned to at most one
class 1 and one class 2 device∑

i∈Dc

vci,m ≤ 1, c ∈ C, m ∈M. (26)

Furthermore, vci,m can be written in terms of the subcarrier
allocation matrix elements {kci,s} to enforce the subcarrier
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allocation combinations of the NB-IoT standard,

vci,m = kci,m − vci,13 − vci,17 − vci,19, 1 ≤ m ≤ 3,

i ∈ Dc, c ∈ C (27a)
vci,m = kci,m − vci,14 − vci,17 − vci,19, 4 ≤ m ≤ 6,

i ∈ Dc, c ∈ C (27b)
vci,m = kci,m − vci,15 − vci,18 − vci,19, 7 ≤ m ≤ 9,

i ∈ Dc, c ∈ C (27c)
vci,m = kci,m − vci,16 − vci,18 − vci,19, 10 ≤ m ≤ 12,

i ∈ Dc, c ∈ C (27d)
vci,13 ≤ kci,s − vci,17 − vci,19, 1 ≤ s ≤ 3,

i ∈ Dc, c ∈ C (27e)

vci,13 ≥
3∑

s=1

kci,s − vci,17 − vci,19 − 2, i ∈ Dc, c ∈ C (27f)

vci,14 ≤ kci,s − vci,17 − vci,19, 4 ≤ s ≤ 6,

i ∈ Dc, c ∈ C (27g)

vci,14 ≥
6∑

s=4

kci,s − vci,17 − vci,19 − 2, i ∈ Dc, c ∈ C (27h)

vci,15 ≤ kci,s − vci,18 − vci,19, 7 ≤ s ≤ 9,

i ∈ Dc, c ∈ C (27i)

vci,15 ≥
9∑

s=7

kci,s − vci,18 − vci,19 − 2, i ∈ Dc, c ∈ C (27j)

vci,16 ≤ kci,s − vci,18 − vci,19, 10 ≤ s ≤ 12,

i ∈ Dc, c ∈ C (27k)

vci,16 ≥
12∑

s=10

kci,s − vci,18 − vci,19 − 2, i ∈ Dc, c ∈ C (27l)

vci,17 ≤ kci,s − vci,19, 1 ≤ s ≤ 6,

i ∈ Dc, c ∈ C (27m)

vci,17 ≥
6∑

s=1

kci,s − vci,19 − 5, i ∈ Dc, c ∈ C (27n)

vci,18 ≤ kci,s − vci,19, 7 ≤ s ≤ 12,

i ∈ Dc, c ∈ C (27o)

vci,18 ≥
12∑
s=7

kci,s − vci,19 − 5, i ∈ Dc, c ∈ C (27p)

vci,19 ≤ kci,s, 1 ≤ s ≤ 12,

i ∈ Dc, c ∈ C (27q)

vci,19 ≥
12∑
s=1

kci,s − 11, i ∈ Dc, c ∈ C. (27r)

Constraints (27a)–(27d) correspond to combinations m =
1, . . . , 12, in which device i is allocated one subcarrier.
For example, when device i is allocated subcarrier 2, then
vci,2 = kci,2 = 1, and vci,1 = vci,3 = · · · = vci,19 = 0. Constraints
(27e)–(27l) correspond to combinations m = 13, . . . , 16, in
which device i is allocated three subcarriers. There are two
constraints per combination to enforce contiguous subcarrier
allocation according to the combination. For example, when

device i is allocated subcarriers 1, 2 and 3 according to
combination m = 13, then kci,1 = kci,2 = kci,3 = 1 and
vci,13 = 1 while vci,1 = vci,2 = vci,3 = · · · = vci,12 = vci,14 =
· · · = vci,19 = 0. Similarly constraints (27m)–(27r) correspond
to combinations m = 17, . . . , 19. Note that when device
i is allocated subcarriers 1, . . . , 6 according to combination
m = 17, constraints (27a)–(27b), (27e)–(27h) enforce that
vci,1 = · · · = vci,6 = vci,13 = vci,14 = 0. This is due to the
fact that the combinations m = 1, . . . , 6, 13, 14 are associated
with a subset of the allocated subcarriers to device i and they
cannot be assigned to other devices from the same class.

