Convolutional
Neural Networks:
Back Propagation

Deep Learning
Brad Quinton, Scott Chin
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Learning Objectives

* More practice with backpropagation
* Understand backprop being applied to convolutional layer
* See some of the “shortcuts” in convolutional layer backprop

e Understand use of numerical gradient
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BackPropagation for CNNs

ITIS FRIDAY ALLUMY FRIENDS/ARE
AT PARTY

BUT 1M HERE LEARNING/BAGK
o PROPAGATION

memegenerator.net




A compute graph for a convolutional layer

(hinr Win, Cins m)

(houtr Wout, K, m) (hout; Wouts K, m) (hout; Wout K, m)

Z a

(K. f fcin)

Vectorized over a batch of m samples

(K,)
B
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A compute graph for a convolutional layer

(hinr Win, Cins m)

(hout: Wout, K, m)

a
@—A

(houtr Wout, K, m) (hout; Wouts K, m)

Z

(K. f fcin)

We already know how to deal
with backprop through RelLU layer

B
slide 5/163 Brad Quinton, Scott Chin




A compute graph for a convolutional layer

(hinr Win, Cins m)

(houtr Wout, K, m) (hout; Wouts K, m)

Z

v

(K. f fcin)

(K’ )
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We already know how to deal
with backprop through RelLU layer
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A compute graph for a convolutional layer

(hin, Win, Cins 1)

(houtr Wout, K, 1) (hout; Wout, K, 1)

v Z

v

(K. f fcin)

(K’ )
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Start by considering:

One sample (m=1)
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A compute graph for a convolutional layer

(hin» Win, Cin)

(hout» Woue, K) (houts Wour, K)

Z

v

(K, f. £, Cin) o
Start by considering:

e Onesample (m=1)

(K’ )
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A compute graph for a convolutional layer

(hin' Win, Cin)

(hout; Wout» K) (hout' Wout, K)

v

(K»f'f' Cin)

Start by considering:
* Onesample (m=1)

(K,)
B
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A compute graph for a convolutional layer

(Rin, Win, Cin)
(hout; Wout» 1) (houtr Wout, 1)

v

(Lfr fi Cin)

( )
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Start by considering:

One sample (m=1)
One filter (K=1)
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A compute graph for a convolutional layer

(hin' Win, Cin)

(hout) Wout) (houtr Wout)

(fi fr Cin)

Scalar
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v

Start by considering:

One sample (m=1)
One filter (K=1)
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A compute graph for a convolutional layer

(hin» Win, 1)

(houtl Wout) (houtr Wout)

v

Start by considering:

* Onesample (m=1)

* Onefilter (K=1)

* Onechannel(¢;;, = 1)

Scalar
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A compute graph for a convolutional layer

(hinr Win)

(houtl Wout) (houtr Wout)

v

Start by considering:

* Onesample (m=1)

* Onefilter (K=1)

* Onechannel(¢;;, = 1)

Scalar
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A compute graph for a convolutional layer

(Rin, Win) (Mot Wout) (houts Wout)

v

Start by considering:

e Onesample (m=1)

* Onefilter (K=1)

* Onechannel(¢;;, = 1)

Scalar
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A compute graph for a convolutional layer

(Rin, Win) (Mot Wout) (houts Wout)

v

0]

97 Start by considering:

e Onesample (m=1)

* Onefilter (K=1)

* Onechannel(¢;;, = 1)
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A compute graph for a convolutional layer

(Rin, Win) (Mot Wout) (houts Wout)

v

daJ
97 Start by considering:

* Onesample (m=1)
* Onefilter (K=1)
* Onechannel(¢;;, = 1)

d]
0z

(hout:Wour)  |mplied Broadcasting here.

Discussed in Lecture 12

scalar
B
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A compute graph for a convolutional layer

(Rin, Win) (Mot Wout) (houts Wout)

v

daJ
97 Start by considering:

* Onesample (m=1)
* Onefilter (K=1)
* Onechannel(¢;;, = 1)

Scalar
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A compute graph for a convolutional layer How to compute backprop through

convolution operation?

