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CONDITIONAL MOMENT GENERATING FUNCTIONS FOR
INTEGRALS AND STOCHASTIC INTEGRALS*

C. D. CHARALAMBOUSY, R. J. ELLIOTT#, AND V. KRISHNAMURTHY?

Abstract. In this paper we present two methods for computing filtered estimates for moments
of integrals and stochastic integrals of continuous-time nonlinear systems. The first method utilizes
recursive stochastic partial differential equations. The second method utilizes conditional moment
generating functions. An application of these methods leads to the discovery of new classes of finite-
dimensional filters. For the case of Gaussian systems the recursive computations involve integrations
with respect to Gaussian densities, while the moment generating functions involve differentiations
of parameter dependent ordinary stochastic differential equations. These filters can be used in
Volterra or Wiener chaos expansions and the expectation-maximization algorithm. The latter yields
maximum-likelihood estimates for identifying parameters in state space models.
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1. Introduction. Conditional expectations of functionals of systems state pro-
cesses given noisy observations require, in general, infinite-dimensional computations.
To determine whether such conditional expectations are finite-dimensional, it is of
interest to derive representations of the conditional distribution.

This paper discusses the following problem. We are given noisy observations
{ys;0 < s < t} of the system state process {z;0 < s < ¢}, and we wish to derive
filtered estimates for moments of integrals and stochastic integrals. The underlying
mathematical system model can be diverse; for example, it includes continuous-time
processes, discrete-time processes, jump point processes, or a combination of these
processes. In this paper we focus our attention on continuous-time processes.

Here, our system state process {z4;0 < s < t} and observation process {ys;0 <
s <t} are solutions of the Itd stochastic differential equations

(1.1) dry = f(t,zy)dt + o(t, z)dwy,  x(0) e R™,
(1.2) dy: = h(t, z)dt + cpdwy + Ntl/zdbt7 y(0) =0 e R™,

in which {ws;0 < s < t} and {bs;0 < s < t}, are, respectively, m-dimensional and
d-dimensional, independent standard Wiener processes; x(0) is a random variable
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CONDITIONAL MOMENT GENERATING FUNCTIONS 1579

independent of the Wiener processes. The precise assumptions on the coefficients of
our model are stated in section 2.

We are interested in conditional expectations (filtered estimates) of moments of
integrals and stochastic integrals

t K t K
(1.3) Lg:tl = (/o fl(s,xs)ds) , Lgf = (/o fz(s,xs)dws) ,

t K
Lgf’ = (/ f3(s7xs)db5) , k>1,
0

for Borel measurable functions f1 : [0,7] x R® — R, f2 : [0,T] x R* — (R™),
2 0,7T] x R* — (R, which are continuous in ¢. Aside from their mathe-
matical value, these estimates are important, for example, in least-squares estima-
tion/filtering, Volterra series expansions of nonlinear realization theory [1], Wiener
chaos expansions (of nonlinear filtering) [2], and maximum likelihood estimation
through the expectation-maximization (EM) algorithm [3]. For the case k = 1, these
estimates are important in estimating parameters, a problem which arises in many
disciplines, such as signal processing, communications, and control systems.

The first method, Theorem 3.1, utilizes a system of stochastic partial differential
equations (SPDEs) that enable us to compute the above estimates recursively. The
second method, Theorem 4.5, utilizes conditional moment generating functions for
Lé:i,j = 1,2,3. That is, for a test function ® : R — R, we use measure-valued
conditional moment generating functions

(14)  B79(@) = Bf@(a) exp (0L5]) 1F8,),  j=1.23, 0=iw, i=V-1.

Therefore, when the unnormalized versions of Bf J (®) have densities 3% (z,t),7 =
1,2, 3, the latter satisfy linear SPDEs. The computation of filtered estimates of mo-
ments (1.3) are obtained by simply differentiating the conditional densities with re-
spect to the parameter 6.

For the case of Gaussian system models (i.e., dz; = Fadt + Gwy, dyy = Hxydt +
Nzb,), we derive filtered estimates for

¢ ¢ ¢
(1.5) Lyy :/ 2,Quds Ly} :/ o, Rdw,, Ly} :/ x%Sdbs.
0 0 0

Each filtered estimate is propagated by four statistics. Two of these are the
conditional mean and error covariances of x; given {ys;0 < s < ¢t} (Kalman filter),
while the remaining two are modified versions of the Kalman filter; the latter are
driven by the conditional mean and error covariance of the Kalman filter.

In the past, the computation of these filtered estimates was confined to integrals
Lé:tl, which are obtained using smoothing operations (e.g., [4]), and certain Lie al-
gebraic techniques applied to Volterra expansions (e.g., [1]). However, for analogous
discrete-time systems the filtering estimates in (1.5) are obtained using smoothing op-
erations (e.g., [5]). Recently, conditional expectations for the items in (1.5) were ob-
tained using filtering operations in [6]; the estimates were propagated by five statistics.
The techniques in [6], which are different from ours, are only applicable to Gaussian
systems, and they are confined to x = 1.

2. The Duncan—Mortensen—Zakai (DMZ) equation.
Notation 2.1.
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“r’ denotes transposition of a matrix;

I, denotes k x k identity matrices;

. (-); denotes the ith component of a vector and (-); ; denotes the ijth compo-

nent of a matrix;
L(V1;V3) denotes the space of linear transformations of a vector space V; into
a vector space V5;

- CPIR™ x [0,T]) = {® : R" x [0,T] — R™; ®(-,t) is “p” times continuously

differentiable in “z,” and ®(z,-) is “¢” times continuously differentiable in
“t?’};

22 52
Bm%’ ? Oz 0zp
D, =[5>, ;% oy, D2=
T dx1? Bag? 7" 7 Dwp ) z : . ’
8?2 82
dzpdzy 0 0::%

® : R® — R denotes an arbitrary test function which is C2(R") and has
compact support; _

E, E denote expectations with respect to measures P, P, respectively;

N, = NENS".

umption 2.2.

F:[0,T]xR® - R™, 0 :[0,T] x R* — R h:[0,T] x R® — R% T > 0, are
bounded Borel measurable functions;

N : [0,T] — L(RLGRY), « @ [0,T] — L(R™;R?), N,a are bounded Borel
measurable functions, and 38; > 0,82 > 0 such that Ny > [1I; Vt ¢
[0,T), a(t,z) = o(t,x)o(t,z) > B2@, V(t,z) € [0,T] x R™;

o is continuous in x, uniformly on compact subsets of [0,7] x R™, 3%,»011]' is
a bounded measurable function of (¢,7) € [0,T] x R*, 1 <i,j <n;
[f(t,x) = f(t,2)[ + [lo(t, x) — o(t, 2)|| < klz — 2[;

2(0) has distribution Ily(dz) = po(x)dz, where po(-) € L?(R™).

The above assumptions, with the exception of statement 4, are assumed to hold

through

out the manuscript.