When a device is allocated a bond of subcarriers, the
transmit power is divided equally over all those allocated
subcarriers due to the usage of SC-FDMA. Hence, we have

pi,s =

∑
s′∈S pi,s′∑
s′∈S k

c
i,s′

kci,s, i ∈ Dc, c ∈ C, s ∈ S. (28)

In multi-tone case, a device is served if it is allocated subcar-
riers according to one of the multi-tone NB-IoT combinations
in (27). Hence, the QoS constraints in (11) can be written as:

ri ≥
∑

m∈M
vci,mRi, i ∈ Dc, c ∈ C. (29)

The connection density maximization problem of the multi-
tone mode can be formulated as

maximize
PD1

, PD2
, K, V

∑
c∈C

∑
i∈Dc

∑
m∈M

vci,m (30a)

subject to kci,s ∈ {0, 1}, i ∈ Dc, c ∈ C, s ∈ S (30b)

vci,m ∈ {0, 1}, i ∈ Dc, c ∈ C, m ∈M (30c)

constraints (4)–(8), (25)–(29),

where V = (v1i,m, v
2
j,m), [v1i,m] ∈ R|D1|×M , [v2j,m] ∈

R|D2|×M , is a matrix of the binary variables vci,m. The
formulated problem of the multi-tone mode is also a mixed
integer nonconvex problem due to the nonconvex constraints
(5), (28) and (29). In order to solve this problem, we use
difference of convex programming to obtain a close-to-optimal
solution. In addition, we propose a low-complexity heuristic
algorithm to solve problem (30) in a way similar to the
heuristic algorithm of the single-tone problem.

B. Difference of Convex Programming Method
First, we handle the equal power division nonconvex con-

straint (28) by introducing a new variable p̃i,m, which is
the transmit power used by device i ∈ Dc when allocated
the subcarriers according to combination m. Hence, we can
represent the transmit power per subcarrier pi,s as a function
of p̃i,m as follows:

pi,s =


p̃i,s +

1
3 p̃i,13 +

1
6 p̃i,17 +

1
12 p̃i,19, 1 ≤ s ≤ 3,

p̃i,s +
1
3 p̃i,14 +

1
6 p̃i,17 +

1
12 p̃i,19, 4 ≤ s ≤ 6,

p̃i,s +
1
3 p̃i,15 +

1
6 p̃i,18 +

1
12 p̃i,19, 7 ≤ s ≤ 9,

p̃i,s +
1
3 p̃i,16 +

1
6 p̃i,18 +

1
12 p̃i,19, 10 ≤ s ≤ 12,

i ∈ Dc, c ∈ C. (31)

This constraint enforces the overall transmit power used by
device i, i.e., p̃i,m, to be divided equally over the allocated
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subcarriers. For example, if device i is allocated three sub-
carriers according to combination m = 13, then the total
transmit power is p̃i,13 and the transmit powers of the first
three subcarriers pi,1, pi,2, and pi,3 are equal to 1

3 p̃i,13. Note
that p̃i,1 = · · · = p̃i,12 = p̃i,14 = · · · = p̃i,19 = 0 since only
one combination is allowed per device. Similarly, if device i is
allocated one subcarrier according to combination m = 3, then
the total transmit power is allocated to the third subcarrier, i.e.,
p̃i,3 = pi,3. In addition, p̃i,m has a nonzero value only if device
i is allocated a set of subcarriers according to combination m,
i.e.,

p̃i,m ≤ Piv
c
i,m, i ∈ Dc, c ∈ C, m ∈M. (32)

Second, the nonconvex QoS constraint of class 1 devices
(i.e., constraints (5) and (29)) can be written as the difference
between two negative log expressions as follows:∑

s∈S
− log

(
1 + pi,sgi +

∑
j∈D2

pj,sgj

)
−
∑
s∈S
− log

(
1 +

∑
j∈D2

pj,sgj

)
≤ − log(2)

Ri

B

∑
m∈M

v1i,m,

i ∈ D1, (33)

where gi =
|hi|2
NoB

, i ∈ Dc, c ∈ C. The difference between two
convex functions of an arbitrary variable z, f1(z)−f2(z), can
be convexified by approximating it using the first order Taylor
expansion as f1(z)− f2(z(t))−∇zf2(z

(t))T (z− z(t)), where
z(t) is a feasible value of the arbitrary variable z at iteration t.
Hence, the QoS constraint in (33) can be written as follows:∑

s∈S
− log

(
1 + pi,sgi +

∑
j∈D2

pj,sgj

)
−
∑
s∈S
− log

(
1 +

∑
j∈D2

p
(t)
j,sgj

)

−
∑
j∈D2

∑
s∈S
−

gj(pj,s − p(t)j,s)

1 +
∑

j∈D2
p
(t)
j,sgj

≤ − log(2)
Ri

B

∑
m∈M

v1i,m,

i ∈ D1. (34)

This requires initializing p
(t)
j,s with an arbitrary value for all

j ∈ D2, s ∈ S and solving the problem multiple times till the
value of this variable converges, i.e., p(t+1)

j,s − p(t)j,s < ε, where
ε is the convergence tolerance threshold.