(Rin, Win) (Mot Wout) (houts Wout)

v

0]

97 Start by considering:
e Onesample (m=1)
* Onefilter (K=1)
* Onechannel(¢;;, = 1)

scalar
B
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Still only considering:
Matrix of Shape (R, Win) * Onesample (m=1)

X * One filter (K=1)
* Onechannel (¢;;, = 1)

Matrix of Shape (hyyut, Wout)
Convolution >V

Matrix of Shape (f, f)

w
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Matrix of Shape (hj,, Win) Local Derivatives are 4D Tensors

X

is shape

ax (Rin, Win, hout, Whut)

Still only considering:

* Onesample (m=1)

* One filter (K=1)

* Onechannel (¢;;, = 1)

Matrix of Shape (hyyut, Wout)

oV s shape
ow (f> fr Pouts Wour

Matrix of Shape (f, f)

w
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Matrix of Shape (hj,, Win) Local Derivatives are 4D Tensors

X

v s shape

ax (Rin, Win, hout, Whut)

Still only considering:

* Onesample (m=1)

* One filter (K=1)

* Onechannel (¢;;, = 1)

Matrix of Shape (hyyut, Wout)

oV s shape

0W (f> fr Pouts Wour

Matrix of Shape (f, f)

w

%

0]

—— Shape (houtr Wout)

dv

Upstream gradient is with
respect to Cost J (a scalar)

i.e. How does each of the
(hoyt, Woyue) outputs affect Cost
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Still only considering:
Matrix of Shape (hj,, Win) Local Derivatives are 4D Tensors * Onesample (m=1)

X * One filter (K=1)
* Onechannel (¢;;, = 1)
o — v 0] v is shape
Ox OxO0v & (hiry Winy Rout, Whyt) Matrix of Shape (hyyue, Wout)
(Rin, Win, Rout, Wout) * (Rout, Wout) o V)
= (hip, Win) dv is shape

0W (f> fr Pouts Wour

0]

—— Shape (houtr Wout)

dv

Matrix of Shape (f, f)

w

Upstream gradient is with
respect to Cost J (a scalar)

i.e. How does each of the
(hoyt, Woyue) outputs affect Cost

Chain Rule application is Tensor-Matrix Multiply
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Still only considering:
Matrix of Shape (hj,, Win) Local Derivatives are 4D Tensors * Onesample (m=1)

X * One filter (K=1)
* Onechannel (¢;;, = 1)
o — v 0] v is shape
Ox OxO0v & (hiry Winy Rout, Whyt) Matrix of Shape (hyyue, Wout)
(Rin, Win, Rout, Wout) * (Rout, Wout) o V)
= (hip, Win) dv is shape

0W (f> fr Pouts Wour

0]

Matrix of Shape (f, f) Shape (hyye, Wout)
- out» out

w v
9f — o 9] Upstream gradient is with
ow 0w dv respect to Cost J (a scalar)
s Pouts Wour) * (Roue, Wou .
(£, fo hour V‘; (}),f)( & Wout) i.e. How does each of the

(hoyt, Woyue) outputs affect Cost

Chain Rule application is Tensor-Matrix Multiply
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(hin» Win) — (3r3)

conv

(f. /) =(22)

W11

Wi2

Wo1q

Woo

(hout: Wout) = (2,2)

V11

V12

V21

V22
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(hin» Win) — (3r3)

conv

(f. /) =(22)

W11

Wi2

Wo1q

Woo

(hout: Wout) = (2,2)

V11

V12

V21

V22

Vi1 = W11X11 T WipX1p T WX T WyrXy)
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(hin» Win) — (3r3)

conv

(f. /) =(22)

W11

Wi2

Wo1q

Woo

(hout: Wout) = (2,2)

V11

V12

V21

V22

Vi1 = W11X11 T WipX1p T WX T WyrXy)

