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Abstract—The proliferation of technologies operating on dc
power has motivated system planners towards integration of dc
and ac grids. The optimal power flow (OPF) analysis is widely
used to determine the economically efficient operating points of
the power grids. The OPF problem in ac-dc grids is a non-convex
optimization problem due to the nonlinear power flow equations
and the operating constraints imposed by the ac-dc converters. In
this paper, we study the OPF problem in ac-dc grids to address
the non-convexity of the problem. The objective of the ac-dc OPF
problem is to jointly minimize the generation cost and the losses
on the lines and converters. The optimization problem is subject
to the ac and dc power flow constraints, the limits of the voltages
and line flows, and the operating limits of the converters. We use
convex relaxation techniques and transform the problem to a
semidefinite program. We derive a sufficient condition for zero
relaxation gap to obtain the global optimal solution. Simulations
are performed on an IEEE 118-bus test system connected to
sample dc grids. We show that the zero relaxation gap condition
holds for the case study and the global optimal solution can be
obtained.

Index Terms—QOptimal power flow, ac-dc grid, semidefinite
program.

I. INTRODUCTION

The transition from ac grids to integrated ac-dc grids is
accelerating due to the advance in power electronics and the
increase of the applications for dc power. Many renewable
energy resources, such as photovoltaic (PV) systems, generate
dc power [1]. High voltage direct current (HVDC) transmis-
sion lines facilitate transporting power to or from remote
areas [2]. Many electrical loads, such as motor loads, pumps,
and lighting consume dc power [3]. The dc microgrid can be
a viable alternative as an energy source for data centers [4].
Batteries, supercapacitors, and fuel cells store energy as dc [5].
Another motivation for moving towards ac-dc grids is the
increase of energy efficiency by eliminating losses associated
with dc-ac-dc conversions [6]. Besides, ac-dc grids can be
more reliable than ac grids since the additional conversion
steps in ac grids may introduce potential faults [7].

Optimal power flow (OPF) plays an important role in power
system operation. In OPF, the output power of the generators
is determined by optimizing an objective function such as the
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total generation cost and the system power losses [8]. The
OPF problem in ac grids is subject to physical and operating
constraints such as power balance constraints, and voltage
magnitude and power flow limits [8]. The OPF in ac grids
takes the form of a non-convex optimization problem, and is
generally difficult to solve. The non-convexity of the problem
arises from the nonlinear power flow equations and quadratic
dependency on the set of bus voltages.

It is a challenge to determine the global optimal solution
among the multiple local optimal solutions of the OPF problem
in ac grids. Recently, semidefinite programming (SDP) and
convex relaxation of the OPF problem in ac grids have
attracted significant research attention [9]-[16]. These tech-
niques are guaranteed to determine the global optimal solution
when the relaxation gap is zero. The work in [9] presents the
bus injection and branch flow models of the OPF problem and
proves their equivalence. In [10], the convex relaxations of the
OPF problem based on SDP, chordal extension, and second-
order cone programming (SOCP) are studied. The sufficient
conditions that guarantee the exactness of these relaxations are
provided. In [11], a nested optimization approach is proposed
to decompose the multi-period joint OPF and electric vehi-
cle (EV) charging problem into separable subproblems. The
decomposed problem is solved using a nonsmooth separable
programming technique. In [12], it is shown that the SDP
relaxation for ac grids has zero relaxation gap for practical
power grids including IEEE test power systems. The work in
[13] presents the geometric properties of the set of all vectors
of bus power injections satisfying the operating constraints of
a radial power network. The convex relaxation of the OPF
problem is obtained and the sufficient condition to determine
a global optimal solution of the OPF problem is derived. The
work in [14] presents a branch flow model for the analysis of
meshed and radial networks. The proposed convex relaxation
method is exact for radial networks provided there are no upper
bounds on loads or voltage magnitudes. The work in [15]
has proposed the SOCP relaxation of the OPF problem for
resistive networks. The uniqueness of the optimal solution is
characterized for radial and meshed networks. In [16], a model
for the power lines capacity is presented. The zero relaxation
gap for weakly cyclic networks is studied. The upper bound on
the rank of the minimum-rank solution of the SDP relaxation
is provided.

In ac-dc grids, the OPF problem includes the constraints
imposed by the limits on the voltage and current ratings of
the converters in addition to the constraints imposed by the ac
and dc grids. The converter losses can add up to a significant



fraction of the overall system losses. Thus, the converter losses
are usually included in the the ac-dc OPF problem [17]. The
losses in a converter can be approximated by a quadratic
function of its current magnitude [18]. The ac-dc OPF is also a
non-convex problem due to the quadratic form of the converter
losses and nonlinear power flow equations. Several methods
have been proposed to address the ac-dc OPF such as heuristic
and interior point methods [19], [20], the Newton-Raphson
method [21], SOCP [22], and sequential approaches [23].
Most of the works on OPF in ac-dc power grids (e.g., [20]—
[23]) do not guarantee to obtain the global optimal solution.
In this paper, our goal is to determine the global optimal
solution of the ac-dc OPF problem. The efficiency of SDP
in solving the ac OPF problem has motivated us to use this
approach to solve the ac-dc OPF problem. In ac-dc systems,
the ac and dc buses are connected through three-phase ac-
dc converters. To model the ac-dc converters, we consider
voltage source converters (VSCs), which are widely used in
practice [24]. In this paper, we extend the work we have done
in [25] by considering the converter losses and the operating
constraints imposed by the VSCs in the ac-dc OPF problem.
The challenges include obtaining the SDP form of the power
losses and the constraints on the reactive and apparent power
flows in the VSCs. Deriving a sufficient condition for zero
relaxation gap is another challenge that we address in this
paper. The main contributions of this paper are as follows:

o We introduce a general ac-dc OPF problem formulation,
which can be used in different scenarios including (a) an
ac grid connected to dc microgrids via VSCs, and (b) an
ac grid embedded with dc cables such as HVDC lines.
We model the losses and the limits on the voltage and
current ratings of the VSCs in the ac-dc OPF problem.

o We transform the problem into SDP, solve the problem,
and determine the zero relaxation gap condition. We show
that the zero relaxation gap condition can hold in practical
ac-dc grids including the IEEE test systems connected
to some dc grids. We describe how the solution of the
original ac-dc OPF problem can be determined from the
solution of the SDP form of the ac-dc OPF.

o Simulations are performed on an IEEE 118-bus test
system connected to five off-shore wind farms using
HVDC lines and one ac-dc microgrid. We show that the
SDP form of the OPF problem has zero relaxation gap
and it can provide the global optimal solution.

The rest of this paper is organized as follows. The models
for ac-dc grids and the VSCs are presented in Section II.
In Section III, the ac-dc OPF problem is formulated and is
transformed to an SDP. The zero relaxation gap condition is
also studied. Simulation results are presented in Section IV.
The paper is concluded in Section V.

II. SYSTEM MODEL AND AC-DC OPF FORMULATION

Consider an ac-dc grid consisting of an ac grid connected
to multiple dc grids. We represent an ac-dc grid by a tuple
O(N, L), where N denotes the set of buses and £ denotes
the set of transmission lines. The dc grids are connected to
the ac grid using VSCs at some buses. An ac-dc grid with a
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Fig. 1. A VSC station schematic in an ac-dc grid.

VSC station is shown in Fig. 1. The VSC station consists of
a transformer, ac filter, phase reactor, and converter. Without
loss of generality, the VSC station is assumed to be a two- or
three-level converter using the pulse-width modulation (PWM)
switching method. Let N,c € N denote the set of ac buses
that are not connected to the converters. Let Mg, € N denote
the set of dc buses that are not connected to the converters.
Let G C N denote the set of generator buses. Let N2 C N
denote the set of ac side converter buses. Let ./\/'dcc"nv CN
denote the set of dc side converter buses. Let N = Ny
NE™ denote the set of all converter buses. Let X, denote the
phase reactor of the converter connected to ac bus k € N,
Let Rc, denote the resistance modeling the losses of the non-
ideal phase reactor of the converter connected to ac bus k €
N™. Let By denote the shunt susceptance for the ac filter
connected to the filter bus f € Ny.. Let XTf and RTf denote
the reactance and resistance of the transformer connecting the
ac grid to the filter bus f € N, respectively. In Fig. 1, buses
k and s are in sets V2™ and N, respectively. The buses
in region 1 are in set N, the buses in region 2 are in set
N “and the buses in region 3 are in set Ny.. The following
assumptions are made in modeling the VSC station and ac-dc
grid.