Third, we use the difference of convex programming to
handle the binary variables as well. We relax all the binary
variables into continuous variables such that kci,s ∈ {0, 1}
satisfies the following constraints

0 ≤ kci,s ≤ 1, i ∈ Dc, c ∈ C, s ∈ S (35a)

kci,s − (kci,s)
2
= 0, i ∈ Dc, c ∈ C, s ∈ S, (35b)

and vci,m ∈ {0, 1} satisfies the following constraints

0 ≤ vci,m ≤ 1, i ∈ Dc, c ∈ C, m ∈M (36a)

vci,m − (vci,m)
2
= 0, i ∈ Dc, c ∈ C, m ∈M. (36b)

We include constraints (35b) and (36b) as penalty terms in
the objective function as they are nonconvex. In addition,

constraints (35b) and (36b) are expressed as difference of two
convex functions and can be approximated using first order
Taylor series approximation in order to make the objective
function convex even after adding these constraints as penalty
terms. Hence, we have

kci,s − kci,s
(t)kci,s

(t) − 2kci,s
(t)(kci,s − kci,s

(t)) = 0,

i ∈ Dc, c ∈ C, s ∈ S (37a)

vci,m − vci,m
(t)vci,m

(t) − 2vci,m
(t)(vci,m − vci,m

(t)) = 0,

i ∈ Dc, c ∈ C, m ∈M. (37b)

This ensures variables kci,s and vci,m to take values of 0 or 1 af-
ter a sufficient number of iterations using difference of convex
programming. By applying all these changes, the multi-tone
power and subcarrier allocation problem can be written as a
convex problem for a certain iteration t+ 1 as given in (38),
shown at the top of the next page, and a suboptimal solution
can be obtained by using successive convex programming
[24], [31], where ηk and ηv are the weights of the penalty
terms (37a) and (37b), respectively. P̃D1

= [p̃i,m] ∈ R|D1|×M

and P̃D2
= [p̃j,m] ∈ R|D2|×M are matrices of the allocated

transmit power per combination of class 1 and class 2 IoT
devices, respectively. Problem (38) is a convex optimization
problem. The values of variables pj,s(t), kci,s

(t) and vci,m
(t) are

initialized randomly at t = 0. Then, the problem is solved
for multiple iterations till the convergence of the variables
pj,s, j ∈ D2, s ∈ S , kci,s, i ∈ Dc, c ∈ C, s ∈ S ,
and vci,m, i ∈ Dc, c ∈ C, m ∈ M for a given tolerance
threshold ε. The solution of this problem may be a local
optimal solution and it may be sensitive to the initialization of
the aforementioned variables. Hence, the problem may need
to be solved multiple times with different initializations. The
complexity of solving a convex problem with a variables and
b constraints using Tint iterations of the interior-point method
is O(Tint max{a3, a2b, F}) [30, p. 8], where F is the cost
of evaluating the first and second derivatives of the objective
and constraint functions. We solve the convex problem for T
iterations with R random initial solutions within each iteration.
Hence, the overall complexity is O(TRTint max{a3, a2b, F}).

C. Heuristic Solution with Binary Integer Programming
Similar to the single-tone mode, a heuristic algorithm that is

based on allocating initial transmit power is proposed. Then,
subcarrier allocation is obtained by solving a binary integer
programming problem. The minimum transmit power of the
class 2 device to meet its minimum data rate requirement
depends on the number of allocated subcarriers. Hence, we
express the minimum transmit power for a given combination
m as

p̂j,m =



(2Rj/B−1)NoB
|hj |2 , 1 ≤ m ≤ 12,

3 (2Rj/3B−1)NoB
|hj |2 , 13 ≤ m ≤ 16,

6 (2Rj/6B−1)NoB
|hj |2 , 17 ≤ m ≤ 18,

12 (2Rj/12B−1)NoB
|hj |2 , m = 19,

j ∈ D2.

(39)
If p̂j,m > Pj for a given class 2 device j, then this device
is unable to meet its QoS requirement using this subcarrier
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maximize
PD1

, PD2
, P̃D1

, P̃D2
, K, V

∑
i∈Dc

∑
c∈C

∑
m∈M

vci,m

− ηk
∑
i∈Dc

∑
c∈C

∑
s∈S

(
kci,s − kci,s

(t)kci,s
(t) − 2kci,s

(t)(kci,s − kci,s
(t))
)

− ηv
∑
i∈Dc

∑
c∈C

∑
m∈M

(
vci,m − vci,m

(t)vci,m
(t) − 2vci,m

(t)(vci,m − vci,m
(t))
)

(38)

subject to constraints (4), (6)–(8), (25)–(27), (29), (31)–(32), (34), (35a), (36a),

allocation combination even if it uses the maximum transmit
power. Hence, such subcarrier allocation combinations can
be excluded for this device. Note that this transmit power
is calculated based on equal power division over allocated
subcarriers. On the other hand, we assume that the initial
transmit power of the class 1 devices at a given combination
p̂i,m takes the maximum value according to (7), i.e.,

p̂i,m = Pi, i ∈ D1, m ∈M. (40)

We estimate the maximum tolerable interference for each
device i ∈ D1 at a certain subcarrier allocation combination
m, denoted as Îi,m. It can be expressed as

Îi,m =



p̂i,m|hi|2

2Ri/B−1 −NoB, 1 ≤ m ≤ 12,
p̂i,m|hi|2

2Ri/3B−1 −NoB, 13 ≤ m ≤ 16,
p̂i,m|hi|2

2Ri/6B−1 −NoB, 17 ≤ m ≤ 18,
p̂i,m|hi|2

2Ri/12B−1 −NoB, m = 19,

i ∈ D1.