Vip = W11X12 T WipX13 T Wy1Xpp + WyrXos

Brad Quinton, Scott Chin
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(hin» Win) — (3r3)

X11 | X12 | X13
X21 | X22 | X23
X31 | X32 | X33
Vi1 =
V1o =
Vo1 =

conv

(f. /) =(22)

W11

Wi2

Wo1q

Woo

(hout: Wout) = (2,2)

V11

V12

V21

V22

W11X11 T WipX1p T WX T WyrXy)

W11X12 T WipX13 T Wy1Xpp + WyrXos

W11X21 T WipX9y + Wy1X3q + WypX3q

Brad Quinton, Scott Chin



slide 28/163

(hin» Win) — (3r3)

conv

(f. /) =(22)

W11

Wi2

Wo1q

Woo

(hout: Wout) = (2,2)

V11

V12

V21

V22

W11X11 T WipX1p T WX T WyrXy)

W11X12 T WipX13 T Wy1Xpp + WyrXos

W11X21 T WipX9y + Wy1X3q + WypX3q

W11X22 T WipXo3 + Wy X3y + WypX33

Brad Quinton, Scott Chin



Matrix of Shape (3,3)

X

v s shape
~.. (3,3,2,2
9x ( )

ov is shape
2,2,2,2
ow ¢ )

Matrix of Shape (2,2)

w

o] 0voJ
ow dw dv
(2,2,2,2) *(2,2) = (2,2)

slide 29/163

Still only considering:

* Onesample (m=1)

* One filter (K=1)

* Onechannel (¢;;, = 1)

Matrix of Shape (2,2)

%

0
—] Shape (2,2)
v



2 =3 4

1 —1
(Rin, Win)
-1 2 31 X 11 —13

Conv 4 l4 9 ] (hout» Wout)

3 11 W
0]
= [

(f. 1) >
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3 4]
1 2
2 3l

2
(hin, Win) [_11

(£, f) M.

o] |ov|o]
ow 0w v

|

Jacobian

11 —-13
@ 4 l4 9 ] (hout» Wout)

daJ
I o2
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2 -3 4

(Rin, Win) 112

-1 2 31 X _

s 1w Conv » U l141 ;3] (hout> Wout)

(f.f) .

0] [3 2]

0 : : : % 1 -1

U isshape Interpretation: How does each filter

ow ((F, 1), (hous Wour)) Weight affect each feature map element
- dv oV

0v _|dwy; 0wy
ow ov v

_aW21 0W22_

(f. 1)
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(hin, Win)

(f. )

v is shape

aw
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1 -1 2

-1 2 3
3 -1
4 2

Interpretation: How does each filter
((f, ), (hous) wout)) weight affect each feature map element

v
0W11

- dv ov 7
Owy1 | 0wy
dv ov
_aW21 aWZZ_
f,f)

AZEEAZT R
owyqy 0wqq
0vy1  0Vy5
0wy Owqql

(Rout» Wout)

Conv

daJ
I o2

Interpretation: How does this one weight
weight affect each feature map element

- U l141 _;3] (Routs Wout)

Brad Quinton, Scott Chin



2 -3 4
R Wi 1 -1 2
(hin, Win) 1 2 13| x 11 —13
3 1] W Conv 4 l4 9 ] (hout» Wout)

(f. f) L

0] [3 2]

. % 1 -1

ov s shape Interpretation: How does each filter

ow ((F, 1), (hous Wour)) Weight affect each feature map element

V11 = W11X11 T W12X12 T W31X21 T Wp3X22

- 0V ov '01]11 61]12'
0v 0wy | dwyy ov  |dwy; 0wy V12 = W11X12 T Wi2X13 + WX + WopX)3
ow dv v ow..« | ov ov
11 21 22 _
VUy1 = W11X21 + WipXop T Wp1X31 T WorX3q
_aW21 0W22_ -0W11 anl-
Vpp = W11X2 + W12X23 + Wp1X32 T WprX33
(fi f) (houtr Wout)