Next, we start with a reference probability measure which is important in deriving
certain conditional densities for the filtering problem discussed earlier. Let (2, F, P)
be a reference probability with complete filtration {Fo ;¢ € [0, 77}, on which we have
the following:

(a)

indepen

(b)

w:[0,T] x Q@ — R b:[0,T] x Q — R which are {Fo;t € [0,T]} adapted
dent Wiener processes;
z(0) : @ — R™, an Fy ¢-measurable random variable, which is independent of

{we, be;t € [0, T}
(c) processes {z;t € [0, T}, {ye; ¢ € [0,T]}, which (in view of Assumption 2.2) are
unique and continuous solutions of the stochastic differential equations

(2.1)
(2.2)
where

(2.3)

day = f(t,x)dt — o(t, x) Oy h(t, xy)dt + o(t, x)dwy,  x(0) e R,

dyy = owdwy + N} 2db,,  y(0) =0 e R,

Ct = OétOz; + Nt.

Consider the P-martingale

(2.4)

¢
my :/ B (s,2,)C5 dys,
0
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and introduce the exponential martingale

(25) c(me) = exp (ms = 5.} ) = o,

where (m,m); = fo |C’_1/2 h(s,r4)|?ds is the quadratic variation of {m;t € [0,T]}.
By Assumption 2.2, we have E[Ag ;] = 1Vt € [0,T] (see [7]). Consequently, we define

a measure P through the Radon-Nikodym derivative

.. |dP
(26) AO,T =E ﬁ|f0’T = a(mT).
Since P(1 = [oAo(w)dP(w) = 1Vt € [0,T], the Girsanov theorem (see [7])

states that P is a probability measure on (£2,.4) and that
- et
bt bt <b7 m>t
t o1
(27> = |:’Ll§]t:| _ fO ascs h(’S,fEs)dS ]
t

fot Nsl/z’/Cs_lh(s,xs)ds
are independent Wiener processes on (2, F, P; Fo,). Substituting (2.7) into (2.1),
(2.2), on the new probability space (2, F, P; Fo ) we have constructed (weak) solu-
tions {x;t € [0, T}, {ys; ¢ € [0, T]} of the stochastic equations

(28) dxt = f(t, (Et)dt + O'(t, xt)dﬁt, .’L'(O) € Rn7
(2.9) dyy = h(t,z,)dt + opdw, + N ?db,,  y(0) = 0 e R

Since {wy;t € [0,T]} and {b;;t € [0,T]} are versions of Wiener processes (which
are independent), (2.8), (2.9) constitute our original system model (simply by letting
w — w,b — b). Note that we may remove the Lipschitz condition Assumption 2.2,
statement 4, and employ the martingale approach to construct weak solutions.

Notation 2.3.

L. {F§;t € [0,T]} denotes the complete filtration generated by the observations
o-algebra o{y.;0 < 7 < t}, {F;;t € [0, T]} denotes that of o{w,;0 < 7 <},
and F*O) = o{2(0)};

2. The measure-valued process q;(®) = E[®(x1)Ao | Fy ] is well defined.

The problem of least-squares filtering is concerned with estimating the conditional
mean of z; given the past and present measurements, i.e., .7-"8’7t. Thus, the least-squares
filtering can be cast in terms of computing conditional expectations E[@(wtﬂf&t].

LEMMA 2.4.

1. A wersion of Bayes’s formula yields

_ » E[é(xt)glfé’t] q:(P)
2.10 E[®(z)|FY,] = = — = :
( ) [ ( )| 0, ] E[%‘]__g’t] qt(l)

2. If the measure-valued process q;(®) has an fé’yt—measumble density function

q:R"x[0,T] x Q@ — R, then

fan (z,t)dz
fR" 2, t dz

(2.11) E[®(2,)| FY,] =
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Proof. 1. A version of Bayes’ rule yields the equality in (2.10).

2. The proof follows from the existence of the density ¢(-). d

The existence of the density ¢(z,t) will follow from the existence and uniqueness
of solutions of SPDEs [8, 9, 10], as it will be shown shortly.

We now derive an evolution equation for ¢(-). Note that {Ag,;t € [0,T]} is a
solution of the stochastic differential equation

t
(2.12) Ao =1 —l—/ Ao sh (s,25)C5  dys.
0

THEOREM 2.5. The unnormalized density of the conditional distribution ﬁ(xt €
AlFS,), Ae B(R™) is q(-) and satisfies the SPDE

(2.13) dq(z,t) = A(t)"q(z,t)dt + B(t)*q(z,t)dy:,  (z,t) € (0,T] x R",
(2.14) q(z,0) = po(2), zeR"™,

where
(2.15)

A a(@) = ;2_ (5255 ettt 000 ) - Z (t.2)0(0)).
(2.16)

Bi(t)*®(z) = Zd; (Crt), 4 P Z 8% o(t,2)yC; ), (@),

Proof. Recall that under P, {x,y;;t € [0,T]} are solutions of (2.1), (2.2). Define
(2.17) Dy = Iy — 0;Cy ey,

and introduce
t t

(2.18) U = / CTYV2dy,, W, = / D7V (dws — o, C7 dys).
0 0

Substituting into (2.1) we have

(2.19) dey = ( f(t,2) — ot xt)atC Yh(t,y))dt + o(t, z) D ,}/Qd@t
+ o(t, zt)atCt *di,  x(0) e R™

Moreover, {y;;t € [0,7]} and {w;t € [0,T]} are independent standard Wiener

processes, and F{, = F{;; that is, no information is gained or lost. By (2.12), (2.18)
we deduce

t
(2.20) A07t:1+/ Ao ok (s, 24)CT Y 2dy,.
0

By the It6 product rule

B(an) Ao = B(:(0) + [ CD(as) o + / 0D () Ao s
(2.21) +/0 d(®(x), A),s.
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B(r,) = @(m(O))—i—%/O Te(0(s, 2,) Do’ (s, 2,) D20 () ds

1
+§Tr(a(s7ws)a’SCs_lasal(s,xS)D?C(P(xS))ds
t
4 [ DL (1(s,m) = o5, 2)a0C: (s ) s
0
t t
+/ D;@(ats)a(s,xs)D;/Qd@S—l—/ D& (x,)o (s, xs)a,C7 Y 2dy,,
0 0
t
(P(x),A)s :/0 Ao s DL®(x5)0 (s, 25)asCT h(s, ) ds,
substituting into (2.21) we have

t

D (x¢)Nor = (2(0)) + %/0 A073Tr(0(5,xS)Dsa'(s,zs)Di@(zs))ds
+ ;/Ot A(),STY((T(S,1'5)04;05_10650'/(8,iI}S)Di(I)(.’L'S))dS
+ /Ot AoysD;C(b(xs)(f(s,xs) — cr(s,xs)a’scglh(s,a:s))ds
+/OtAO,SD;@(xs)a(s,xs)D;ﬂdws+/OtAO,S@(xS)h/(&xs)c;1/2d'y;
(2.22) + /Ot AoysD;ﬁI)(xs)a(s,a:s)a;C;/Zdﬂs

¢
+/ Moo DL®(x5)o (s, 25)a,C;  h(s, xs)ds.
0

Conditioning each side of (2.22) on F§/, and then using the mutual independence
of z(0), {w;t € [0,T)}, {yr; t € [0,T]} (see [11]) and a version of Fubinis theorem [7, 12],
we conclude that

(2.23) 04 (®) = go(®) + /O 0s(A(s)D(x))ds + /O 4o (B(s)®(2))C=/2dj,.