Al. The VSCs can control the active power (or the dc
voltage) and the reactive power (or the ac voltage) magnitude
and phase angle of the ac terminal voltages [26].

A2.In a VSC, the resistance R, is much smaller than the
reactance X¢, for k € NE™. Hence, the conductance of the
phase reactor is negligible compared to its susceptance [17].

A3. The difference of the phase angles J;,—d ¢ for ac bus k €
NE™ and filter bus f € N in a VSC station is small [17].

A4. A dc grid is modeled as an ac grid with purely resistive
transmission lines and generators operating at unity power
factor.

The converter between ac bus k € N2 and dc bus s €
./\/;icc"nv converts ac voltage Vj, to dc voltage V;. Let m, denote
the maximum modulation factor, which can be set according to
the modulation mode. The voltage magnitude at the converter
ac bus is upper bounded by [27]
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Let Pc, and P, denote the active power injected into ac
bus k& € V™ and de bus s € N™, respectively. Let Pty
denote the losses of the converter connected to ac bus & €
NZ™. The active power balance equation for the converter

connected to ac bus k € N and dc bus s € N5 is

Pe, + Pe, + Pgoy, = 0. (2



Let I denote the injected current into an arbitrary bus
k € N. For a VSC station, the power losses can be determined
from the aggregate losses of the components in the station such
as the transformer, ac filter, phase reactor, and converter. The
losses of the transformer, ac filter and phase reactor include
the losses through the equivalent series resistance, the core
losses, and the losses due to the harmonic currents. The losses
of the converter include switching losses and conductance
losses [28]. The detailed losses model of the VSC station
can be found in [29] and [30]. However for the purpose of
this paper, the losses in a VSC station with ac converter bus
k € NE™ can be approximated by a quadratic function of the
ac current magnitude |I| [17]-[19], [30]. Hence,

oo = ag + bi | + cxl L], 3)
where ag, by, and ¢ are positive coefficients representing the
constant or no-load losses (e.g., filter losses, transformer core
losses), the linear losses (e.g., switching), and the quadratic
losses (e.g., transformer, phase reactor copper losses, and
conduction losses), respectively. The model in (3) takes into
account the losses of every component of a VSC station.
The values of the coefficients ay, by, and c; depend on
the components and the power rating of the VSC station
station, and can be obtained using various approaches such
as online identification or by aggregating the loss patterns of
each component. The losses model for a sample HVDC link
rated at 600 MW and 300 kV is given in [30, pp. 58-60],
wherein it is seen that a quadratic losses model as a function of
the phase reactor current offers sufficient accuracy for system-
level studies.

In general, the current magnitude || of a converter should
not exceed an upper limit denoted by I;***. The upper bound
of the current amplitude can be replaced by the maximum
apparent power flow as an operation constraint [17]. Let
Sc, and ¢, denote the apparent and reactive power of the
converter connected to bus k € N, respectively. We have

S, * = (Pe,)” + (Qa,)” < (VR )

From assumption Al, a VSC station can control active and
reactive powers to adjust the voltage of the ac and dc terminal
buses. Therefore, the active and reactive powers Pc, and Q¢,
are variables and should satisfy constraint (4).

The operation of the VSC is constrained by the upper and
lower limits of the reactive output power of the converter.
Let S denote the nominal value of the apparent power
of the converter connected to bus k € N™. In practical
VSCs, the maximum reactive power that the converter can
absorb is approximately proportional to the nominal value of
its apparent power, S [17]. For the converter connected to
ac bus k € N2, we have

—mpSen < Qcys ®)

where my is a positive constant and can be determined by
the type of the converter. Let V™™ denote the maximum
voltage magnitude of bus k € N, Let ¢ and d;, denote
the phase angle of the voltages at filter bus f € N, and
converter ac bus k£ € N in the VSC station, respectively.

! |BC‘ |(Vkmax )2
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Fig. 2. Q-P characteristic of the converter for V| = 1pu, V"™ =
1.05pu, I = 1pu, |Vy| = 0.95pu, Rc, = 0.001pu, X¢, = 0.1643 pu,
SZ"‘“ = 1pu, and m; = 0.6.
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phase reactor connected to ac bus k& € N, From assumption
A2, the conductance of the phase reactor is negligible com-
pared to its susceptance. For filter bus f € A,. and converter
ac bus k € J\/acc"“v in the VSC station, the reactive power that
the converter can inject is upper bounded by

Qop < [Boy [Vi™ (V™ — Vi cos (3 — 67)) - (6)

denote the susceptance of the non-ideal

From assumption A3, we obtain cos (J; — d7) ~ 1. Hence,
the upper limit for the injected reactive power can be approx-
imated by the minimum value of the right-hand side of (6).
We have

Qey < [Bay V™ (V™ — Vi) - 0

The upper bound of the converter apparent power and the
upper and lower bounds of the converter reactive power are
shown in Fig. 2 for a sample VSC station. Constraint (4)
implies that the apparent power is limited by a circle in the
Q-P plane. Constraints (5) and (7) indicate the minimum and
maximum reactive power capability. The feasible operation
region of the VSC is shown by the dashed area.

In the ac-dc OPF problem, we aim to minimize a cost
function subject to the constraints imposed by the ac grid, the
dc grids, and the VSCs. Let Pz, and ()¢, denote the active
and reactive power generation at bus k € G, respectively. In an
ac-dc OPF problem, the variables include the complex voltage
Vj, for buses k € N and Pg, , Qg, for generator buses k € G,
as well as Pc,, Qc, and |Ij| for converter buses k € N,
In the following subsection, we present the objective function
and the constraints of the ac-dc OPF problem.

A. Objective Function and Constraints

The objective function includes the total generation cost
Cgen and the total system losses Flos. The generation cost
function for bus k£ € G is denoted by fi(Pg,). It can be
approximated by a quadratic function ckng;k +cr1 Pa, +cros
where cio, ci1, and cpo are positive coefficients [12]. Thus,
the total generation cost is

Cgen :ka(PG’k>
keg

= Z (cka P&, + cr1Pay, + cro) - (3)
keg



The total system losses are equal to the total generation
minus the total load of the system. It can be expressed as the
summation of the injected active power into all buses. Let Pp,
denote the active load in bus k € A/. We obtain

Poss = Y (Pg, — Pp,)- ©)
keN

In (9), if bus k is not a generator bus, then Py, = 0. In this
paper, we only consider the active power losses of the system
since the reactive power does not dissipate energy.

Let w denote a positive scaling coefficient. The objective
function fo; of the ac-dc OPF problem is

fobj = CVgen + wPogs- (10)

In (10), by increasing the value of w, the total system losses
have a larger weight in the objective function as compared
with the total generation cost. The typical value of w is around
the value of coefficients ¢y, £ € G since the total system
losses P is a linear function of the generators’ output power
Pg,, k € G. For an appropriate value of w, minimizing fop;
will enable timely adjustment of control settings to jointly
reduce the generation cost, VSC losses and transmission line
losses. Thus, it can improve the economic efficiency of the
power system operation.

The ac-dc OPF problem is subject to a set of equality and
inequality constraints imposed by the ac grid, the dc grids,
and the VSCs.

1) Equality constraints: The equality constraints consist of
the power balance equations. Let z* denote the conjugate of
an arbitrary complex number z. The active power balance
equations for bus k£ € NV can be written as

PGk_PDk :RC{V]CI;S}, VkGN\Nconv
PC;C *PD;V. :Re{VkI;}, Yk e N,

(11a)
(11b)
From assumption A4, power balance equations (11a) and (11b)
can be used for dc buses by setting I} = I;; and Re{V, I} } =
ViIi. Let Qp, denote the active load at bus k¥ € A. The
reactive power balance equations for ac buses are
QGk _QDk :Im{VkI;:}, Vk e-/\/EIC
Qck _QD;C :Im{VkI]:}7 vk EN:COHV'
In (11a) and (12a), if bus k is not a generator bus, then Pg, =
Qc, = 0. Consider the converter connected to ac bus k €

NE™ and de bus s € N™. By substituting (11b) into the
power balance equation (2), we obtain

Re{Vil;} +Re{ViI} + P + Pp, + Pp, = 0.