(41)
Note that a negative value of Îi,m for a given class 1 device
i ∈ D1 indicates that this device cannot achieve its required
data rate even if class 2 devices do not cause any interference
to it when it is allocated subcarriers according to combination
m.

Similar to the single-tone case, we formulate a binary
integer programming problem to match one or a group of
class 2 devices j ∈ D2 to one or more class 1 devices i ∈ D1

such that the maximum tolerable interference power at a given
subcarrier s is not exceeded by the received power from class
2 devices at the same subcarrier. That is, for a given subcarrier
s ∈ S,∑
m∈Ms

∑
j∈D2

1

nm
p̂j,m|hj |2v2j,m ≤

∑
m∈Ms

∑
i∈D1

1

nm
Îi,mv

1
i,m

+ ω

(
1−

∑
m∈Ms

∑
i∈D1

v1i,m

)
,

s ∈ S, (42)

whereMs is the set of combinations that include subcarrier s.
For example, when s = 1, then Ms = {1, 13, 17, 19}. nm is
the number of subcarriers allocated by following combination
m, e.g., when m = 13, then nm = 3. ω is a scaling factor of
a very large value. The term w(1−

∑
m∈Ms

∑
i∈D1

v1i,m) has
a value greater than zero only if subcarrier s is not allocated
to any of the class 1 devices. Hence, there will be no upper
limit on the interference that can be caused by class 2 devices

(i.e.,
∑

m∈Ms

∑
j∈D2

1
nm
p̂j,m|hj |2v2j,m < ∞). ω can be set

to take any value greater than the maximum interference that
can be caused by class 2 devices at a given subcarrier s, i.e.,
ω should be greater than or equal to max

j∈D2

Pj |hj |2.

Some combinations cannot be assigned to different devices
from a given class simultaneously. For example, if a class
1 (class 2) device is allocated subcarriers according to com-
bination m = 13, then the other class 1 (class 2) devices
cannot be allocated subcarriers according to combinations
m = 1, 2, 3, 17, or 19. Hence, we have∑

m∈Ms

∑
i∈Dc

vci,m ≤ 1, s ∈ S, c ∈ C. (43)

The multi-tone connection density maximization problem
can be formulated as follows:

maximize
V

∑
c∈C

∑
i∈Dc

∑
m∈M

vci,m (44a)

subject to v2j′,m′ = 0,

(j′,m′)∈{(j,m) ∈ D2 ×M | p̂j,m>Pj} (44b)

v1i′,m′ = 0,

(i′,m′) ∈ {(i,m) ∈ D1 ×M | Îi,m < 0} (44c)
constraints (25)–(26), (30b)–(30c), (42)–(43).

Problem (44) is a binary integer programming problem, which
can be solved using CVX with Gurobi solver. Algorithm 2
shows the detailed steps to solve the problem. In Steps 2
– 4, we calculate the initial values of power allocation for
the class 1 and class 2 devices. The problem is solved in
Step 5. Steps 6 – 8 are used to assign the transmit power
to the allocated subcarriers for each device according to the
solution of problem (44). Similar to the single-tone mode, the
computational complexity of Algorithm 2 is O(2aab). Despite
the exponential complexity, it has a small average running
time of 0.82 seconds per simulation using MATLAB/CVX
with Gurobi solver in a PC with processor Intel(R) Core(TM)
i7-2600K CPU@3.4 GHz.

V. PERFORMANCE EVALUATION

In this section, we present the simulation results of the pro-
posed algorithms. We consider a single cell where class 1 and
class 2 devices are uniformly distributed within a 1 km2 square
region. We consider flat Rayleigh fading channels since the
total system bandwidth is as narrow as 180 kHz. The distance-
dependent path loss PL(D) at 900 MHz carrier frequency is
calculated by PL(D) = 120.9+37.6 log(D/1000)+LI+AG
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Algorithm 2: Heuristic algorithm for joint subcarrier and
power allocation in multi-tone mode

1 Input: ω, hi, Ri, Pi, i ∈ Dc, c ∈ C, nm,Sm, m ∈ M,
Ms, s ∈ S

2 Determine p̂j,m, j ∈ D2,m ∈ M using (39)
3 Determine p̂i,m, i ∈ D1,m ∈ M using (40)
4 Determine Îi,m, i ∈ D1,m ∈ M using (41)
5 Solve problem (44) to obtain vci,m
6 p̃i,m := p̂i,mv1i,m, i ∈ D1, m ∈ M
7 p̃j,m := p̂j,mv2j,m, j ∈ D2, m ∈ M
8 pi,s :=