Integrating each term by parts and then substituting y; = fg Cs 1 2dyS we obtain
(2.13), (2.14). O

Next, we employ certain results of variational methods of partial differential equa-
tions to show existence and uniqueness of solutions to (2.13) and (2.14).

Introduce the space H(R") = L?(R) and the Sobolev space H!(R™) defined by

H'(R") = {u e L*(R™), 6‘9

ueLQ(R"),lgign}.

Li

Furnish H(R"), H'(R™) with the norm topologies

ull :/ (uf2dz, u e H(R™,
]Rn

. 0
_ 2
[l gr = {/Rn |u|“dx + ;_1:/ ‘axiu

9 1/2
da:} , ue HY(R™).
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H(R™) and H'(R™) are Hilbert spaces with scalar products defined by
((;byw)H = d)’l/)d.]?, ¢)a¢ eH(Rn)v

(6,611 = /dn/)d +2/§¢§i — (6, V)12

+ , , b, H*(R"™).
i:Z1 (Qxi ox; L2(Rn) b9 € H (R)

Let H~1(R") denote the dual of H*(R") (the space of continuous linear func-
tionals on H'(R™)). The norm of elements of H~1(R") is denoted by || - ||+, and the
duality between H'(R") and H~!(R") is denoted by (-, )

Let

where

d
{u, B(t)v) = ( B(t)u,v) = Y ((C; iwhi(t, Ju,v) p2(zn)

d n
+ Z <(U(t, -)a;C’;l)i’kiu, v) ) u,v e HY(R™).
Ox; L2(Rn)

In view of Assumption 2.2, statements 1, 2, 3, and 5, it can be shown that
A(), A" e L=((0,T); L(H (R™); HH(R™))),
(2.24) B(), B(-)" € L=((0,T); L(H' (R™); (L*(R™))%)).

Moreover, A(t) e L(HY(R™); H-Y(R")), B(t) e L(H(R"); (L?(R"))? satisfy the
following coercivity condition. There exist A1, A2 > 0 such that
(2.25) —2(A(H)u, u) + M|l F2@ny > AollwF gy
+ || Bull? 2 (gnyya Yu e H(R™), Vi € [0,T].
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Define the space

L3((0,7); HY)
={ueL*(Q,F,P; L?>((0,T); H'); a.e. on [0,T], u(t) € LQ(Q,fé”t,P; HYY.

LEMMA 2.6. There ezists one and only one solution q(-) of (2.13), (2.14) in the
space

q(-) € Ly((0,7); H') N L*(Q, F, P; C((0,T); H)).

Proof. Assumption 2.2 statements 1, 2, 3, and 5 imply the coercivity condition
(2.25), which is then employed to show existence and uniqueness of solutions to (2.13),
(2.14) (see [8,9,10]). O

The next tool employed in subsequent sections is the concept of fundamental
solutions to stochastic differential equations.

DEFINITION 2.7. A fundamental solution of (2.13), (2.14) is an Fy ,-measurable
function q(z,t;x,s), with (z,x) e R* x R",0 < s < t < T, such that the following
hold:

1. q(-, -, ) is a solution of

(2.26)
dq(z,t;x,8) = A(t)*q(z,t; z, s)dt + B(t)*q(z, t; 2, 8)dy:, 0<s<t<T,
(2.27)

ltllm q(z,t;x,8) = 6(z — x).

2. For fized (s,x) € (0,t) x R™, q(-, t;x,5) e C2(R™).
3. For ¢ : R™ — R, which is continuous with compact support,

oo

(2.28) lim q(z, t;x, 8)p(x)dr = p(2).

tls J_

That is, lim, s q(2,t; 2, s) = 6(z — ) is a Dirac delta function.
Unfortunately, Assumption 2.2 is too weak to imply that q(-,t;x,s) € C2(R™).
However, if there is no correlation between the state noise and the observation noise
(e.g., oy = 0 Vit € [0,T]), and we impose additional smoothness and continuity con-
ditions on (f, 0, h), then by considering the pathwise version of (2.13), (2.14), it can
be shown that for each y ¢ C([0,7];R?) there exists a unique solution, which is a
fundamental solution [13]. For the correlated case, we have the following result which
is found in [9, 10] (see also [14] for alternative conditions).
THEOREM 2.8. Suppose the coefficient of A and By, k=1,...,d have bounded
partial derivatives in x of any order. Then
1. {q(z,t;2,5);0 < s < t < T}, (z,2) e R* x R", is a unique fundamental
solution of the unnormalized condition density equation (2.13), (2.14), and q(-,t;x, s) €
CP(R™), P—a.sVte(s,T].
2. A wversion of the conditional distribution P(z; € AlFS,), Ae B(R™), is
0(®) S wpn ®(2)aq(z,t; 2, 0)po () dzdz

(2.29) E[®(x)|F,] = G(D) " Jonrmn 402t 2, 0)po(z)dadz
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Proof. 1. This is shown in [10, pp. 227-228].
2. Let q(z,t; 2, ) be a solution of (2.26), (2.27); set q(z,t) = [, q(z,t;2,0)po(x)dx.
Then

dg(z,t) = dq(z,t;z,0)po(z)dz
R’IL

= [ At)"q(z,t;2,0)po(z)dxdt + [  B(t)*q(z,t; x,0)podrdy;
R Rn
= A(t)*q(z, t)dt + B(t)*q(z,t)dy:.

This shows that ¢(z, t) satisfies (2.13) for (z,¢) e R™ x (0, T]. Since limy ¢ q(z,t) =
limy o [pn q(2,t; 2, 0)po(2)dz = po(z), we also have (2.14). By Lemma 2.4 we establish
(2.29).) O

DEFINITION 2.9. Let f' : [0,7] x R®* — R, f% : [0,T] x R* — (R"), f3
[0,T] x R* — (R?)’ be Borel measurable and bounded functions.

1. The integrals

are well defined.
2. The measure-valued processes

(2.31) M3 (@) = B[@(x) Mo L3I FL], k>0, j=1,2,3,

are well defined.
We are interested in filtered estimates of xth moments (x > 1) of integrals and
stochastic integrals. That is, we wish to derive expressions for E[ngﬂfg)t]. An
application of Bayes’s theorem yields

E[Ao.Lg7 | FY,]

—_— k>1
E[AO,t|~7:g,t]

(2.32) BILy]|FY,) = , j=1,2,3.

3. Recursive equations. Here we prove that the filtered estimates (2.32) can
be expressed in terms of the fundamental solution of the DMZ equation; namely,
q(z,t;x,8),0 < s < t <T, which satisfies (2.13), (2.14). This enables us to conclude
that if g(z,¢; x, s) is a finite-dimensional statistic, then these filtered estimates can be
described in terms of solutions of a finite-number of stochastic differential equations.

THEOREM 3.1. Suppose M (-) have F{ ,-measurable density functions M"7
R™ x [0,T] x @ — R, j =1,2,3.