(12a)
(12b)

13)

2) Inequality constraints: The generators output active
power Pg,, k € G, generators output reactive power (g, ,
k € G, the voltage magnitudes |Vi|, k € N, and the apparent
power flowing through the transmission lines S, (I,m) € L
are bounded. We use P3", g, P QE™, V;min - and Vjmax
to represent the lower and upper bounds on the generator active
power, reactive power, and bus voltage at bus k, respectively.
If bus £ is not a generator bus, then Pg‘;" = pPg™ = ‘5‘: =

o = 0. 577 is the maximum apparent power flow through

the line (I, m) € L. The inequality constraints include

P < Pg, < PE™, Vk e N\N©  (14a)
QE" < Qg < QB Vk € Noe (14b)
Ve < V| < Ve, VkeN (14c¢)

| S| < SRX Y (l,m) € L. (14d)

The inequality constraints imposed by the VSCs are (1), (4),
(5) and (7). The ac-dc OPF problem is formulated as follows:

minimize Cgen + WPoss
subject to (1), (4), (5), (7), and (11a)—(14d).

(15a)
(15b)

The minimization is over the complex voltage Vj, for all buses
k € N, the active output power P, and reactive output power
¢, for all generator buses k € G, as well as the active power
flow Pc, , injected reactive power ()¢, , and current magnitude
|Ii;| for converter buses k € N,

III. SDP FORM OF THE AC-DC OPF PROBLEM

In this section, we introduce a semidefinite relaxation of
the ac-dc OPF problem (15). Our approach and notations
are similar to [12]. However, we need to model the power
losses and the constraints imposed by the active and reactive
power flow for the VSCs in SDP form. We first introduce the
notations. Then, we transform the objective function and the
constraints to formulate the SDP form of the ac-dc OPF.

Let matrix Y denote the admittance matrix. For k € N
and (I,m) € L, ey, is the k™ basis vector in RIWVI, eg is its
transposed vector, and Y} :eke;fY. The row k of matrix Y}
is equal to the row k of Y. The other entries of Y}, are zero.
We use the IT model of the transmission lines (I,m) [31]. Let
Yim and ¥y, denote the value of the series and shunt elements
at bus [ connected to bus m, respectively. We define Y, =
(Gim~+yim)ered —(yim)erel,, where the entries (1,1) and (I, m)
of Y}, are equal to ¥, + Yim and —yp.,, respectively. The
other entries of Yj,, are zero. We define matrices Y, Yy,
Yim, Yim, My and M;,, as follows. These matrices will be
used to write the SDP form of the ac-dc OPF problem:

v, 1 Re{V; + Y[} Im{V] -V}
T2 m{V, — VT Re{Y, + YT}’
o 1 |Im{Y, +Y} Re{Y, -V}
FTU2 Re(YT -V} Im{Yi 4+ YT}
Y, - 1 Re{Yi,,, + }/277”;1} Im{Yl,:;Fn = Yim}
2 (I {Yi — Y} Re{Yi + YD}
g - 1 |Im{Yin +Y} Re{Yim —Yp,}
T2 Re(YE — Vi) Im{Yi + Y0}
T
ere 0
Mk = [ b T‘| 3
0 exe,

_ (1 —em)(er — em)T 0
Mim = l 0 (e1 —em)(e; — em)T] '



We define the following matrix for converter bus k € N
bi
ar -5

Sk == |:bk 2 :| .

2 Ck

We define the variable column vector x as the real and
imaginary values of the vector of the complex bus voltages
vV = (Vl,...,v‘./\”).

x = |Re{v}" Im{v}” T.
[ }

We define variable matrix W = xx?. We define the
variable column vector i as follows
M T conv
lk:[l |Ik|] , VkEMC .

We also define variable matrix I = iki{ for converter bus
k€ N&™. We use the notation Tr{A} to represent the trace
of an arbitrary square matrix A. In [12], it is shown that

Re{Vi I} = Tr{Y W}, VkeN (16a)
Im{V,I}} = Tr{Y W}, VkeN (16b)
Vi|? = Tr{M, W}, VkeN (16¢)

Vi = Viul? = Te{M;,, W}, V(l,m) € L (16d)
|Sim|* = Tr{Y1,, W}? + Tr{Y;,, W}2, ¥ (I,m) € L (16e)
Por = Tr{SkI}, VEeNZ™. (16f)

We will use (16a)—(16f) to rewrite the objective function
and the constraints in the ac-dc OPF problem in terms of
variable matrices W and Iy, k € N,

A. Transforming the Objective Function

Substituting (16a) into (11a) for k¥ € G, we have Pg, =
Tr{Y, W} + Pp,. The generation cost function (8) becomes

Cun =Y (er2 (TH{Yx W} + Pp,)” +
keg

ep1 (Te{ Y W) + Pp, ) + cko). 17)

In (17), the generation cost is expressed as a quadratic function
of matrix W. However, in the SDP form, the objective
function must be linear. We can replace Cyen With Zkeg B,
which is a linear function of auxiliary variables (i, k € G.
Then, we can include inequalities f;(Pg,) < pi into the
constraints set for all generator buses. Let 7, = ci1 Pp, + cko,
then the matrix form of fi(Pg,) < B for bus k € G is

[m — 1 TH{Y W} — 7, \/@(Tr{Yklw} + PD,C)} = 0. (18)

\/CkQ(Tr{YkW} —+ PDk)
To represent the total system losses, we can substitute (16a)
into (9). Thus, we obtain
Poss = Y Tr{Y,W}.
keN

The SDP form of the objective function in (10) can be
expressed as

(19)

e :Zﬁk +w Z Tr{Y,W}.

keg keN

(20)

B. Transforming the Constraints

The active power balance equation in (11a) can be combined
with constraint (14a). Substituting (16a) into (14a), for k €
N\ N we obtain

PE" — Pp, <Tr{Y,W} < P — Pp,. 1)
Similarly, for ac buses k € N, we have
Q&) — Qp, <TH{YiW} <QF - Qp,.  (22)
Substituting (16¢) into (14¢), for k € A/, we obtain
(Vmm?2 < Te{M;W} < (V)2 (23)
Substituting (16e) into (14d), for (I,m) € L, we have
Te{ Y, W} + Tr{ ¥}, W}? < (Sna)2 (24)
The matrix form of inequality (24) is
(SE)? T{Yin W} Te{¥,, W}
Tr{Y 1, W} 1 0 > 0. (25)
{¥., W} 0 1

For the converter connected to ac bus k € N and dc bus
s € N§o™, the SDP form of constraint (1) is

C

Tr{M;W} < m2Tr{M,W}. (26)

The SDP form of constraint (5) is
—mpSE™ < Tr{Y W} (27)
Let o = —|Be, | (V™) + Qp, and & = (Be, V)2,

Let Cr = (2px + )Yy, — &My for ac bus k € NZ™
connected to filter bus f € N,.. In Appendix A, we prove that
constraint (7) is equivalent to the following matrix inequality:

M ps + Tr{C, W} %Tr{?kW} L1{¥Y, W} Tr{Y.,W}

%Tr{s:(kW} Te{Y, W} v K V2Te{Y W} 0.
%Tr{YkVV} 0 T{Y, W} 0 -
T{Y¥, W} V2T {Y,W} 0 1
(28)
The matrix form of inequality (4) is
[T {M W} Tr{YsW} + Pp,  T{¥xW}+Qp,
T]'{ka} + PDk 1 0
_Tr{?kW} —+ QDk 0 1
(29)

Substituting (16a) and (16f) into (13), we obtain
Tr{Y W} +Tr{YsW}+Tr{SiI;} + Pp, + Pp, = 0. (30)

Let Iiz denote the entry in the second row and the second
column of matrix I. We can obtain I}* = |I;|* = (RZ, +
X2, )7 |Vi.—Vy|? for ac bus k € Ng™ and filter bus f € N

of in a same VSC station. From (16d), we obtain
L = (R¢, + X2,) "' Tr{My; W} 31

Let I}? denote the entry in the first row and the second

column of matrix Ix. For k € N2, we have
I;>>0. (32)

We can write the equivalent SDP form of the ac-dc OPF



problem (15) as follows:

minimize Z Bk +w Z Tr{Y W} (33a)
keg keN

subject to (18), and (21)—(32), (33b)

rank(I;) = 1, VkeNZ™,  (33¢)

rank(W) = 1. (33d)

The minimization is over variables 8, k € G, Iy, k € N,
and W. The rank constraints (33c) and (33d) in problem (33)
are not convex. We propose a SDP relaxation of the ac-dc
OPF problem. This optimization problem is obtained from the
problem (33) by relaxing the rank constraints (33c) and (33d)
and replacing them with constraints I, = 0, k € N and
W > 0, respectively. Hence, the SDP relaxation of the ac-dc
OPF problem is obtained as follows:

minimize Z Br +w Z Tr{Y. W} (34a)
keg keN

subject to (18), and (21)—(32), (34b)

I, >~ 0, VkeN2™ (34e)

W > 0. (34d)

In the following theorem, we state that the solution matrices
", k € N2 to problem (34) return zero values for the

current magnitude of the converters.