Interpretation: How does this one weight
weight affect each feature map element
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2 -3 4
R Wi 1 -1 2
(hin, Win) 1 2 13| x 11 —13
3 1] W Conv 4 l4 9 ] (hout» Wout)

(f. f) L

0] [3 2]

. % 1 -1

ov s shape Interpretation: How does each filter

ow ((F, 1), (hous Wour)) Weight affect each feature map element

V11 = W11X11 T W12X12 T W31X21 T Wp3X22

- 0V ov '01]11 61]12'
0v 0wy | dwyy v |dwyq | 0wy V12 = W11X12 T Wi2X13 + WX + WopX)3
ow dv v ow..« | dv ov
11 21 22 _
VUy1 = W11X21 + WipXop T Wp1X31 T WorX3q
_aW21 0W22_ -0W11 anl-
Vpp = W11X2 + W12X23 + Wp1X32 T WprX33
(fi f) (houtr Wout)

Interpretation: How does this one weight
weight affect each feature map element
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2 -3 4
R Wi 1 -1 2
(hin, Win) 1 2 13| x 11 —13
3 1] W Conv 4 l4 9 ] (hout» Wout)

(f. f) L

0] [3 2]

. % 1 -1

ov s shape Interpretation: How does each filter

ow ((F, 1), (hous Wour)) Weight affect each feature map element

V11 = W11X11 T W12X12 T W31X21 T Wp3X22

- 0V ov - 0V
X —
0v 0wy | dwyy ov | M| dwyy Uiz = Wi1X12 + WipXq3 + W1Xop + WopXo3
ow dv v ow..« | dv ov
11 21 22 _
VUy1 = W11X21 + WipXop T Wp1X31 T WorX3q
_aW21 0W22_ _0W11 aW11_
Vpp = W11X2 + W12X23 + Wp1X32 T WprX33
(fi f) (houtr Wout)

Interpretation: How does this one weight
weight affect each feature map element
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2 -3 4
R Wi 1 -1 2
(hin, Win) 1 2 13| x 11 —13
3 1] W Conv 4 l4 9 ] (hout» Wout)

(f. f) L

0] [3 2]

. % 1 -1

ov s shape Interpretation: How does each filter

ow ((F, 1), (hous Wour)) Weight affect each feature map element

V11 = W11X11 T W12X12 T W31X21 T Wp3X22

- 0V ov - 0V
X —
0v 0wy | dwyy ov | | dwyy Vip = W11X12 T WipXq3 + W1 X5 + WopXo3
ow dv v ow..« | ov ov
11 21 22 _
VUy1 = W11X21 + WipXop T Wp1X31 T WorX3q
_aW21 0W22_ _0W11 aW11_
Vpp = W11X2 + W12X23 + Wp1X32 T WprX33
(fi f) (houtr Wout)

Interpretation: How does this one weight
weight affect each feature map element
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2 -3 4
R Wi 1 -1 2
(hin, Win) 1 2 13| x 11 —13
3 1] W Conv 4 l4 9 ] (hout» Wout)

(f. f) L

0] [3 2]

. % 1 -1

ov s shape Interpretation: How does each filter

ow ((F, 1), (hous Wour)) Weight affect each feature map element

— Iy - V11 = W11X11 T W12X12 T W31X21 T Wp3X22
X X y —
0v 0wy | 0wy v o7 | V12 = W11X12 + W1pX13 + WX + WoaXo3
ow | dv ov ET V21 =22 B
e 3 1 lowy; owyqy VUy1 = W11X21 + WipXop T Wp1X31 T WorX3q
LOW2q W72
( Vpp = W11X2 + W12X23 + Wp1X32 T WprX33
fi f) (houtr Wout)

Interpretation: How does this one weight
weight affect each feature map element

slide 38/163 Brad Quinton, Scott Chin



2 -3 4
R Wi 1 -1 2
(hin, Win) 1 2 13| x 11 —13
3 1] W Conv 4 l4 9 ] (hout» Wout)