Then

(3.1) M (z,t)dx = E[L,caz Mo, tLOt \FS), k>1, j=1,2,3,
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satisfy the following recursive system of SPDEs:

dM* (2, t) = A(t)* M= (2, t)dt + B(t)* M"™ (x, t)dy;
(3.2) + kf(t, )Mz, t)dt, kK >1, (t,z) e (0,T] x R™,
dM"™2(z,t) = A(t)* M™% (x,t)dt + B(t)* M"™?(x, t)dy,
+ %&(/{ — DIf?(t, ) PME22 (z, t)dt
— K ai (M= 12 (2, t) (o(t, ) f2 (,1)),) dt
(3.3) + Kjfg(t )MV (2, ) C7  dyy, K >1, (t,x) € (0,T) x R™,
dM"3(z,t) = A(t) M3 (z, t)dt + B(t)* M™3(x, t)dy,
2 ( )|Cl/2N—1/2f3,/(t7m)‘QMﬁ—Z?)(x’t)dt
(3.4) + wf3(t, ) M3 (2, ) NY2C Y dy,,  k>1, (t,x)e(0,T] xR,

where the convention MPJ(x,t) =0 for p < 0 is used. The initial conditions are
(3.5) M~ (z,0) =0, x>1, j=1,23,

and for k =0

(3.6) M% (z,t) = q(z,t), j=1,2,3.

Proof. We shall use induction. Consider (3.2). Now, the case k = 1 is easily
verified, so it is omitted. Suppose (3.2) holds for Kk — k — 1. We shall show that
it also holds for x. To this end, consider @(:rt)AO,,ng:tl7 where {x¢;t € [0,T]} and
{Ag;t €[0,T]} are solutions of (2.19), (2.20), respectively. By the It6 product rule

t
(3.7) L'gtl = /1/ Ly U f (s, as)ds, k> 1
0
Employing the It6 product rule once again, we have
t t
O(z4) Ao Ly = / D(zs)d(Ao,s L5 + / d®(z,) Ao s L'y
0 0
t
(38) + [ @@, AL,
0
Now, from (3.7), (2.20) we compute
t t t
Ao Ly _/ AO,SdLg;;jL/ Lg;;dAO,SJF/ d(A, L),
0
t
(3.9 *f{/ (s, 2s)hos Ly, 11d5+/ Ao L g;h’(s ) C7Y 2 dy,.
0

Substituting (3.9) into (3.8) and then proceeding as in the derivation of Theorem
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2.5, we obtain

1

D ()N tLOt = 5/ Ao SLgiTr (o(s,25)0"(s,25)D2®(s)) ds
¢

Ao,s Ly DL®(x5)o (s, x5) Dy 2 di,

AO’SLS: (zs)H (s, 25)CT Y 2dy,

+ o+
o\ﬁo\ﬁo\

t
(3.10) Nos Ly s DL®(xs)o(s, z)a,CL/ 2 dy, + n/ Ao Lg b (s, ) ds.
0

Conditioning each side of (3.10) on F{, using (3.1), and then integrating by parts,
we deduce (3.2). When x = 0,j = 1, we have M1 (z,t)dz = E[l,,cdx
thus M%!(z,t) satisfies the DMZ equation.

The derivation (3.3) is done similarly; therefore we shall outline only the impor-
tant steps. Under measure P,

g,t]v and

t K
(3.11) 552 = | [ Pomd, — ol s as)]
0
Substituting w; = fg DY *dw, + fot o Cs2dy, into (3.11),
t K
312 L = | [ Ploa)D i+ a0 g - ol s )]
0
By the It6 product rule
¢
Lgf = /@/ Lg;l’QfQ(s,xs)(Dsl/zd@S +a,CTV2dy, — oLCT h(s, 24)ds)
0
1 t
+ iﬁ(k -1) / L§;2)2f2(57 xS)D;/zD;/Q’/fz’/(Sa zs)ds
0

1 t
(313) + §I‘€<k - 1)/ L§;2’2f2(8 a’js)a Cs anQ /(S .Ts)ds
0

Employing the 1t6 product rule to @(xt)AO,tLSf, as in (3.9), (3.10), and then
invoking M*?(z,t)dz = E[Imtedon,tLSf\fg,t], after some algebra we derive (3.3),
and (3.5) for j = 2,k > 2. The special case k = 1,2 is done similarly. Also, to derive
(3.4), we start with

)

t K
(3.14) Ly = U P3(ss) (b, - Nsl/QC’slh(s,xs)ds)] ,
0

which is defined under measure P, and then we follow the above procedure to obtain
(3.4), and (3.5), for j = 3. O
Next, we establish existence and uniqueness of the moment processes M™7(-), k >
1,7 = 1,2, 3, using the variational methods of SPDEs, similar to Theorem 3.1.
Clearly, (3.2)—(3.4) with their corresponding boundary conditions (3.5), (3.6) are
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of the general form

M(z,t) /A x8d8+/0 B(s)*M(x, s)dys + /w
(3.15) + /0 6(s)dys + /0 n(s)ds,

where 7(t) e L3((0,T); H'),%(t) e Ly ((0,T); H~),6(t) € L3((0,T); (L*(R™))?). For
example, the fourth right side term of (3.3) belongs to L2((0,T); (L?(R™))%). There-
fore, for finite &, an application of variational methods of SPDEs (see [8, 9, 10]) implies
there exists one and only one solution to (3.15) in the space M(-) € Li((O7 T);HY) N
LZ (Q,F,P;C((0,T); H)). Consequently, the moment processes of Theorem 3.1 have
unique solutions as well. _

Notice that the filtered estimates for Ly, x > 1,5 = 1,2,3, can be computed
from

f]R" (z,t)dz
fR" z,t)dz

Clearly, if the fundamental solution of the DMZ equation ¢(t,t;x,s) is finite-
dimensional, then according to Lemma 3.2, (3.16) can be computed explicitly in terms
of finite numbers of statistics.

LEMMA 3.2. Suppose the coefficients of A, By, k=1,...,d, and fl,1<45<3,
have bounded partial derivatives in x of any order. Then M (-) have F{ ,-measurable
density functions given by

(3.17)

(3.16) By |7y, = L o k>1, j=1,2,3

t
Mt (z,t) = KZ/ (s, o) MV, 8)q(2, t; 2, 8)deds, K > 1,
0o Jrn

¢
M*52(z,t) = %n(n - 1)/ / |f2(s,2)|>M*=22(z, 5)q(2, t; , s)dxds
0 n

- /<c/0 /ﬂ Z 3?3, (Mk_m(x,s) (U(S,x)fQ"(s,x))i) q(z, t; 3, s)dxds
=1 O

t
(3.18) + K/ (s, 2) MF 12 (2, ), O (2, t; 2, s)dadys, K> 1,
o Jr»

1 t
M) = 5= 1) [ [ ICHAN TR s, ) MY, gt s)dods

¢
(3.19) + Iﬁ:/ (s, x)MF 13 (2, s)NYV2C T (2, 1 2, ) OF Ydady,, k> 1,
o Jre

with the convention MPJ(x,t) =0 forp <0, j =1,2,3.