Theorem 1 The solution matrices I,™', k € N to problem
(34) are all symmetric with 1,7 = 0.

The proof can be found in Appendix B. From the definition
of the variable matrix Iy, we have I}? = |I|. Theorem 1
states that the solutions Izpt, k € NZ™ return zero values
for the current magnitude |I|, & € N,. Hence, they are
rank two. If we enforce problem (34) to return symmetric
rank one matrices I, k € N with I,lcz’OlD ' > 0, then we
can determine a correct solution for W' as well. Motivated
by the proof of Theorem 1, we introduce a penalty function
in problems (33) and (34) to obtain a modified ac-dc OPF
problem and its modified SDP relaxation form. The modified
ac-dc OPF problem is obtained as follows:

minimize Z Br +w Z T{Y, W} —¢ Z I,lg2 (35a)

keg kEN kENco
subject to (18), and (21)—(32), (35b)
rank(I) = 1, VkeNZ™,  (35¢)
rank(W) = 1. (35d)

By relaxing the rank constraints (35c) and (35d), the mod-
ified SDP relaxation form of the ac-dc OPF is obtained as

minimize Y By +w > T{Y,W}—c > TL? (36a)
keg keN keNgmw

subject to (18), and (21)—(32), (36b)

I, = 0, VEkeNO™  (36¢)

W =0, (36d)

where € is a positive penalty coefficient. In problems (35)

and (36), we have used a penalty function to obtain rank
one solution matrices IY™, k € N with I, > 0. The
feasible set in problems (33) and (35) are the same. However,
the solution to problem (35) is not the same as the solution to
problem (33) since their objective function are not the same.
Let f:l:]?P,33 and ffgp’% denote the optimal values for the
objective functions of problems (33) and (35), respectively. In
Appendix C, we show that the difference between the optimal

SDP,33 SDP,35 .
values fobj % and f: " is bounded by

obj
SDP,35 SDP,33
0< foy = —Jooj <M, (37)
where
_ : max 12,35 22,34
M = min E I, g I - I

kGNCO"V kENCO“V

ac ac

, b
max _
+ 1 < 1+ oI 1> ) }, (38)

and 2% k€ N and 1,>°°, k € NS are the solutions
to problems (34) and (35), respectively. Inequality (37) implies
that the optimal value ffg P35 obtained from problem (35)

may not be equal to the optimal value fosgjqp,s?, obtained from

problem (33). However, if ¢M approaches zero, then the
difference between the optimal values Osgj) P35 _ 5,5 P33 will
also approach zero. The value of M in (38) is small when

the number of converters in the system is small. In fact, the

value of ;% — \/T?%%* k€ N is generally small. The
value of I (/14 Y — 1) is also small in practice. For

example, for a VSC with typical values of I* = 1.0526
pu, cx = 0.0036 pu, and by, = 0.0037 pu [32], we have
I,‘fax(\/% — 1) = 0.427 pu. In Theorem 2, we show
that the value of ¢ is small in practice. Besides, problems
(33) and (35) have the same feasible sets. Thus, the optimal
solution to problems (33) and (35) are approximately equal.
Let b™** denote the maximum value for coefficient by among
all VSC stations in the system. Let cf'™, c¢§®, and Pg5*
denote the maximum value for cii, cka, and Pg, among
all generators k € G, respectively. In the following theorem,
we give an approximation for £ to obtain rank one solution
matrices I, k € N with T, > 0.

Theorem 2 To obtain rank one solution matrices Izpt, k €
NE 10 problem (36) with IiQ’Opt > 0, the penalty coefficient
€ can be approximated by

g & b (28 PEY + ™ + w) . (39)
The proof can be found in Appendix D. The value given in
(39) is generally not a tight approximation for the penalty
coefficient €. In Section IV, we show that penalty coefficient
€ in (39) is a small number. Therefore, the difference between
the optimal values given in (37) is negligible. Problems (15)
and (33) are equivalent. Besides, problems (33) and (35)
are approximately equivalent. However, the relaxation gap
between problems (35) and (36) may not always be zero. In
the following theorem, we give a sufficient condition for zero
relaxation gap.
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Theorem 3 Let W' and I}, k € N be the solution to
problem (36). If the rank of W is less than or equal to two,
and the rank of L™, k € N are all one, then the SDP
relaxation gap will be zero.

The proof can be found in Appendix E. The sufficient con-
dition in Theorem 3 is the generalized form of the sufficient
condition proposed in [12] for the ac OPF problem. In [12],
it is shown that the sufficient condition holds for practical ac
grids including the IEEE test systems. We approximate the
ac-dc grid by an ac grid. Then, we use the results in [12]
to show that the sufficient condition in Theorem 3 holds in
practical ac-dc grids as well. We approximate the ac-dc grid
O with an ac grid O,. As shown in Fig. 3, the converter
between buses k € N ™ and s € N5 is replaced by a small
resistor Ry, (e.g., 1072 pu). This resistor is used to maintain
the connectivity of the resistive part of the grid O,. It also
implies that buses £ € N2 and s € N3 have almost the
same voltage in O,.. We also connect a generator with only
reactive output power to the ac converter buses to model the
reactive compensation capability of the converters. Besides, a
dc grid in O is considered as an equivalent ac grid in O, with
resistive lines and generators operating at unity power factor.
To formulate the OPF problem for the ac grid O, the
converter losses and the operating constraints imposed by the
converters will be removed. In Theorem 3, we relate the zero
relaxation gap in O, to the zero relaxation gap in O.

Theorem 4 If W s at most rank two for the ac OPF in
Oy, then it is at most rank two for the ac-dc OPF in O.

The proof can be found in Appendix F. Theorem 4 implies that
W' is at most rank two for practical ac-dc grids since an ac-
dc grid O can be approximated by an ac grid O,., and W is
rank two for practical ac grids [12]. By solving problem (36),
we can obtain solution matrices W and I, k € N2,
where W is at most rank two and matrices I,”, k € N
are all symmetric rank one with I,lf’om > 0. In Algorithm 1,
it is explained how to determine the vector of bus voltages
x°P and the vectors of injected currents i,”", k € N™. The
steps in Algorithm 1 are derived from the proof of Theorem 3
in Appendix E. In Line 1, problem (36) is solved. In Line
2, if the solution matrices W and Izpt, k € N to
problem (36) are all rank one, then in Line 3, we calculate
the nonzero eigenvalue ¢ with eigenvector 1 of WP, Going
to Line 9, we calculate the solutions as x°® = ,/pv and
P = (™7 In Line 4, if matrices I}™, k € NS are
all rank one, but matrix W°P! is rank two, then in Line 5, we
calculate two nonzero eigenvalues ¢1 and ¢ of WP with the
corresponding eigenvectors v; and vs. It can be shown that
the rank one matrix W™ = (41 +¢o)v 17 is also the solution
of problem (36) [12]. In Line 6, matrix W™ is obtained. In

Algorithm 1 ac-dc OPF algorithm.

: Solve problem (36).

: If WPt and I}P ', k € N are all rank one

Calculate the nonzero eigenvalue ¢ with eigenvector v of WOPt,
: Else if WP is rank two and I, k € NS are rank one

Calculate two nonzero eigenvalues ¢1 and ¢2 with eigenvectors
v1 and v of WOPL

Calculate the rank one matrix W({pl: (p1 + d2)11 u?.
Calculate the nonzero eigenvalue ¢ with eigenvector 1 of W‘l’pl.
: End if

: Calculate the solution vectors x°P' and ;" ', k€ NS from x = | /pep
and IP* = P (i) 7T

DA W

Line 7, we calculate the nonzero eigenvalue ¢ of W’ " with

its corresponding eigenvector . Then in Line 9, the solution
vector X" can be obtained from x°' = /. If the rank of
WP is greater than two, or at least one of the I}™, k € V&
is not rank one, then the relaxation gap may not be zero and the
proposed approach does not return the global solution to the
ac-dc OPF problem. Similar to [16], one may use a heuristic
method to enforce the low-rank solution of problem (36) to
become rank one or rank two. However, this is beyond the
scope of this paper.