(f. f) L

0] [3 2]

. % 1 -1

ov s shape Interpretation: How does each filter

ow ((F, 1), (hous Wour)) Weight affect each feature map element

— Iy - V11 = W11X11 T W12X12 T W31X21 T Wp3X22
X X —
v |0wqq | 0wy, v ra L 3 12 Vi = W11X12 T Wi2X13 + Wo1Xop + Woo X3
ow = [ov oav| .= { va1| 0va
w —
e w 1 llowyy| 0wy, VUy1 = W11X21 + WipXop T Wp1X31 T WorX3q
= 21 22-
( Vpp = W11X2 + W12X23 + Wp1X32 T WprX33
fi f) (houtr Wout)

Interpretation: How does this one weight
weight affect each feature map element
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2 -3 4
R Wi 1 -1 2
(hin, Win) 1 2 13| x 11 —13
3 1] W Conv 4 l4 9 ] (hout» Wout)

(f. f) L

0] [3 2]

. % 1 -1

ov s shape Interpretation: How does each filter

ow ((F, 1), (hous Wour)) Weight affect each feature map element

— Iy - V11 = W11X11 T W12X12 T W31X21 T Wp3X22
X X —

v |0wqq | 0wy, v 12 Vi = W11X12 T Wi2X13 + Wo1Xop + Woo X3

ow | dv ov = 022

W Owyp  ||X21 Vo1 = Wi1Xo1 + W1oXoo + Wo1X21 + WooX
5 5 Ow14 21 = W11X21 12X22 21X31 22X31
i W21 W22_

Vpp = W11X2 + W12X23 + Wp1X32 T WprX33

(fi f) (houtr Wout)

Interpretation: How does this one weight
weight affect each feature map element
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2 -3 4
R Wi 1 -1 2
(hin, Win) 1 2 13| x 11 —13
3 1] W Conv 4 l4 9 ] (hout» Wout)

(f. f) L

0] [3 2]

. % 1 -1

ov s shape Interpretation: How does each filter

ow ((F, 1), (hous Wour)) Weight affect each feature map element

— Iy - V11 = W11X11 T W12X12 T W31X21 T Wp3X22
X X —
v |0wqq | 0wy, v 11 —=lz Vi = W11X12 T Wi2X13 + Wo1Xop + Woo X3
aw [ v | 3= f’sz‘
|%.% 21 —
5 5 1 owq, VUy1 = W11X21 + WipXop T Wp1X31 T WorX3q
i W21 W22_
Vpp = W11X2 + W12X23 + Wp1X32 T WprX33
(fi f) (houtr Wout)

Interpretation: How does this one weight
weight affect each feature map element
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2 -3 4
R Wi 1 -1 2
(hin, Win) 1 2 13| x 11 —13
3 1] W Conv 4 l4 9 ] (hout» Wout)

(f. f) L

0] [3 2]

. % 1 -1

ov s shape Interpretation: How does each filter

ow ((F, 1), (hous Wour)) Weight affect each feature map element

51 gy - V11 = Wi1X11 + WiaXqp + W21Xoq + WozXo)
0v 0wy | dwyy W _ [xll xl?] V12 = W11X12 + Wi2X13 + W21X22 + W22X23
ow dv v owyq o1 [ X22 B

dwar 0wy Va1 = W11X21 T WipXpp + Wp1X31 + WppX3g

Vpp = W11X2 + W12X23 + Wp1X32 T WprX33
(f: f) (hout» Wout)

Interpretation: How does this one weight
weight affect each feature map element
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2 -3 4
R Wi 1 -1 2
(hin, Win) 1 2 13| x 11 —13
3 1] W Conv 4 l4 9 ] (hout» Wout)

(f. f) L

0] [3 2]