Proof. Theorem 2.8 establishes the existence and uniqueness of a fundamental
solution to the DMZ equation. Let M* '1(2,t) denote the right side of (3.17). For
k =1, we have

t
N (2, 1) = / (e, 5)a(e, s)a(z t: 2, s)duds,
0 R™
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because M%1(-,-) = q(,-). Then
t
dM"(2,1) = f(t, 2)q(z, t)dt +/ f(s,2)q(z, 5)dq(z, t; 2, 5)dzds
0 Jre
t
= fi(t, 2)q(z, t)dt + A(t)*/ (s, z)q(x, 8)q(z, t; 2, s)drdsdt
0 Jrr

+ 80 [ [ st s)ale dudsdy,
0 n
= A@)* MY (2, )dt + B(t)* MY (2, 8)dy, + f1(t, 2)q(z, t)dt.

Thus, J\//.71’1(~7 -) satisfies (3.2); for ¢t = 0, J\//Tl’l(z, 0), and so (3.17) holds for k = 1.
Let

¢
(3.20) MEY(z,t) = /-i/ (s, )M (2, 8)q(z, t; 2, 8)dads
0o JRn

and assume it satisfies (3.2) for (¢,2) € (0,7] x R™, and (3.5) for ¢ = 0. We shall show
that

¢
(3.21) MEFLL (20 ) = (K + 1)/ (s, 2)M*(x, 5)q(2, t; 2, s)dads
0o Jre

satisfies (3.2), with k — k + 1, for (¢, 2) € (0,7] x R™. Clearly, J\/Z’“‘H’l(z,O) =0, so
(3.5) holds (with j = 1). Now,

AMMUN (2 8) = (k+1)f (¢ 2) M (2, t)dt
¢
+ (k+ 1)/ (s, x)M™Y(x, s)dq(z, t; z, s)dzds
o Jrr

(k+ 1) f1(t, 2) M" (2, t)dt

+ (k+ 1A (1) /Ot - (s, 2) ME! (2, 8)g(2, t; 3, 8)dwds

t
0B [ 7 T s)ate 0, s)dady,
0 R™

(k+ 1) f1(t, 2) MP (2, t)dt + A* () MF01 (2, )dt + B(t)* M0 (2, t)dy,.

Hence (3.17) satisfies (3.2), (3.5) with & — k+1. Similarly, one may use induction
to verify the representations (3.18), (3.19). ad

Next, we introduce an example to demonstrate the computations described in
(3.17).

3.1. Specific application. Consider the system
dxy = Fadt + Gdwy,  x(0) e R™,
dy, = Hxy + N2 dby, y(0) = 0 e R%.
The random variable z(0) is Gaussian. Although the above linear system does not

satisfy Assumption 2.2, statements 1, 2, 3, and 5, the fundamental solution of the
DMZ equation exists, and it is given by

1 1,
(3.22)  q(z,t;2,8) = W exp (—2|P5)t1/2(z — rsﬁt(m))2> X Ng (),
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(3.23) dri(z) = (F — PsyH'N 'H)ro4(x)dt + Ps J H' N 'dyy, 7154(x) =z,

(3.24) P, =FP,;+ P F — P,,H/N"'HP,; + GG', P,,=0,
t 1/t
(3.25) As () = exp (/ (Hrs.) N~ tdy, — 5/ |N; 2Hr377(:v)|2d7> .
Let
Ts,t(x) = (I)s,tx + ﬂs,tv
where
b= (F— P H'N TH)®yy, @, =1,
dﬁs,t - (F - Ps,tH/NilH)ﬂs,tdt + Ps,tH/Nildyta ﬂs,s =0.
Then
! 1 !
As,t(x) = Vs,t €Xp (l‘ Ps,t — ix Ss,tx) y
where

t t
1
Vst = €XP (/ 6.19,THIN_1dyT - 5/ N_l/QHBS,TPdT) )

t
SM:/ @, H' N 'H®, ,dr,
S

t
Psit = / @, H'N~'(dy, — Hp; -dr).

S

Moreover, the unnormalized conditional density of x5 given F¥ is

1 L q-1/2 = 2 n
q(if,s) = Wexp (—2|20,S ((E — 1'()78)‘ > X A(),S,

where 7y s is a solution of (3.23) with Too = &, ¥o,s is a solution of (3.24) with
Yo0,0 = 2o, and Ag s is given by (3.25) with r — Z, P — X. Notice that

1 1
[ ateshatti,s)da = <
n (27T)n/2|Ps,t|1/2 (27T)n/2|20,s|1/2

1, 1 - - 1
X / exp (—2|P5,t1/2 (2 = sz — Bss) I — §|20,i/2 (2 = Zo,s) [+ 2'pse — 33/5&#") dz.

X AO,S X Vs,t

2

Therefore, the integral with respect to z is computed by completing the squares.
Consequently, we deduce that E[ fg f (ms)ds|fg’t] is finite-dimensional computable
for large classes of functions f(z) such as f(x) = zP,p > 1, p an integer.
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4. Conditional moment generating functions. Next we introduce moment
generating functions for computing the conditional moments of integrals and stochas-
tic integrals (2.32).

DEFINITION 4.1. Let 6 = iw,i = /—1.

1. The measure-valued conditional moment generating functions of the stochastic
processes {Lé:g;t €[0,T)},5 =1,2,3, given by

(4D B@) =E@@)exp (0L57) 7). G=1,23,

are well defined.
2. The measure-valued unnormalized conditional moment generating functions
of the stochastic processes {L(l):'g;t €[0,T)},7 =1,2,3, given by

(42)  B%I(®) = E[®(xe)Aoy exp (eLé;{) AL, i=1,2.3,

are well defined. ,
LEMMA 4.2. Suppose ﬂf’ﬂ(-) have fé’7t—measurable density function %9 : R™ x
0, T xQ—-R,j=1,2,3.
1. Then

(4.3)

~ y i,
E[®(z¢) exp (GLO’g) ‘7:(“ 5t (@) fR” ﬂ )

q:(1) fRn ’

j=1,23.

2. The conditional characteristic functions of the stochastic processes {Lé:{;t €
[0,T]},5 =1,2,3, are given by

BI(1)  f Bz )z

44) B [exp (ile’j) FY } = . j=1,2,3.
4 R e R S TEROTE
Proof. The proof is similar to Lemma 2.4. ]

THEOREM 4.3. Suppose 377 (-) have F§ ,-measurable density functions 3%7(-), j =
1,2,3.

The densities of the measure-valued unnormalized conditional moment generating
functions, namely,

(4.5) 399 (z,t)dz = E [IxtedIAo,t exp (aL(ﬁ;{) \fgyt} . =123,
satisfy the following system of SPDEs:

dp%! (x,t) = A(t)* 8% (z,t)dt + B(t)* B (w, t)dy
(4.6) + 01 (t, )% (z, t)dt,  (t,z) € (0,T] x R,

dB*?(z,t) = A(t)* 8" (z, t)dt + B(t )*69’2@ t)dyt

+ %fl’( x) 2692 (x, t)dt — 02 e olt,x) ' (z,1)), 872 (x, 1)) dt
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(4.7) +02(t,2)8" (2, )04 C; dy, (1) € (0,1 x R,

dB%? (w,t) = A(t)* 5% (x, t)dt + B(t)* 3% (w, t)dy,
+ Ejrrn 112 001 )20 o,
(4.8) + 073 (t,) 3 (0, ONV2C dy,,  (ta) € (0,T] x R™.