IV. PERFORMANCE EVALUATION

In this section, we illustrate the performance of the SDP
approach for solving the ac-dc OPF problem. The test system
is shown in Fig. 4. The IEEE 118-bus test system is connected
to five off-shore wind farms at buses 7 and 9 via HVDC
lines. An ac-dc microgrid consisting of three PV systems is
connected to bus 5 via an ac-dc converter. Buses 5, 7, and
9 in the IEEE test system are connected to each other via
dc cables. The base power of the system is 100 MVA. The
data for the IEEE 118-bus test system can be found in [33].
The generators’ cost function coefficients can be found in
MATPOWER’s library [34]. The rated power of each VSC is
50 MVA. The data for the VSC stations in the grid’s per unit
system are given in Table I. The VSC losses parameters in
Table I are from [32] and converted to the grid’s per unit
system. The resistance of all HVDC lines is 0.06 pu. The
resistance of all dc cables is 0.001 pu. The maximum apparent
power flow through the HVDC lines and other transmission
lines is 1.1 pu. Unless stated otherwise, parameter m, is set to
0.5 and the maximum modulation factor m,, is set to 1.05 [17].
The lower and upper bounds for voltage magnitudes are 0.9
pu and 1.1 pu, respectively. The active output power of the
wind farms connected to buses 132 to 135 are 10 MW. The
active output power of the wind farm connected to bus 125
is 50 MW. Wind farms can control the reactive power at
its grid connection point. In this study, the wind farms are
operating at unity power factor. For the ac-dc microgrid, the
output active power of each PV system is 5 MW, and the
active load in each dc bus is 20 MW. The active and reactive
loads in ac bus 164 are 20 MW and 20 MVAR, respectively.
Total active and reactive loads of the system are 4302 MW
and 1448 MVAR, respectively. The scaling coefficient w in
the objective function (10) is set to 10 to jointly minimize
the total generation cost and total system losses. There are
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TABLE I
VSC STATION PARAMETERS WITH CONVERTER BUS k& AND FILTER BUS f

VSC parameters (pu)

R, = 0.0005 X, =0.0125 By =0.2 S“C"]‘:‘ =0.5
Rc, = 0.00025 X¢, =0.04 Vi =1.05 | IP™ =1.0526
VSC losses data (pu)
ar = 0.00265 by, = 0.0037 ¢, = 0.0036

12 converters and the set of converter ac buses is N2 =
{120,123,127,130,137, 140, 143,146, 149, 152, 155, 165 }.
We discuss the results obtained from Theorems 1 to 4 in
detail. To check the result of Theorem 1, we first solve problem
(34) by using CVX with SeDuMi solver in Matlab. As The-
orem 1 states, the matrices I,”, k € N are all symmetric
and rank two with zero values for I,?’Opt. Hence, problem (34)
does not return a correct solution to the ac-dc OPF problem.
Then, we use a penalty function to obtain problems (35) and
(36). We solve problem (36). According to Theorem 2, the
appropriate value for the penalty factor € can be determined
from (39). In the grid’s per unit system, we have b™* = 0.0037
pu, '™ = 40 pu, c§™ = 0.02 pu, and PE*™ = 5 pu. Hence,
€ = 0.1857 is obtained from (39). It returns symmetric rank
one matrices I, k € N™ with positive values for I,
The optimal value of problem (36) is 1093.28 pu ($128,171
per hour). If the relaxation gap between problems (35) and (36)
is zero, then the optimal value of problems (35) and (36) are
equal. We use inequality (37) to determine the upper bound

for fosgms — OSQJ?P’?’?’. By solving problem (34), we obtain
D ke Ao I,lf’35 — \/Iiz’34 = 0.11 pu. According to (37),

for ¢ = 0.1857 and I}™* = 1.0526 pu, the difference between
the optimal values fOSP’% and f()sg;P,35 is at most 0.973 pu,
which is negligible compared with 1093.28 pu, the optimal

value of problem (35). Therefore, problems (33) and (35) are

eM (pu)
Y
eM (pu)
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Fig. 5. The value of the upper bound M in (37) for different values of
parameters by, cx, IJ™, k € NEW - and the scaling coefficient w.

approximately equivalent, and the approximation is negligible.
To assess the approximation in solving the ac-dc OPF problem,
we obtain the value of the upper bound e M given in (37) for
different values of parameters by, cx, I, k € N™, and
the scaling coefficient w. The results are given in Fig. 5. The
value of parameters by and ci, k € N2 are changing from
50% to 200% of their assumed values in the simulation setup.
The value of I}™, k € N2 is changing from 1 pu to 1.1
pu. The value of the scaling coefficient w is changing from 0
to 100, which is practical for the case study since coefficients
cr1, k € G in (8) are about 40 pu. The results show that for
different values of by, ci, IJ™, k € j\/acc"“", and w, the value
of eM is less than 3.5 pu, which is negligible compared with
the optimal value of problem (35). Therefore, the solutions to
problem (35) (or problem (36)) and the original ac-dc OPF
problem (33) can be treated as “approximately equal” for the
purpose of this paper.

By solving problem (36), we obtain a rank two matrix
W' with nonzero eigenvalues ¢; = ¢ = 8.831 and the
corresponding eigenvectors v; and v,. According to Theo-
rem 3, when matrix W°' is rank two, then the relaxation
gap between problems (35) and (36) is zero, and the global
optimal solution to the ac-dc OPF problem can be obtained
by using Algorithm 1. From Algorithm 1, the rank one matrix
WP = (¢1 + ¢2)vivf s also the solution of problem (36).
Matrix W™ has one nonzero eigenvalue ¢ = 17.662 with
corresponding eigenvector ). The solution vector x° is
obtained from x°" = | /pp. Fig. 6 shows the voltage profile
obtained by the proposed approach and MATPOWER. For
the purpose of comparison, we use the primal-dual interior
point (PDIP) algorithm using the Matlab interior point method
solver (MIPS) available in MATPOWER to obtain a solution to
the ac-dc OPF problem. We use the ac-dc OPF formulation
proposed in [32] to include constraints of the ac-dc network
into the MATPOWER. The objective function given in [32] for
the ac-dc OPF problem is replaced by (10). The constraint
for the converter dc voltage lower limit in [32] is replaced
by (5). The constraints given in [32] for the grid code of wind
farms’ connection are modified for unity power factor in our
simulation. The Jacobian and Hessian matrices in MATPOWER
are modified by adding the new variables for the VSCs and
the set of equality and inequality constraints imposed by the
converters. Unity voltage for all buses is assumed as the initial
point. Although MATPOWER can obtain a solution to the ac-dc
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TABLE 11
THE GENERATION COST AND SYSTEM LOSSES OBTAINED FROM SDP
RELAXATION APPROACH AND THE APPROACH PROPOSED IN [32] USING
MATPOWER WITH DIFFERENT SOLVERS.

Generation Total Converter Line
cost ($/hr) | losses (MW) | losses (MW) | losses (MW)
SDP relaxation | 128,171 73.12 6.28 66.84
MATPOWER
with MIPS 129,085 87.26 9.12 78.14
MATPOWER
with IPOPT 128,641 78.46 7.08 71.38
MATPOWER
with SNOPT 128,905 83.05 7.19 75.86
MATPOWER
with TSPOPF 129,516 91.38 9.41 81.97

OPF problem using the PDIP algorithm, it does not guarantee
the solution to be the global optimal. MATPOWER can also
use other OPF solvers such as TSPOPF [35] and a number
of modern solvers for convex optimization problems such as
IPOPT [36], SNOPT [37], [38]. Although these solvers are
well implemented, they can only guarantee convergence to a
local optimal solution of the ac-dc OPF problem. The system
generation cost and total system losses obtained from the SDP
relaxation approach and MATPOWER are given in Table IIL.
IPOPT returns the best sub-optimal solution. All other solvers
did not return a global optimal solution (the solution obtained
from the SDP relaxation technique). The total system losses
consist of two components: the transmission line and VSC
losses. From (3), the transmission line losses can be obtained
as Ploss — Zke‘/\[;cmw (ak + bi|Ik| + ck|Ix|?), where the second
term is the converter losses.

The converter and transmission line losses obtained from
the SDP relaxation approach are given in Table II. Total
system losses are about 1.7% of the total load of the system.
Moreover, we can observe that the generation cost and total
system losses obtained from the SDP relaxation approach
are lower since the solution obtained from MATPOWER is a
local optimum. The VSC losses are about 8.6% of the total
system losses. It confirms that the VSC losses can add up
to a significant fraction of total system losses and have to
be included in the OPF problem. The Q-P characteristics of
the converters 1, 2, 3, 4, 11, and 12 in the VSC per unit
system are shown in Fig. 7. The nominal apparent power for
the converters is S¢™ = 1 pu in the VSC’s per unit system.
From (5), the max1mum reactive power that the converters
can absorb is 0.5 pu. Constraint (7) for the upper limit of
the injected reactive power is active for converters 1 and
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o
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—Converter 4

—Converter 11

|
o
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Reactive power (pu)
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Fig. 7. Q-P characteristics of the converters 1, 2, 3, 4, 11, and 12.
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11. That is, converters 1 and 11 are injecting reactive power
to the ac grid with maximum rate for voltage regulation.
Constraint (4) for the upper limit of the apparent power is
active for converter 3, since the generated active power by the
wind farms is flowing through this converter. Converters 2 and
4 are also absorbing the generated active power by the wind
farms. Converter 12 is injecting reactive power to meet the
load at bus 164.