. % 1 -1

ov s shape Interpretation: How does each filter

ow ((F, 1), (hous Wour)) Weight affect each feature map element

51 gy - V11 = Wi1X11 + WiaXqp + W21Xoq + WozXo)
0v 0wy | dwyy W _ [xll le] V12 = W11X12 + Wi2X13 + W21X22 + W22X23
ow dv v owyq a1 X2z B

dwar 0wy Va1 = W11X21 T WipXpp + Wp1X31 + WppX3g

Vpp = W11X2 + W12X23 + Wp1X32 T WprX33
(f: f) (hout» Wout)

Interpretation: How does this one weight
weight affect each feature map element
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2 -3 4
R Wi 1 -1 2
(hin, Win) 1 2 13| x 11 —13
3 1] W Conv 4 l4 9 ] (hout» Wout)

(f. f) L

0] [3 2]

. % 1 -1

ov s shape Interpretation: How does each filter

ow ((F, 1), (hous Wour)) Weight affect each feature map element

51 gy - V11 = Wi1X11 + WiaXqp + W21Xoq + WozXo)
0v 0wy | dwyy W _ [2 -3 V12 = W11X12 + W12X13 + Wa1X22 + WoX)3
ow ov v aW11 1 -1 _

5 5 Va1 = W11X21 T WipXpp + Wp1X31 + WppX3g

LOW>1 W»oo

Vpp = W11X2 + W12X23 + Wp1X32 T WprX33
(f: f) (hout» Wout)

Interpretation: How does this one weight
weight affect each feature map element
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2 -3 4
R Wi 1 -1 2
(hin, Win) 1 2 13| x 11 —13
3 1] W Conv 4 l4 9 ] (hout» Wout)

(f. f) L

0] [3 2]

. % 1 -1

ov s shape Interpretation: How does each filter

ow ((F, 1), (hous Wour)) Weight affect each feature map element

ov [2 -3 -

- 0V oV - owq1 1 -1 11—
v [dwyy |Owy, V12 =
ow | ov Jdv 0V 013 .
_aW21 0W22_ av _ aW12 aW12 le o

0. e e

(Rout» Wout)

Interpretation: How does this one weight

. weight affect each feature map element
slide 45/163

W11X11 T W12X12 T W1X21 T Wp3X2o
W11X12 T W12X13 T WX + WoX33
W11X21 T Wi2X32 + Wp1X31 T WppX31

W11X22 + W12X23 + Wp1X32 T WppX33

Brad Quinton, Scott Chin



2 -3 4
R Wi 1 -1 2
(hin, Win) 1 2 13| x 11 —13
3 1] W Conv 4 l4 9 ] (hout» Wout)

(f. f) L

0] [3 2]

. % 1 -1

ov s shape Interpretation: How does each filter

ow ((F, 1), (hous Wour)) Weight affect each feature map element

ov [2 -3 -

- 0V oV - owq1 1 -1 11—
v [dwyy |Owy, V12 =
ow | ov Jdv 0V 013 .
_aW21 0W22_ av _ aW12 aW12 le o

0. e e

(Rout» Wout)

Interpretation: How does this one weight

. weight affect each feature map element
slide 46/163

W11X11 T|W12X12| T W21X21 T Wo3X22
W11X12 T|W12X13|T Wp1X22 + WapX23
W11X21 T|W12X29 + Wp1X31 + WppX31q

W11X22 H W12X23 + Wp1X32 T WppX33

Brad Quinton, Scott Chin



2 -3 4
R Wi 1 -1 2
(hin, Win) 1 2 13| x 11 —13
3 1] W Conv 4 l4 9 ] (hout» Wout)

(f. f) L

0] [3 2]

. % 1 -1

ov s shape Interpretation: How does each filter

ow ((F, 1), (hous Wour)) Weight affect each feature map element

ov [2 -3 -
A% v 1 owy; L1 -1 11
ﬁ_ aW11 aW12 v12 —
ow | ov dv e —
0wy, Owys av _ [xlz x13] 21
ow X22 X23 Voo =
(. ) 2 =