The initial conditions are
(4.9) ﬁe’j(a:,O) =po(z), xzeR", j=1,23.
Proof. First, absorb exp (OL(l):{ ) in the exponential term Ag; by setting
/A\at = Agrexp (91)5?) .

Second, apply the It6 product rule as in Theorem 3.1. This derivation is along
the lines of information state equations in [13]. O

Equations (4.6), (4.7), (4.8) with their respective boundary conditions (4.9) are
of the general form

(4.10) MO (z,t) = po(z) +/O Ae(s)*M(m,s)der/O BY(s)*M(z, s)dys,

where the operators A%(¢)*, B?(t)* and their adjoints A%(t), BY(t) depend on 6. More-
over, for sufficiently small § € R, these operators are bounded linear operators as
described in (2.24), and there exist A\f, \§, which depend on 6 ¢ R such that they
satisfy the coercivity condition (2.25). Consequently, similar to Lemma 2.6, there
exists one and only one solution of (4.6)—(4.9) in the space 3%7(.) ¢ L2((0,T); H') N
L*(Q, F, P;C((0,T); H)).

LEMMA 4.4. For j =1,2,3,

(4.11)

o0 K

) 0 )
B [ @(z) Ao exp (015 |8, ] = B [0 Aol 7] + Y — B [@(w)AoaLii 178, |

k=1

where the infinite series converges in Ll(Q,fg’t, P). Moreover,
X gk
0,7 K,J .
(4.12) B (@) = (@) + ) S MI(®),  j =123,
k=1

Proof. We shall invoke the following estimate found in [15, p. 353]:

Ox . (ex)k
D Dl

k=0

. {|035|”"’1 2|0z|™
< min

feR R.
(n+1)!" n! }’ e
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The first right side term is an estimate for |#z| small and the second for |fz| large.
Using the above estimate

elc

{‘E (4 AOtexp(QLO )\}"gt] o

< B{ |22 |A0. (

< E{|¢>(xt)|A0¢ min{

(4.13)

i\ 2
1/2 . |9|n+1L6L+1’J 2|0|nL”7J
< (E{|‘I’($t)|2Ag,t}) E min (M O U —

The first right side term of (4.13) is bounded for any (Z,z) € [0,7] x R™, and the
second is bounded because f? (¢, x), j = 1,2, 3, are bounded for any (¢, z) € [0, T] xR™.
Moreover, lim,, . (%)2 ng’j = 0, and therefore in the limit, as n — oo, the
right side of (4.13) converges to zero. Consequently, the following expansion must

hold:

E[® (w¢)Ao, tLo t ‘fgt]

exp(OLL] Z L ) }

|9|"+1L6L,J{1’J 2(6]" Lg;!
(n+1)! 7 nl }

E[®(x)Ao, eXp(@L |.7:é’t Z k' O (z1)Ao tLo ) \.7:0 o)

which is equivalent to (4.11) and, by Definition 2.9, to (4.12). ad
At this stage, we may formally differentiate both sides of (4.12) with respect to
0, and then take the limit as # — 0, to obtain relations between limg_.g é%ﬂf J (@)
and Mf’j(@),j =1,2,3. These results are presented next.
THEOREM 4.5. We have the following:
1. B*«3(1),B%(1),5 = 1,2,3 have k continuous derivatives with respect to w,
w.p.1.
2.

y dr ﬁ ) ((I)) . .
I Y t — K] Y
(414) h_r)n d@ Bt ( ) 01—I>I(1) 4o qt(l) E[(I)(:Ct)LOJ. |‘7:O,t] wpl)

0=iw, £>0, j=1,23.

(4.15) Tim 39 (1) = lim f’j“)—ﬁmﬂfy] 1
o) % dgr 000 don g (1) oo P

0=iw, k>0, 7=1,23.
Proof. Recall that
E[Ao, exp (WL(I):{) |-,Fg,t}
(1)

Here ¢;(1) is independent of 6. The numerator E[®(z:)Ao exp(iwLé:{H]—'g’t] ad-
mits the power series expansion of Lemma 4.4, which implies 1, 2, 3. 1]

5 (@) = Bl@(x) exp (L) FL,] =
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4.1. Specific application. Consider the system
dxy = Faydt + Gdw,  x(0) e R™,
dyt:th—FN%dbt, y(O) :0,

fit,z) = %x'QL fA(t,x) =2'R, f(t,x)=2'S, Q=¢Q.

We assume z(0) is a Gaussian random variable.

Suppose F, H are random matrices which we wish to identify or estimate. In
[6] an algorithm is presented for estimating these matrices. This involves filtered
estimates of the processes fg (s, x4)ds, fot f2(s7xs)dws,f0t f3(s,w5)dbs. Here we
apply Theorem 4.5 to obtain these estimates.

A solution of (2.13), (2.14) is

1 1 _0,-1/2 ~ ~
(4.16) q(z,t) = W exp (—2|Pt / (x — x?) |2> X A8,t,

where 7°(-), P0(~),KO(-) are given by

(4.17) dz{ = Faidt + PPH'N™' (dy, — Hz{dt), z°(0) = ¢,

(4.18) PP =FP’+ P'F' — PPH'N"'HP? + GG',  P°(0) = P,
R t 1 t

(4.19) AY, = exp (/O (Hz0)' N~'dy, — 5/0 (H§2)1N1H£2d5> .

These computations are easily verified by substitution into the DMZ equation.
Recall also that q(z,t) = M9 (z,t),j =1,2,3.

1. Computation offé:% = E[% fot v, Quods| F§ ,]:

A solution of (4.6), (4.9) is (see, for example, [11, 13])

(4.20)
1 1 _o- ~ o [
6,1 _ 0,—1/2 =0\ |2 6 0
B (x,t) = WGXP (_2|Pt (33 - xt) | ) X Mgy X exp (2/0 Tr (P, Q)ds),
where

(4.21) dz! = (F+0PfQ)zldt + P/H'N~* (dy, — Hzldt), z(0)=¢,
(422) P!=FP/+P/F - P/ (HN'H-60Q)P/ +GG', P’0) =",

. t 1 t
(4.23) Af, =exp (/ (Hz?) N~'dy, — 5/
0 0

In fact, we can show that limg .o P/ = P?, uniformly on compact subsets of [0, 77,
and limg_0 27 = 79 a.s.