To illustrate the results of Theorem 4, we have solved the
dual OPF problem defined in the proof of Theorem 4 in
Appendix F for O and O,. The Lagrange multipliers are
shown in Fig. 8. As shown by dashed rectangles, instead of
Ak, we have Lagrange multiplier 0, associated with equality
constraint (30) for converter ac bus k € N and converter
dc bus s € N5 in the same VSC station. We observe that the
Lagrange multipliers Ay in the ac-dc grid O are all positive and
greater than their corresponding Lagrange multiplier Ay in the
ac grid O,. It confirms Proposition F.2. Besides, Lagrange
multipliers 6y, are positive though they can be lower (e.g.,
in buses 120 to 123) or greater (e.g., in buses 155 and 156)
than their corresponding Lagrange multipliers in O,.. Hence,
the conditions given in the proof of Theorem 4 are satisfied.
For this case study, the running time of algorithm 1 was
about 40 seconds which is higher than the few seconds of
the running time for the well-implemented algorithms used
in MATPOWER. The number of variables of problem (36) is
quadratic with respect to the number of buses. Hence, the
computational cost of solving the SDP relaxation of the ac-dc
OPF problem grows rapidly with the size of the system. To
reduce the computational burden of SDP relaxation of large
OPF problems, different techniques have been proposed such
as exploiting sparsity in SDP relaxation [39], [40] and matrix



combination algorithm [41]. In our proposed approach, the
number of variables of the dual of ac-dc OPF formulated in
Appendix F is linear with respect to the number of buses. Thus,
solving the dual OPF can save computation time to determine
the solution of the OPF problem in large ac-dc grids.

V. CONCLUSION

In this paper, we studied the OPF problem for ac-dc grids.
The converter losses and the operating limits on the voltage
and current of the converters were modeled in the OPF
problem. The original problem was non-convex, which does
not guarantee a global optimal solution. Convex relaxation
techniques were used to obtain the SDP form of the ac-dc OPF
problem. An algorithm was given to determine the solution
to the original ac-dc OPF problem from its SDP form. We
provided a sufficient condition for zero relaxation gap that
guarantees the OPF algorithm to return the global optimal
solution. We also showed that the sufficient condition holds
for practical ac-dc grids. Simulation results on a modified
IEEE 118-bus test system confirmed that the zero relaxation
gap condition holds for the case study, and the SDP approach
enabled us to obtain the global optimal solution to the bus
voltages and the converters operating points in polynomial
time. For future work, we plan to extend the model by
considering other power electronic devices such as flexible ac
transmission system controllers. We also plan to address the
challenges of applying the proposed OPF solution approach
to large-scale ac-dc systems through the use of decomposition
techniques and distributed computations.

APPENDIX
A. The Proof of Constraint (28)
We first combine (12b) with constraint (7) and obtain

Im{ViLi} + Qo < |Bey| (V) = Vvl
Substituting (16b) into (40), we obtain

Tr{Y,W} + Qp, < |Bc,]| ((dex)

(40)

— V) @)

We substitute pr = —|Be,| (V™)? + Qp, and & =
(Be, kaT‘a") into (41). Takmg the square of both sides, we
obtain

(TH{Y LW + pi)° > & Vi) (42)
Substituting (16c) into (42), we obtain
(Te{TxW} + pi)° > & Tr{M;W}. (43)

Thus, we have
Tr{Y W} + 20, Te{ Y W} +p2 — & Tr{M W} > 0. (44)
Substituting Cy, = (2pk+1)Yk—§ka into (44), we obtain
Te{Y W} — Tr{Y W} + pi + Tr{C,W} > 0. (45)
We multiply (45) by positive number Tr{Y ;W 1?2 to obtain
Tr{Y,W}* - Tr{Y, , W}?

+ Tr{YW}? (0} + Tr{C,W}) > 0. (46)

The matrix form of (46) is given in (28). The proof is
completed. |

B. The Proof of Theorem 1
The solution matrices I)”, k € N™ to problem (34)

. . ; . 12,0pt _ 121,0pt
are symmetric positive semidefinite. Hence, I, " = I ",
22, opt 12,0pt

L% > 0 for k € N2™. However, we have I, = 0.

In fact, for each k € N, the coefficient by in (3) is
positive. Thus, a zero value for 112 P reduces the VSC losses.
Therefore, it reduces the ObjeCthC value of problem (34). By
solving problem (34), the value of I, k € N<™ becomes
as low as possible to minimize the objective function. Matrix

P k € NSV is positive semidefinite and constraint (32)
holds Thus, for each k € N, the lowest value that T,
can take is [, = 0. It is clear that the matrix ", k € /\ffc‘mv
is rank two when I,>°" = 0. The proof is completed. ]

C. The Proof of Inequality (37)

Let 333, k € G, W3 and I3, k € N°™ denote the optimal
solutions to problem (33). Also, let 33°, k € G, W3 and
125, k € N denote the optimal solutions to problem (35).
Since 5%, k € G, W3 and I,%% k € NS minimize the
objective function of problem (35), we have

S W Y Y WP e 3 12

keg keN keNgm
<Y R+ Y, WBr— > PP @)
keg keN keNgomw

Moreover, [323, k € G and W33 minimize the objective
function of problem (33). Hence, we have

Z BE +w Z Tr{Y W3}

keg keN

< Z 625 +w Z Tr{YkWBE’}.

keg keN

(48)

According to equation (20), we have fy7% =

Yreg B+ wipen YWY and 70
S okeg B0+ WD pen Tr{Yr W32}, Substituting fSDP33

and fSDP 35 into inequalities (47) and (48), we obtain
SDP 35 12,35 SDP 33 12,33
wome DT e D LY, @w
ke_/\/'conv keNcnnv
fosgp,?,;s < OSI:J?P,%. (49b)

After rearranging the terms, inequality (49a) becomes

12 35

fosgp,sé’) :t:J)P 133 <e Z 2 33) (50)
keNcom
Inequality (49b) is equivalent to
0< fSDP ,35 fosgjgms’ (51)

which proves the left-hand side of (37). Moreover, converter

12 12 y .
currents I 3 and I 35 for k e NE™ are non-negative

and upper bounded by I Therefore Dok Nm"v 12 B



S eneon 1% in the right-hand side of (50) is bounded by

Z (11162’35*11162’33> < Z e,

keNcom keNgom

(52)

By multiplying both sides of (52) by € and substituting into
(50), we obtain
Z Imdx

SDP,35 SDP 33
fobj ()b] (53)
kENCO"‘

The right-hand side of (52) is generally not a tight upper
bound for ;¢ \eom (112 R p 33)

I,lf 33, k € NE™ cannot be obtained since problem (33)
is difficult to be solved. However, one can solve problem
(34) and approximate 1,12’33, k € N by the value of

VIR ke NOv, where T2, k€ NS™ is the solution
to problem (34). We can show that the relaxation gap between
problem (33) with b, = 0, k € N and problem (34) is
zero. Condition by, = 0, k € N implies that the linear
losses (e.g., switching losses) in the converters are zero. Thus,
the losses in a VSC become lower. The losses in a VSC with
br = 0 and current I 234 g Plf)‘zgvk = 016122’34 + ay. It should
be lower than the losses in a VSC with br > 0 and current
I,lf’33 obtained from (3). Therefore, we have

. The exact value of

Al 4 ap < (2?2 4 0 2% 4, VE e NO™.
(54)

Hence, we obtain

b
Ii2’34 < (I,lf’?’B)2 + él,lf’?’g, Vi eNZ™. (55)

We take the square root of both sides of (55). Then, we
subtract both sides by I12 3 Forall k € NE™ | we obtain

b
Ii2,34_111§2,33 S\/(Illc2,33)2+C’;Ii2,33_1i2,33_ (56)
The right-hand side of (56), ( P % TR P

is an increasing function of Ik %, For all k € N2, we have

<I}§‘a"< L

Imax

\/(1115,33)2 i b—kI,lf’% _ I,1§2’33
Ck
(57)

Substituting (57) into (56), we obtain

c I

| PR PR ( L 1) ke N,

(58)

We add 112 %5 to the both sides of (58). After rearranging
the terms, for all k € N2, we obtain

Imax

, by
I]1€2’357 I’1€2,33§ I]1€27357 Ii2,34 +I’1€nax( 14+ 1) .