(Rout» Wout)

Interpretation: How does this one weight

. weight affect each feature map element
slide 47/163

W11X11 T|W12X12| T W21X21 T Wo3X22
W11X12 T|W12X13|T Wp1X22 + WapX23
W11X21 T|W12X29 + Wp1X31 + WppX31q

W11X22 H W12X23 + Wp1X32 T WppX33

Brad Quinton, Scott Chin



2 -3 4
( n ln) _1 2 3_ x ‘ v 11 _13
_ Conv ’ l4 9 ] (hout» Wout)
(f. f) s 1w
’ 4 2|
0] [3 2 ]
o 1 -1
av is shape Interpretation: How does each filter dv
ow ((F, 1), (hous Wour)) Weight affect each feature map element
ov 2 -3
- v | ov 1 dwi, [1 1 V11 = W11X11 T{W12X12|+ Wa1X21 + WapX3;
v _ [0 9w dv [—3 4 V12 = W11X12 T|W12X13| T Wa1X2 + Wo2X3
ow | ov v s -1 2
Owyq 0wy e V21 = Wi11X21 F|W12X22 + W21X31 + WapX3g
f. ) V2 = W11X22 HWi2X23 + Wo1X32 + WaX33

(Rout» Wout)

Interpretation: How does this one weight

. weight affect each feature map element
slide 48/163 Brad Quinton, Scott Chin



2 -3 4
he 1 -1 2
( n ln) _1 2 3_ x 11 _13
3~ W Conv - U l4 9 ] (Rout» Wout)
(f, 1 o
d] [3 2 ]
-0 1 -1
v is shape Interpretation: How does each filter v
aw ((F, 1), (hous Wour)) Weight affect each feature map element
dv 2 =3
oy ap - Wiy [1 _1 V11 = W11X11 T W12X12 T{W21X21 |+ WX
0v _|0wyy  Owyy v [_3 4] V12 = W11X12 T+ W12X13 T|W21X22|+ W22X23
ow | ov v P = -1 2
Wiz V21 = W11X21 + WipX2 HW21X31| T Wa2X3q
_aW21 0W22_

dv =[x21 xzz]

Voo = Wi X W12X92 FWor1 X2l + WooX
(f, f) Ow,, Lx31 X3z 22 11X22 T W12X23 21X32 22X33

(Rout» Wout)

Interpretation: How does this one weight

. weight affect each feature map element
slide 49/163

Brad Quinton, Scott Chin



2 -3 4
R Wi 1 -1 2
(Rin, Win) 1 2 13| x v 11 —13
3 1] W Conv > l4 9 ] (hout» Wout)

(f. ) s

0] [3 2]

. | gy 1 -1

ov is shape Interpretation: How does each filter

ow ((F, 1), (hous Wour)) Weight affect each feature map element

ov 2 -3
- v Ov dwi, [1 1 V11 = W11X11 T W12X12 T{W21X21 |+ WX
v _|owyy  Ows, v [—3 4 V12 = W11X12 T Wi2X13 T W21 X2+ WapX23
ow | ov v s -1 2
0wy | 0wy, . V21 = Wi11X21 + WiaX2p HW21X31 + W2pX3g
- ' ov 1 -1
(£, ) Owyy [—1 2 ] V22 = W11X22 T Wi2X23 H{W21X32| T W22X33

(Rout» Wout)

Interpretation: How does this one weight

. weight affect each feature map element
slide 50/163 Brad Quinton, Scott Chin



2 -3 4
( n ln) _1 2 3_ x ‘ v 11 _13
_ Conv ’ l4 9 ] (hout» Wout)
(. ) S w
' 4 2|
0] [3 2 ]
a0 1 -1
dv is shape Interpretation: How does each filter dv
ow ((F, 1), (hous Wour)) Weight affect each feature map element
ov 2 -3
c v v 0wy [1 1 V11 = W11X11 T Wi2X12 + W21X21 +|W2oX2)
9v _|0wn Owi, ov [—3 4] V12 = W11X12 + W12X13 + W21X2p +|Wo2Xo3
ow | ov v s -1 2
dwy1 | 0wy, . V21 = Wi11X21 + WiaXzp + W21X31 +|W22X31
' ' ov 11 -1
f, f) dwy, -1 2 ] V22 = W11X22 + W12X23 + Wa1X32 +|Wo2X33
v _ [*22 xzs]
ow,,  L1X32 X33