∑
m∈Ms

(p̃i,mvci,m)/nm, i ∈ Dc, c ∈ C, s ∈ S
9 kc

i,s :=
∑

m∈Ms
vci,m, i ∈ Dc, c ∈ C, s ∈ S

10 Output: PD1 , PD2 , P̃D1 , P̃D2 ,K, and V

[32, p. 481]. D is the distance between an IoT device and the
base station in meters, AG is the transmit antenna gain of
−4 dB, and LI is the indoor penetration loss that is assumed
to be 20 dB for 80% of IoT devices (indoor devices) and 0
dB for the remaining 20% IoT devices (outdoor devices). We
consider additive white Gaussian noise with power spectral
density −174 dBm/Hz and noise figure of 5 dB. The maximum
transmit power, Pi for all i ∈ Dc, c ∈ C is 23 dBm
[32, p. 481]. Note that class 1 devices set D1 represents the
set of devices with high data rate requirements and class 2
devices set D2 represents the set of devices with low data
rate requirements. The minimum data rate requirement of
class 1 devices is denoted as Rh and the minimum data
rate requirement of class 2 devices is denoted as Rl, where
Rh > Rl.

To evaluate the performance, we consider the connection
density metric, which is defined as the number of IoT devices
satisfying their QoS requirements. The connection density is
calculated as

∑
c∈C
∑

i∈Dc

∑
s∈S k

c
i,s in the single-tone mode

and
∑

c∈C
∑

i∈Dc

∑
m∈M vci,m in the multi-tone mode. We

consider the supported connection density in a single time
slot. With the expected large number of devices in cellular
networks, supporting a higher connection density in a single
time slot results in supporting simultaneous data transmission
of a larger number of devices over a longer period of time.
In addition, if we consider serving a fixed number of devices,
then simultaneous data transmission with NOMA can enable
a group of devices to send their payloads in a shorter pe-
riod of time and utilize the radio resources more efficiently.
Furthermore, with a massive number of devices per km2, the
number of devices sending data in a single time slot should be
sufficiently greater than the number of available subcarriers in
NB-IoT to exploit NOMA.

We compare the performance of our proposed NOMA
scheme with that of OMA in both single-tone and multi-
tone modes. In OMA, each subcarrier can only be allocated
to a single device d ∈ D1 ∪ D2 as long as this device can
use the allocated subcarrier(s) to meet its minimum data rate
requirement. In addition, we compare the performance of our
proposed NOMA scheme with other NOMA schemes from
the literature.

A. Single-tone Mode Performance Evaluation
In the single-tone mode, we consider a network where S =

48 subcarriers are available to serve 48 high data rate devices

and 48 low data rate devices. Single-tone mode enables devices
to achieve an uplink data rate up to 20 kbps [33]. Fig. 3 shows
the achievable connection density in the single-tone mode for a
single time slot with varying QoS requirements of class 1 and
class 2 devices. Results show that NOMA can support much
more IoT devices than OMA in NB-IoT systems. NOMA can
help satisfy the QoS requirements of up to 90 IoT devices in a
single time slot. This results in a connection density gain that
ranges between 73% and 87% compared to OMA, which can
only support a maximum of 48 IoT devices (one device per
subcarrier). To reflect the aforementioned connection density
gains on a scenario with a larger number of devices, if NB-
IoT can support 52,500 devices sending small payload in an
area of 0.86 km2 with OMA [32, p. 483], then NB-IoT can
generally support a number of devices that ranges between
90,825 and 98,175 with NOMA.

The supported connection density decreases as the data
rate requirements increase. For class 1 devices, more devices
require a higher received SINR for successful decoding at
the base station and may not be able to tolerate interference
from class 2 devices. Hence, those devices require accessing
their subcarriers using OMA to meet their minimum data rate
requirements and cannot be paired with any of the class 2
devices using NOMA. This reduces the supported connection
density. We also compare the proposed optimal and heuristic
pairing schemes with a conventional NOMA scheme that pairs
the closest (second closest, . . . , furthest) class 1 device to the
base station with the furthest (second furthest, . . . , closest)
class 2 device from the base station, which we denote as near-
far pairing (NFP). Our proposed optimal and heuristic pairing
schemes outperform the NFP scheme.

In addition, our proposed optimal and heuristic schemes
achieve almost the same connection density. The heuristic
scheme is based on reducing the number of feasible solutions
of the connection density maximization problem. For example,
the set of the feasible values of the transmit powers of IoT
devices is reduced from [0, Pi] to {0, Pi} for class 1 devices
and {0, p̃j} (obtained using (19)) for class 2 devices. However,
this reduction does not affect the value of the objective
function. Class 1 device needs to maximize its SINR to meet
its minimum data rate requirement. This goal is achieved
by increasing its transmit power (e.g., using the maximum
transmit power) and suffering from minimal interference from
a class 2 device according to (5). On the other hand, class 2
device causes minimum interference when it uses the min-
imum transmit power that enables it to meet its minimum
data rate requirement according to (4) and (19). With the
aforementioned conditions, the chance that these two devices
can access a single subcarrier with NOMA is maximized
which maximizes the overall connection density as a result.