(59)

Substituting (59) into (50), we have

fostgp,ss) _ 0sb[j)P,a:s <e Z <1i2,35 _ /Ii2’34
ke N o
+Imax 1 + b 1
Cr Imax .
(60)
The upper bound in (37) is obtained from (53) and (60).
The proof is completed. |

D. The Proof of Theorem 2

We use the penalty function in the objective function of
problem (36) to obtain rank one solution matrices I)™', k €
NE™ with positive value for T,”. By changing the value of
I,lf Pk € NE™ from zero to positive, the total losses of the
system will increase by approximately 3~  xeon ka12 P! The
increase in the losses results in increasing the total generation
level. Let PO denote the generated power of the generator in
bus k € G When 112 P is zero for all k € NE™. Let P+
denote the generated power of the generator in bus k € g
when IiQ’Opt is positive for all k € N2, Let A fj, and ACjen
denote the change in the generation cost of the generator in bus
k € G and the total generation cost of the system, respectively.
If the generation level for generator k € G increases from ng
to ngk, then the value of A f; can be approximated as

Afk ~ (QCkQP(%'k + Ckl) (ng:k - ng) :

The term QCkQPG + c1 in (61) is the marginal cost for the

(61)

generator in bus k € G with generation level P0 The value
of AC,, is
AC’gen = Z Afk
keg
~ Y (2002P8, +cm) (P, — PC,) - (62)
keg
Substituting c'**, ¢§**, and PZ* into (62) for all generators

k € G, we obtain

Acgen < (ZCglaX max CmaX) Z (ng
keg

—-Pg). (63)

The increase in the generation level of the generators
is due to the increase in the losses. Hence, we have

Yreg (Po, — P&) = Zienem bpI,>™" and we obtain
ACqyen < (205™PE™ + ™) Y b (64)
]CEN“"“
Substituting ™ into (64), we obtain
ACgen < pmax (QCrQnax Cr;nax + Cmax Z 112 OP[ (65)

ke/\/’con\

Let A fo,; denote the change in the objective value of prob-
lem (34) when the value of I,™ k € N changes from
zero to a positive number. The objective function foy,; includes
the total generation cost and the total system losses. When the
value of T,°"", k € N changes from zero to positive, the



system losses will increase by at most b™* 37,  \rem | PR

Therefore, from (65), we have

Afob] < pmax (2 mdemax + Crlnax + w) Z IIICQ,OPK'
keNgem

(66)

To obtain rank one solution matrices I
12,0pt

positive value for I
function (Z kEN M ) be greater than the change in the

objective function A fobj- Therefore, the penalty coefficient ¢
can be approximated by

£ & P (25 PES 4+ A 4 w).

, k€ N with
, it is sufﬁ01ent that the penalty
Il2 ,opt

(67)
The proof is completed. |

E. The Proof of Theorem 3

If the solution matrices W and I}™, k € N to
problem (36) are all rank one, then WO = x°P{(x°P)T

and I" = {)P'(i)™)7. Thus, the relaxation gap is zero. If
Izpl, k € NO™ are all rank one, but W is rank two,

then W' has two nonzero eigenvalues ¢; and ¢ with
corresponding eigenvectors v; and vq. It can be shown that
the rank one matrix WP = (¢1 4¢3 )1 0] is also the solution
of the OPF problem [12]. Matrix W™ has only one nonzero
eigenvalue ¢ with corresponding eigenvector ). Then, the
solution vector x°* can be obtained from x°* = ,/p1p. If
the rank of W°P' is greater than two, or at least one of the
matrices I‘,;pt, k € N is not rank one, then the relaxation
gap may not be zero. The proof is completed. |

F. The Proof of Theorem 4

For the sake of convenience, we rewrite the modified ac-dc
OPF problem (35) again as follows:

minimize Z Br +w Z Tr{Y W} —¢ Z I;> (68a)
keg keN kENCom

subject to (18), and (21)—(32), (68b)

rank(I) = 1, VkeNZ™,  (68¢c)

rank(W) = 1. (68d)

We consider the dual problem of problem (68). We define
the dual variables. Let \;, v V0 and My denote the Lagrange
multipliers associated with the lower 1nequal1t1es in (21), (22),
and (23), respectively. Let \x, 7, and 7i;, denote the Lagrange
multipliers associated with the upper inequalities in (21), (22),
and (23), respectively. For each transmission line (I, m) € L,

the matrix

1 2 3

’I"lzm Tilm Tl5m

le =1 Tim Tim Tim
3 6

Tim  Tim  Tim

is the Lagrange multiplier associated with the matrix inequality
(25). For each generator bus k € G, the matrix

[
re=[4 )

is the Lagrange multiplier for the matrix inequality (18).

Aks Vi, and py are defined as follows:

Xe — Ap, + €r1+ 2¢/Chart, ifkeg
A =42 )

Ak = Aps otherwise,
Pk = P = M-

Let X denote the set of all multipliers )\, s Yo Ve My
and 11;,. Also, let R denote the set of all Lagrange multipliers
le and Rk.

For each converter connected to ac bus k& € N2 and
dc bus s € /\f;c""v, let mis and 6, denote the Lagrange
multipliers associated with inequality (26) and equality (30),
respectively. For each bus k € N2™, let ¥), and v, denote
the Lagrange multipliers associated with inequalities (27) and
(32), respectively. For each ac bus k € N and filter bus
f € Ny in a VSC station, let ors denote the Lagrange
multiplier associated with equality (31). Also, the matrix

tif tzf tgf tif

2, 2, 8, 7
Thp=| 5 &0 &0 8
Al SR L
kf tkf tkf tkf

is the Lagrange multiplier associated with the matrix inequality
(28). For each converter ac bus k € N, the matrix

1 2 3
o4

Ty = ot
tk tk tk

is the Lagrange multiplier associated with the matrix inequality
(29). Let T" denote the set of all Lagrange multipliers 7y, Os,
ﬁk, Uk Okf, ka, and Tk.

We define an affine function h(X, R,T') as follows:

WX,R,T) =

Z (Akpg;n - )\kPmax + )\kPDk + ’kaGk - ,kamax
kEN\NCO“V

+7%Qb, + (me) & (V) ) + Z Cko - Tk
keg
- Z Slnrlgxrlm + /rlm, +rlm) + Z ((Qt% + ekS)PDk
(I,m)eL keNow
+2t3QD 7p2t1 7t10 Z 19 m Snom
k k kYK f kf — kTIy
ke_/\/’conv

+ > (0ksPp,)

sEN

(69)

Furthermore, we define the function
AX,R,T) =
Z (M Yr 4+ 7Yk + peMy) +

kEN \Neom
>

3 S
+ 2Tl7nYlm) +
ke'/\/}:conv

+ 2ty 2V2b o+t 4 265 = 06V e — 15, Cy

(s = (™) )My )+ 3 Bk Yo = m2mesMS) . (70)
SENG

Z (QTZQmYlm

(I,m)eL
(26 + 0n) Vi + (V213 + V2



In (69) and (70), the converter ac bus k € N, the converter
dc bus s € N and the filter bus f € N, are in the
same VSC station. Hence, we only use index k in the fifth
summation of (69) and the third summation of (70).

Also, we define the following affine function for converter
ac bus k € N, converter dc bus s € gonvand filter bus
f € Ny in the same VSC station

€+ vg

B(X) = % Lka 2015 } + 015k (71)
Consider the dual of the ac-dc OPF problem as follows:
me}l{)fi}ngize hMX,R,T) (72a)

subject to A(X,R,T) = 0, (72b)
Bi(X) =0, Vk e NZ™ (72¢)

Ry = 0, V(l,m)eL (72d)

Ry, = 0, Vkeg (72e)

Ty = 0, Vk e N2V V€ Nae (72f)

T, = 0, Vk e NI (72g)

Mo Mes Vo Tho My i 20 Yk EN (72h)
s, U =0 Vk e N2V, Vs € Ng™. (72i)

Problem (72) is the dual of problem (68). We can show that
problem (72) is also the dual of problem (36) and strong dual-
ity holds between these optimization problems. Furthermore,
the matrix W in problem (36) is the Lagrange multiplier
associated with the inequality constraint (72b). Besides, for
every k € N, the matrix I is the Lagrange multiplier as-
sociated with inequality (72c). Let (X °P', R°P', T°P') denote the
solution to problem (72). From the complementary slackness
in Karush-Kuhn-Tucker (KKT) conditions, we obtain

Tr{ A(X°P', R, T°"YW°P'} = 0,
Tr{ B (X"} = 0,

(73a)

VkeNO™.  (73b)

From (73a) and (73b), the orthogonal eigenvectors of W' and
L") k € N&™ belong to the null space of A(XP!, RO, TPt
and By (X)), k € N2, respectively [12]. Thus, if matrix
A(XP°P ROPY T°PY) has a zero eigenvalue of multiplicity two,
then matrix W' is at most rank 2. If matrix By(X°P), k €
NE™ has one zero eigenvalue, then matrix I)™, k € NS is
also rank one. Proposition F.1 summarizes the obtained result
for an ac-dc grid O.