(Hz?)' N‘ng?gds) :

According to Theorem 4.5 we need

d Bt () d [z (70 )7 9/t 0
(4.24) B R, AY, (Ao,t) e (3 [ ™))
Let
d_ d
rf:—daazf, Zf:—depf.
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Then from the differentiability of parameter dependent solutions of stochastic
differential equations we know that

t
rf = / (F+0P!Q— P!H'N~'Hr]) rlds
0
t t t
(4.25) + / 020Qz%ds + / SOH' N (dys — Hz%ds) + / PPQz0ds,
0 0 0
t t t
2?:/ Fzzds+/ ng’ds—/ 0 (H'N~'H - 0Q) Plds
0 0 0
t t
(4.26) - / P! (H'NT'H —0Q) x%ds + / PPQPYds
0 0

are well defined. Similarly as before we have limg_or¢ = 79 (a.s.), limg_o X} = %9,
where

t t
r) = / PYQz%ds + / SVH'N™ (dys — Hzds)
0 0
t
(4.27) + / (F— P)H'N~'H) r%ds,
0
(4.28)
i t , t
2?:/ (F—P°H'N™'H) 22ds+/ 0 (F—P'H'N"'H) ds+/ P2QPYds.
0 0 0
Consequently,
- d f2e (20 T 0 [ 0
glﬂ%@ {AO,t (AO,t) €xp (2/0 Tr(P;Q)ds

t t t
= lim {( / (Hr?Y N~tdy, — / (Hr?YN~*Hz%ds + % / Tr (PYQ + 624Q) ds)
0 0 0

0—0
_ ¢
<R (8) e (5 [ mipto)as) |
: 2 /o
1 [t t ’
(4.29) = 5/0 Tr (PSOQ) ds—I—/O (Hrg) N1 (dys—H@\g) ds.

Finally, f(l)tl = E[% Ot;v/stsdsU-'g’t] is a solution of the stochastic equation

(4.30) ALy} = %Tr (PPQ) dt + (Hr?)' N~' (dy, — Hzds), Ly, =0.

2. Computation of Eéf =B Ot:z:;Rdws\fg’t]:
A solution of (4.7), (4.9) is (see [11])

1 1 _

0, _ 0,—1/2 ~0
(431) ﬁ 2(1’,t) = W exp <2Pt (x — xt) |2)
- 92 t
x Ab, x exp (2/ Tr(PfRR’)ds) :
0
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where
(4.32)
dz! = (F+60*P/RR' + 0GR')z{dt + PPH'N~' (dy, — Hzldt), %(0)=¢,
(4.33)
P =(F+60GR) P! + P! (F+0RG") — P! (H'N~'H — 6°RR') P! + GG',
PY(0) = Py,
(4.34)
t t
A§, = exp </ (Hz?) N~'dy, — %/ (Hz?)' N1H532ds> :
0 0

By Theorem 4.5 we need

dﬁf72(1)_d 20 (r0 )\ 0> [ 0 !
(4.35) B @ Ay, (Aoyt) exp (5 /0 T(P'RR) )| .

Computing limg_.q rf = limg_,o %i‘\f = r?, limg_,q Ef = limg_.o %Pt‘g = Pto, simi-
larly as before, we have

t t
rd = / GR'7%ds + / YOH'N~! (dys — Hzds)
0 0
t
(4.36) + / (F—P)H'N~'H) rlds,
0
t t /
zg:/ (F—P'H'N"'H) 22ds+/ SY(F—P°H'N'H) ds
0 0

t t
(4.37) + / GR'PVds + / PPRG'ds.
0 0

Hence

t
(4.38) - / (H0) N~ (dy, — H2Y) ds.
0

Finally, Eé? = E[fg z Rdw| F§ ] is a solution of the stochastic equation
(4.39) dLy; = (Hr))' N~' (dy, — H20ds), Ly, =0.

3. Computation of Eéf = E[fot 'l Sdbs|F§,]:
A solution of (4.7), (4.9) is (see [11])

1 1 _

0, _ 0,—1/2 ~0

(440) ﬁ 3(1‘72‘:) = W exp <_2Pt (.17 — 'Tt) |2>
2

t
X Agt X exp <02/ Tr(PfSS’)dS) )
0
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(4.41) dzf = (F+6*P)SS")zldt + PYH?' N~ (dy, — H'%)dt), %(0) =¢,
(442) Pte — FPte 4 PtoF/ _ Pto (HG’/N71H0 _ 0255/) Pte 4 GG/, Pe(o) — PO7

N t 1 t
(4.43) A§, =exp (/ (H°7%) N~'dy, — 5/ (H%ﬁ)’N—lH%zds) ,
0 0
(4.44) H’=H+0oN">'g

From Theorem 4.5 we need

d pl*(1) o (70 \ 62 /t 0qqr
(4.45) 70 th =2 A0t<A0t) exp | 5 ; Tr(P;SS") ) ds| .

This can be done as in the previous cases.
Finally, Lé:f = E[fot x,Sdbs|Fy 4] is a solution of the stochastic equation

(4.46)
dLy

(Hr?) N~ (dy, — HZ0dt) + (Nféslﬁt)yN,l (dyt N-bigrn ?dt>
0,

o= o
W ww
I

&

where

t
r0 = /O (EQH’J\F1 + PSO(SN*/?)’N*) (dys — Hzds)

t t
(4.47) +/ PYH'N™! (dy, — (SN™V/2)/2%ds) +/ (F— POH'N™) r0ds,
0 0

t t
20 :/ (F—P'H'N~'H) x%ds +/ 0 (F - P°H'N"'H)' ds
0 0

t
(4.48) —/ P ((sz\r—l/Z)N—H&mr (N‘lH)’(SN‘l/Q)’) Plds. O
0

Remark 4.6. The above methodology can be generalized to joint conditional
moment generating functions of LO’t,L0 H1<5,0<3.

5. Applications to nonlinear filtering problems. Both methods introduced
in section 3 can be used in Wiener chaos expansions of nonlinear filtering [2] problems.
Consider the nonlinear filtering problem

(5.1) dxy = f(t,ze)dt + o(t, ze)dwe,  x(0) e R™,
(5.2) dy, = h(t,z)dt + N} *db,,  y(0) = 0 e R%.

Here {z;t € [0,T]} and {y:;¢ € [0,T]} are the state and observation processes,
respectively. Throughout, we assume Assumption 2.2 holds. Similar to section
2, under the reference probability space (2,.A, P, Fo.), processes {x;t € [0,T]},
{ys;t € [0,T)}, are independent; the former is a solution of (5.1), while the latter
is a solution of

(5.3) dys = N}2db,,  y(0) =0 € R%
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The Radon-Nikodym derivative is

dP 1
dP}-O,T‘| = exp (mt - = m,m>t> )

(5.4) Ao = 5

)

where m; = fo (s,25)N;dys. Thus, {Agy;t € [0,7]} is a solution of the stochastic
differential equation

t
(5.5) Ao =1+/ Ao b (s,25) NS dys.
0

Moreover, if the measured-valued processes q;(®) = E[®(x;) Ao ¢|F( ;] have a den-
sity g(z,t), then

(56)  da(t) = At ale, D)t + K (6 2)alo DNy, (201) € [0,T] x R,
(5.7) q(z,0) =po(2), zeR™

In what follows, we employ some of the recursive systems derived in section 3 to
obtain representations for certain asymptotic expansions of E[®(z)|Fy ,].