Fig. 4 shows the impact of the transmit power budget
Pi, i ∈ Dc, c ∈ C on the supported connection density in
a single time slot. By reducing the transmit power of the
devices, the energy consumption of IoT devices is reduced.
However, a lower transmit power budget makes it less flexible
to control the transmit power of class 1 and class 2 devices.
Hence, a sufficient difference of received power at the base
station to employ NOMA cannot be easily guaranteed. Then,
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Fig. 3. Connection density in the single-tone mode versus the data rate
requirement of class 1 devices Rh. Rl is set to 6 kbps.
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Fig. 4. Connection density in the single-tone mode versus the transmit
power budget of all devices Pi. Rh and Rl are set to 15 kbps and 6 kbps,
respectively.

it will be less probable to pair class 1 and class 2 devices and
the connection density decreases. For example, the decrease of
the transmit power from 23 dBm to 14 dBm results in reducing
the connection density by 13% as shown in Fig. 4.

NOMA requires class 1 devices to use a higher transmit
power than OMA in order to mitigate the interference from
class 2 devices. However, NOMA reduces the average queue-
ing delay and transmission delay of IoT data packets. Hence,
the IoT devices can switch to the sleep mode earlier and
prolong their average battery lifetime. This results in reducing
the long-term power consumption of the network.

B. Multi-tone Mode Performance Evaluation

In multi-tone mode, we consider the allocation of S = 12
subcarriers to high data rate and low data rate IoT devices.
Multi-tone mode enables NB-IoT to support relatively higher
data rates (up to 250 kbps [33]) for IoT devices compared
to the single-tone mode by allocating a bond of subcarriers
to these devices but with much less connection density. We
consider high data rate requirements that may require the IoT
devices to access multiple subcarriers based on the channel
conditions. We evaluate the connection density enhancement
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Fig. 5. Connection density in the multi-tone mode versus the data rate
requirement of class 1 devices Rh. Rl is set to 50 kbps. |D1| = |D2| = 4
devices.

120 130 140 150 160 170 180 190 200

10

10.5

11

11.5

12

12.5

13

13.5

14

14.5

15

Fig. 6. Connection density in the multi-tone mode versus the data rate
requirement of class 1 devices Rh. Rl is set to 50 kbps. |D1| = |D2| = 10
devices.

due to the use of NOMA in the existence of few devices
with high data rate requirements. For the difference of convex
programming (DCP) method, we solve problem (38) with
200 random initializations for up to 30 iterations each. The
tolerance threshold ε is set to be 0.001. The penalty terms ηk
and ηv are set to |D1|+ |D2|+ 1.

Figs. 5 and 6 show the connection density of multi-tone
NB-IoT with different QoS requirements of a varying number
of class 1 and class 2 devices in a single time slot. DCP and
the heuristic algorithm almost result in the same connection
density in Fig. 5, which is very close to the upper bound. The
upper bound is an infeasible solution obtained by assuming
that class 1 and class 2 devices have separate sets of subcarriers
and do not interfere with each other. With NOMA, NB-IoT
can support a higher connection density than OMA by up to
24% when Rl = 50 kbps.

C. Distance-based Class Assignment
In this subsection, we assign devices to different classes

based on their distances from the base station rather than their
QoS requirements. The closest 50% of the IoT devices (i.e.,
near devices) are assigned to class 1 and the furthest 50% (i.e.,
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Fig. 7. Connection density in the single-tone mode versus the data rate
requirement of all devices R. Pi is set to 23 dBm, i ∈ Dc, c ∈ C.
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Fig. 8. Connection density in the single-tone mode versus the transmit power
budget of all devices Pi. Ri is set to 12 kbps, i ∈ Dc, c ∈ C.

far devices) are assigned to class 2. The data from the near
devices are decoded first. We solve problems (18) and (23)
in the single-tone mode to allocate subcarriers and transmit
power. We compare our obtained solutions with the solutions
provided by nearest-near-nearest-far (NNNF) and nearest-near-
furthest-far (NNFF) algorithms [34]. In NNNF, the closest
(second closest, . . . , furthest) near device is paired with the
closest (second closest, . . . , furthest) far device. In NNFF,
the closest (second closest, . . . , furthest) near device is paired
with the furthest (second furthest, . . . , closest) far device.