Proposition F.1 The solution matrix W° fo problem (36)
is at most rank 2 if the solution matrix A(X°P, R°P' T°P") to
problem (72) has a zero eigenvalue of multiplicity two.

In [12], it is shown that the Proposition F.1 remains valid for
the ac grid O,. In the ac grid O,, the constraints imposed by
the converters are removed. Hence, the Lagrange multipliers in
set T will be removed from the affine functions defined in (69)
and (70). Besides, we do not require to define functions By (X)
in (71). Consequently, for the ac grid O,, function h(X, R, T')
and matrix A(X, R, T) will be replaced by function h(X, R)
and matrix A(X, R), respectively. The dual OPF problem
will be simplified to an optimization problem with objective
function h(X, R) and constraints (72b), (72d), (72e), and

(72h). Details can be found in [12]. Let (X°P', R°P") denote the
solution to the dual OPF problem in the ac grid O,.. Then, the
solution matrix W' to the SDP relaxation form of the ac OPF
problem is at most rank 2 if the solution matrix A(X°P', R°P")
to the dual of the ac OPF problem has a zero eigenvalue of
multiplicity two [12]. We use this fact to prove Theorem 4.

It is sufficient to show that the solution matrix
A(XOPt ROPE TP to the dual OPF problem in the ac-dc grid
O has a zero eigenvalue of multiplicity two if the solution
matrix A(X°P', R°") to the dual OPF problem in the ac grid
Oy has a zero eigenvalue of multiplicity two.

Consider the dual OPF problem in the ac grid O,.. The so-
lution matrix A(X°P', R°P") has a simple structure as follows:
1 H1 (ant7 Ropt)

opt opty __ —
A(X ,R ) = 9 7H2(X°"‘,R°p‘)

HQ(Xopt, Ropt)

Hl(Xopt’Ropt) ) (74)

where Hp(X°P', R°P") and Hy(X°P', R°P') are symmetric real
matrices. Consider matrix Hq(X°P', R°"). Let Y, denote the
entry (I,m) of admittance matrix Y. The off-diagonal entry
(I,m) € £ of Hy (X", R°") can be obtained as

Hy (XY R, = Re{ Vi Y\ + A + 207)

= Im{Yin } (v + ym + 27nlgm)~ (75)

In [12], it is shown that the smallest eigenvalue of
A(X°PY R°PY) is zero if two conditions are satisfied. First, the
graph of the resistive part of the grid is connected. That is,
there exists a connected path between all two buses in the
graph of the resistive part of the grid. Second, the off-diagonal
entries of Hq(X°P', R°P') are non-positive and the entries of
matrix Ho (X', R°"") are sufficiently smaller than the entries
of Hip(X°P', R°""). For a practical ac grid with connected
resistive part, the off-diagonal entries of Hq(X°P', R°P') are
non-positive because Re{Y},}, (I, m) € L is non-positive
and Im{Y},,}, (I, m) € L is non-negative. Furthermore, the
Lagrange multipliers A\, k € N are positive and i, k € N
are small as compared with \;, k¥ € A. Similarly, we can
obtain the entries of matrix Ha(X°P', R°") and show that the
entries of this matrix are sufficiently smaller than the entries of
matrix H;(X°P' R°P'). Consequently, the smallest eigenvalue
of A(X°P' R°P) is zero. The structure of A(X°P', R°P") guar-
antees that its smallest eigenvalue has multiplicity of two [12].

Now, consider the dual OPF problem in the ac-dc grid O.
Matrix A(X°P', R°P' T°P') has a similar structure to (74). That
is, there exist symmetric real matrices Hq(X°P', R°P' T°P') and
Hy(X°P, ROP' T°PY), for which we have

A(XOpt, Ropt’ Topt) _
1 H1 (Xopt’ ]%opt7 Topt)
5 7H2 (Xopt’ Ropt’ Topl)

Hg (Xopt’ }zopt7 Topl)

H, (Xopt, ]%opt7 Topl) (76)

Again, the smallest eigenvalue of A(X°P', R°P' T°M') is zero
if the graph of the resistive part of the grid is connected
and the off-diagonal entries of Hy(X°P', R°P', T°P') are non-
positive, as well as the entries of matrix Ho(X P, ROP', TP)
are sufficiently smaller than the entries of H; (X P!, ROP' TP,
In the ac-dc grid O, the converter buses are not connected
to each other directly. To make the graph of the resistive
part of the ac-dc grid O, we add a large resistance (e.g.,



10° pu) between the converter ac bus k € N and dc bus
s € N5 in the same VSC station. Since the added resistance
is sufficiently large, the converter buses k& and s will have
independent voltage magnitudes as before. The grids O and
O, are different in the constraints imposed by the converters
in buses f € Ny, k € NZP™ and s € N§™. Moreover, in
the ac-dc grid O, the converter losses are included in the
total losses of the system. Therefore, at the global optimal
solution to the OPF problem, the generation levels in O will
be higher than the generation levels in O,. to compensate the
higher losses in the ac-dc grid. Thus, the optimal value of
the objective function in O is greater than the optimal value
of the objective function in O,. The Lagrange multipliers
Ay k € NAN™ measure the rate of increase of the objective
function at the optimal point as the corresponding constraint
is relaxed. Consequently, we have the following proposition.

Proposition F.2 The Lagrange multipliers A\, k € N\ N
in the ac-dc grid O are greater than or equal to their
corresponding Lagrange multipliers in O,.

If the off-diagonal entries of Hy(X°P', R°P') for ac grid
O, are non-positive, then the off-diagonal entries (I,m) €
L, I,m € N\ NV of Hy(X° R T for ac-dc
grid O remain non-positive. The other off-diagonal entries of
Hy (X°P', R°P' T°P) can be obtained as follows:

For k € N and s € N3, we have

Hy (X ROP TP, o = Re{Vis H(201s). )
For (f,k) € L, f € Ny, and k € N, we have
H1 (XOpt, ROpt, Topt)fk — (78)

Re{Yfk}()\f + 2T}2¢f + Qti + 20ks) — Im{ka}(\/itif
F V2 + 2k R+ 2V2AL R+ 25 — Ok + Af
+ 210 — (2pk + Dtiy).- (79)

For (s,m) € L, s € N>, and m € N'\ N, we have

C

Hy(XOP ROP TP = Re{ Yo } (272, + 20ks + Am).
(80)

For practical ac-dc grids, 0y is non-negative since over
satisfaction of the active loads Pp_ and Pp, in converter buses
leads to higher losses and generation levels in the system.
Furthermore, \¢, f € Ny and \,,,, m € N \N" are positive
in the ac-dc grid O since they are greater than or equal to their
corresponding Lagrange multipliers in O,. (Proposition F.2)
and they are positive in O,. Entry ¢} ¢ Is positive since matrix
Ty, is positive semidefinite. pr, = —|Be, | (V™) + Qp, is
a large negative number. Therefore, (2p), + 1)1, ¢ is a nega-
tive number. Other Lagrange multipliers associated with the
inequality constraints are positive. Other Lagrange multipliers
associated with the equality constraints can be either positive
or negative. If they are negative, they have small values
compared with the value of (2p; + 1)t,1€f, Aty Am, and Ops.
Consequently, the off-diagonal entries of Hy (X P!, ROP! TOP)
for the ac-dc grid O are non-positive. Similarly, we can show
that the entries of matrix Ho (X', R, T°P") are sufficiently
smaller than the entries of H; (X', R°P', T°") for the ac-

dc grid O. Therefore, matrix A(X°P', R°P', T°P') has a zero
eigenvalue of multiplicity two for the ac-dc grid O, and WP
is at most rank two. The proof is completed. ]
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