DEFINITION 5.1. Suppose Efo INs?h(s,x,)|2ds]P < co. Then the multiple
stochastic integrals

(5 8 Ip / / / Spaxsp N;,ldysph/(s;v—la‘Tsp_1)Ns;1_1dysp_1

—1
81,.1351 dys“

o / / / syl SP_H’ xsp+1)N9p+1dy5p+1h (sp, ﬂfs,J)N;,ldys;a
(Slaxé1) 1dy<51

are well defined.
Consider the exponential martingale {Ag ;¢ € [0,T]}. Iterating (5.5) we have

t
AO,t =1 +/ AO,sh/(S;zs)N‘;ldys
0

t t e
=1 +/ B (s, 2)N; tdys —|—/ / Ao, 1 (82,25, )N dys, 1 (51,5, ) NG dys,
0 0 Jo

+:
t S1
=1 +/ B (s,2s) N7 dy, + / Ag S,‘,h’(sz,3332)]\7;21dyth'(51,xsl)]\f(;ldys1
0
/ / / W (sp, s, N;ldysph (8p—1,Ts, )N, _ ! dys,_,
(5.10) W (81,26, )N dys, + It[p] [].

If we now assume E[®?(z;) fOT IN;h(s,zs)|?ds]P < oo (which is satisfied by As-
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sumption 2.2) and then substitute (5.10) into ¢ (®) = E[Ag P (x4)|Fg ;] we have
q:(®) = [Ao 1@ ()76 ,) = B[P ()| 75 ]

:Ct / / / Sk,ng)N dysk e h/(517x<91)Ns:1dysl |f(?){t ]
1

[ Pn)|#g, -
(5.11)

Note that under measure P, the processes {x¢t € [0,T]} and {y¢ € [0,T]}
are independent; therefore E[®(x;)|F§,] = E[®(x)]. In addition, the increments
dys,, dys,, - .. ,dys, are measurable with respect to }'g’t; in the scalar case, d = 1, the
second right side term of (5.11) becomes

Z/ / / Skyxsk)Nk"'h(slazsl)Nsl]dysk"'dy51~

Formally, letting p = oo in (5.11) we derive the full expansion, which is made rigorous
in the next theorem.
THEOREM 5.2.
1. Suppose E fo |Ns 1/Zh(s x4)|?ds]P < oo and E[®(z) fo \N_1/2 h(s,xs)|*ds)?
< 0. Then

E[® ()| 7Y, =

(5.12)

B(® ()] + Sfo BB IEIIFL ) + Bl ) 1707
1+ Y0 BIP[R)|FL,) + B [R)| 7Y,

2. Suppose Elexp fo |Ns 1/2h(5,x3)|2d5] < 0o and

t
E[@(xt)exp/ INZY2h(s, 2,)2ds] < oo
0

Then

~ ®)  E[®(wy)] + X7, E[®(a) IF[R]| 7Y,
(6.13)  Ble()Ry,) = WO - T T S O T
(1) 1+ Zk:l E[} [h]‘}—o,t]
and the infinite series of (5.13) converges in Ll(Q,}'g,t, P).
Proof. See [2]. o

5.1. Recursive equations.
DEFINITION 5.3. Suppose E[®?(z;) jg [N (s, 24)|2]P < oo.
The measure-valued processes

(5.14) M(®) = E[®(x,)] = /n ®(2)p(z, t; x,0)d,
(5.15) ME(®) = E[®(z) If[B]|Fg,),  k>1,

are well defined.
THEOREM 5.4. Suppose M[(-),k >0, have density functions M*(z,t).
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1. The density of the distribution P(z; € A), A ¢ B(R™), satisfies the Kolmogorov
equation

(5.16) dp(z,t) = A(t)*p(z,t)dt, (z,t) e R™ x (0,T]; }iirg)p(z,t) = po(2).

2. The densities of MF(-), k > 1 satisfy the following recursive system of SPDFEs:

(5.17)
dMPF(z,t) = A(t)* M* (2, t)dt + h* (t, 2) M* (2, t )N dy,,  (z,t) e R™ x [0, T],
(5.18)
M*(2,0)=0, zeR"
Proof. The distribution of {z;t ¢ [0,7]} is the same under measure P and P.

Hence, the density p(-,-) satisfies (5.16).
Now, for £ = 1 consider

t
(5.19) I'h] = / B (s, 2s) N dys.
0

By the It6 product rule
t
B 1] = [ AL
/ DL ®(xs)I;[h]o(s,zs)dws

(5.20) +/ ()l (5, 25) N dys.
0

Conditioning both sides of (5.20) on fé’ ;» and then using the independence of
{we;t €0, T} and {y;;t € [0,T]} (and a version of Fubini’s theorem [12]), we have

= /t / A(s)®(2) M (2, s)dzds
(5.21) / / (5,2)M°(2, s) N tdzdy,.

Hence (5.17), (5.18) hold for k = 1.
Now, for k = ¢ consider

(5.22) / / / "(80, 5, )N, dys, -+ B (5,25, )N, dys, -

Then
dI{h] = IV IR (t o) N dye.

By the It6 product rule
®(x)If[h / A(s)®(x5)I[h)ds

(5.23) +/0 D’m@(xs)If[h]a(s,xs)dws+/Ot@(xs)h’(&xS)If_l[h]Ns_ldys.
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Similarly as before, conditioning both sides of (5.2) on F{, we have
/ A(s)®(2) M* (2, t)dzds

RTL
(5.24) / / 2)h' (5, 2) M (2, s) N dzdys.

Hence, (5.17), (5.18) holds for any k > 1. 0
COROLLARY 5.5. Let {p(z,t;2,5);0 < s < t < T}, (z,2) € R x R" be the
fundamental solution of the density equation (5.16):

(5.25)
dp(z,t;z,8) = A(t)*p(z,t;x, 8)dt, (z,t) e R™ x (0,T]; hm P(z,t;x,8) = 6(z — ).

t—s

Then the solutions of (5.16)—(5.18) are represented by
¢
(5.26) M*(z,t) = / / B (s, 2) NP M* (2, 8)p(2, t; x, 8)dedy,, k> 1,

(5.27) MO(z,t) = /np(z,t;x,O)po(x)dx.

Proof. Follow the procedures of Theorem 2.5. ]
Remark 5.6. Because of the linearity of (5.16), (5.18), any finite expansion of both
numerator and denominator of (5.13), say,

L

(5.28) ¢ (®) = E[®(x)] + ) E[@(z)If[W]| ). €21,
k=1

is a solution of the SPDE

4
(5.29) dgf (®) = ¢f (A(t)®)dt + > MFT (I (t, 2)®) N dy,.
k=1

From Theorem 5.2, we know that in order to approximate E[®(z;) |75 ;] through a
finite series we need to compute M (®),0, < k < p. The latter can be computed from
the joint-moment generating function of the random processes { fot h'(s,2s) N~ tdys;t e
0,71} and { [y |1/ (s, z,)|?ds; t € [0,T7]}.

6. Conclusion. This paper presents two methods for computing conditional
moments of integrals and stochastic integrals for general diffusion processes. The
first method employs recursive SPDEs; the second method employs conditional mo-
ment generating functions. An application of the first method results in new finite-
dimensional filters. An application of the second method to the EM algorithm results
in a significant reduction in the sufficient statistics required in the computation of the
parameters.
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