In the simulations, we consider 96 IoT devices with the
same minimum data rate requirement R in the single-tone
case. Figs. 7 and 8 show the supported connection density with
different QoS requirements and maximum transmit power con-
straints, respectively. Distance-based device pairing achieves
a connection density gain that ranges between 57% and 97%
compared to OMA with different data rate requirements. The
proposed device pairing scheme achieves a higher connection
density than both NNNF and NNFF. When the data rate
requirements increase or the transmit power budgets decrease,
the connection density gap between the optimal pairing and
both the NNNF and NNFF schemes becomes larger (i.e.,
a higher connection density gain compared to NNNF and
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Fig. 9. Connection density in the single-tone mode versus the data rate
requirement of class 1 devices Rh while considering both perfect and
imperfect CSI. Rl is set to 6 kbps and σ2

e is set to 0.01. |D1| = |D2| = 48
devices.
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Fig. 10. Connection density in the multi-tone mode versus the data rate
requirement of class 1 devices Rh while considering both perfect and
imperfect CSI. Rl is set to 50 kbps and σ2

e is set to 0.01. |D1| = |D2| = 10
devices.

NNFF is achieved). This indicates that optimal device pairing
becomes more essential to serve more devices in case of
decreasing transmit power or increasing data rate demand, i.e.,
when power and subcarrier resources are limited with respect
to the QoS demands.

D. Impact of Imperfect CSI

In this subsection, we investigate the impact of imperfect
CSI on the connection density supported by the proposed
NOMA scheme in both single-tone and multi-tone modes.
We use the imperfect CSI model presented in [35], where
hi = ĥi + ei. ĥi denotes the imperfect channel gain estimate
of hi for a given IoT device i ∈ Dc, c ∈ C, and ei is the
complex Gaussian channel estimation error of device i with
zero mean and variance σ2

e .
In both single-tone and multi-tone modes, we consider the

same network setup in Subsections V.A and V.B, respectively.
We set σ2

e to 0.01 throughout this subsection. Simulation
results in Fig. 9 show the connection density in the single-
tone mode for both perfect and imperfect CSI cases. Imperfect
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CSI causes the base station to make inaccurate subcarrier and
power allocation decisions. Hence, some IoT devices may not
be able to meet their minimum data rate requirements in spite
of the allocated subcarrier and transmit power resources, which
reduces the number of IoT devices supported by the proposed
NOMA scheme. In case of imperfect CSI, a lower connection
density gain is obtained, and it ranges between 27% and 43%.
The connection density of the multi-tone mode is shown in
Fig. 10. To compare with OMA in case of imperfect CSI,
we consider three OMA schemes, where IoT devices meet
their minimum data rate requirements by using different values

of transmit power of (2Rj/B−1)NoB

|ĥj |2
(denoted as OMA –

Imperfect CSI (Min.)), Pi (denoted as OMA – Imperfect CSI

(Max.)) and 0.5

(
(2Rj/B−1)NoB

|ĥj |2
+ Pi

)
(denoted as OMA –

Imperfect CSI (Avg.)). NOMA can still outperform OMA
when the IoT devices transmit data with the minimum or
the average transmit power. In the latter case, a connection
density gain up to 16% can be achieved. However, OMA can
be more robust against imperfect CSI by allowing devices
to transmit data with maximum transmit power. Note that a
channel estimation error in OMA may cause one device not
be able to meet its data rate requirement. On the other hand, a
channel estimation error in NOMA may cause a pair of devices
fail to achieve the required data rate.

VI. CONCLUSION

In this paper, we employed the concept of NOMA to
enhance the connection density in NB-IoT systems to support
the mIoT use case. Each subcarrier is accessed by two devices
with diverse QoS requirements. We formulated joint subcarrier
and transmit power allocation problems for both the single-
tone and multi-tone modes, and both problems were found
to be mixed integer nonconvex problems. The single-tone
problem was transformed into an equivalent mixed integer
linear programming problem and the optimal solution was
obtained. The multi-tone problem was solved using difference
of convex programming to obtain a suboptimal solution by
relaxing the binary variables and expressing the nonconvex
constraint as a difference of two convex functions. In addition,
we proposed heuristic algorithms with low complexity for both
the single-tone and multi-tone modes and they resulted in
close performance to the optimal and suboptimal solutions
in both cases, respectively. Simulation results showed that
using NOMA increased the connection density by up to 87%
compared to OMA in the single-tone mode. In multi-tone
mode, connection density was also increased by up to 24%.

For future work, we will use uplink NOMA in grant-free
multiple access systems to support the IoT. Grant-free multiple
access enables data transmission without granting uplink radio
resources by the base station. Hence, the IoT devices should
decide their transmit power levels and the subcarriers to
target in order to maximize the probability of successful data
transmission.

APPENDIX

Based on (5), the minimum data rate requirement constraint
(11) for device i ∈ D1 in the single-tone mode can be written

as

log2

(
1 +

|hi|2pi,1∑
j∈D2

|hj |2pj,1 +NoB

)
+ · · ·

+ log2

(
1 +

|hi|2pi,S∑
j∈D2

|hj |2pj,S +NoB

)
≥ Ri

B

∑
s∈S

k1i,s,

i ∈ D1. (45)
Given constraints (8) and (10), if pi,s > 0, then pi,s′ = 0 for all
s′ 6= s. This implies that if log2

(
1 +

|hi|2pi,s∑
j∈D2

|hj |2pj,s+NoB

)
>

0, then log2

(
1 +

|hi|2pi,s′∑
j∈D2

|hj |2pj,s′+NoB

)
= 0, i.e., there can

be only one log expression in (45) that has a nonzero value.
Let a =

|hi|2pi,s∑
j∈D2

|hj |2pj,s+NoB
and b = |hi|2pi,s′∑

j∈D2
|hj |2pj,s′+NoB

. If
b = 0, then log(1+a)+log(1+b) can be equivalently written
as log(1+a+ b). Thus, based on (8) and (10), constraint (45)
can be expressed as

log2

(
1 +

|hi|2pi,1∑
j∈D2

|hj |2pj,1 +NoB
+ · · ·

+
|hi|2pi,S∑

j∈D2
|hj |2pj,S +NoB

)
≥ Ri

B

∑
s∈S

k1i,s, i ∈ D1, (46)

which can be simplified as

|hi|2pi,1∑
j∈D2

|hj |2pj,1 +NoB
+ · · ·

+
|hi|2pi,S∑

j∈D2
|hj |2pj,S +NoB

≥ 2
Ri
B

∑
s∈S k1

i,s − 1, i ∈ D1.

(47)

Constraint (47) can be written equivalently as

|hi|2pi,1
k1i,1

∑
j∈D2

|hj |2pj,1 +NoB
+ · · ·

+
|hi|2pi,S

k1i,S
∑

j∈D2
|hj |2pj,S +NoB

≥ 2
Ri
B

∑
s∈S k1

i,s − 1, i ∈ D1.

(48)

The equivalence between (47) and (48) is due to the fact that
given inequality (8), if a device is not allocated subcarrier
s, it will not assign any power to it and will not suffer
interference at this subcarrier. Thus, there can be only one
nonzero fraction expression. Let a =

|hi|2pi,s

k1
i,s

∑
j∈D2

|hj |2pj,s+NoB

and b =
|hi|2pi,s′

k1
i,s′

∑
j∈D2

|hj |2pj,s′+NoB
, where s 6= s′. When

pi,s > 0 and k1i,s > 0 (i.e., a > 0), then both pi,s′

and kci,s′ are equal to zero (i.e., b = 0). Then a + b can

be expressed as |hi|2pi,s+|hi|2pi,s′

k1
i,s

∑
j∈D2

|hj |2pj,s+k1
i,s′

∑
j∈D2

|hj |2pj,s′+NoB
.

Hence, constraint (48) becomes

|hi|2pi,1 + · · ·+ |hi|2pi,S
NoB + k1i,1

∑
j∈D2

|hj |2pj,1 + · · ·+ k1i,S
∑

j∈D2
|hj |2pj,S

≥ 2
Ri
B

∑
s∈S k1

i,s − 1, i ∈ D1, (49)

which can further be expressed as given by (50) which is
shown at the top of the next page.

Note that (50) is equivalent to (48) in single-tone mode.
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|hi|2
∑
s∈S

pi,s ≥
(
2

Ri
B

∑
s∈S k1

i,s − 1
)NoB +

∑
s∈S

(
k1i,s

∑
j∈D2

|hj |2pj,s
) , i ∈ D1. (50)

|hi|2
∑
s∈S

pi,s ≥
(
2

Ri
B − 1

)NoB +
∑
s∈S

k1i,s
∑
j∈D2

|hj |2pj,s

−(1−∑
s∈S

k1i,s

)(
2

Ri
B − 1

)
NoB, i ∈ D1. (51)

If device i ∈ D1 is allocated a given subcarrier s, then
pi,s > 0, and pi,s′ = 0 for all s′ 6= s. In addition,
k1i,s

∑
j∈D2

|hj |2pj,s ≥ 0 and k1i,s′
∑

j∈D2
|hj |2pj,s′ = 0 for

all subcarriers s′ 6= s. An equivalent affine constraint of
(50) is given by (51). Note that the summation

∑
s∈S k

1
i,s

is equal to either zero or one. If
∑

s∈S k
1
i,s is equal to 1 (i.e.,

device i is allocated one subcarrier), then (1−
∑

s∈S k
1
i,s) =

0 and the second term of the right hand side of (51) is
equal to zero. In this case, device i is required to meet
its minimum data rate requirement. On the other hand, if∑

s∈S k
1
i,s is equal to 0 (i.e., device i is not allocated any

subcarrier), then (1 −
∑

s∈S k
1
i,s) = 1,

∑
s∈S pi,s = 0 and∑

s∈S k
1
i,s

∑
j∈D2

|hj |2pj,s = 0. Hence, the two sides of
(51) are equal to zero which satisfies the constraint. This is
equivalent to the case in (50) when

∑
s∈S k

1
i,s is assumed to

take a value of zero or one. This makes the constraints (50)
and (51) to be equivalent.
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