h w
slide 51/163 ( out» out) Brad Quinton, Scott Chin



(hin, Win) 1 -1 2

-1 2 3l X 11 —13
3 1 W Conv % l4 9 ] (Rout Wout)
(f> ) 4 2
0] [3 2 ]
5. 1 -1
av is shape Interpretation: How does each filter dv
ow ((F, 1), (hous Wour)) Weight affect each feature map element
ov 2 -3
S VR dwi, [1 1 V11 = W11X11 T W1pX1p T Wp1Xp1 T (WX
9v _|0wn Owi, ov [—3 4] V12 = W11X12 + W12X13 + W21X2p +|Wo2Xo3
ow | ov v s -1 2
dwy1 | 0wy, . V21 = Wi11X21 + WiaXzp + W21X31 +|W22X31
' ' ov 11 -1
f. ) owy, -1 2 ] V22 = W11X22 + Wi2X23 + W21X32 +{W22X33
ov -1 2]
0W22 | 2 3

h w
slide 52/163 ( out» out) Brad Quinton, Scott Chin



2 =3 4
R W 1 -1 2
(Rin, Win) 1 92 3] X 0 1s
3 11w Conv > U l4 9] (Rout» Wout)
(f. ) P
0] [3 2]
q.. 1 -1
ov is shape Interpretation: How does each filter dv
ow ((F, 1), (hous Wour)) Weight affect each feature map element
ov =[2 -3
v o0v ow;; 11 -1
ﬁz owyp  O0wgy v _[_3 4]
ow ov ov dw, -1 2
_5W21 aWZZ_ Ov ~ 1 _1]
£, ) Ow,y =1 2
ov -1 2]
0W22 L 2 3
slide 53/163 (Rout» Wout)
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2 =3 4
(hin, Win) =12

-1 2 31 X 11 —13
3 1 W Conv 4 l4 9] (Rout» Wout)
(f. ) —
I
ov s shape Interpretation: How does each filter v
% ((F, 1), (hous Wour)) Weight affect each feature map element
dv =[2 -3
[ av av ] 6W11 1 —1 a [2 _3 __3 4‘__
0v _|0wy; 0wy v 3 4 ov -1 2.
aw=| v v | Fe-=ly 3 . 2 1 —1] -1 2
Owz1 OWpo ov 1 —1 Can write the -2 3
(. F) W -1 2 ] Jacobian this way ((f,f), (hout;Wout))
ov -1 2]
0W22 | 2

(Routs Wour)

slide 54/163 Brad Quinton, Scott Chin



2 =3 4

. . 1 -1 2
(hin, Win) 1 2 13| X 1 —13
3 -1 W Conv - U l4 9 ] (houts Wout)
(.0 i

] 3 2
5, 1 -1

dv is shape Interpretation: How does each filter
ow ((F, 1), (hous Wour)) Weight affect each feature map element

-[2 —3] [-3 4T
ov_(l1 -1l Ll-1 2
ow [1 —1] —1 2

-1 21 L2 3l

((fr ) (houe Wout))

Now we have the full Jacobian
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2 =3 4

_ _ 1 -1 2
(Rin, Win) 1 2 13| X 1 13
3 -1 W Conv 4 l4 9 ] (hout» Wout)
(.0 i

"

ov s shape Interpretation: How does each filter 017

% ((F, 1), (hous Wour)) Weight affect each feature map element
Iy i [2 —3 —3 4] As expected, Jacobian can get big.
— = —1 ;_% %: E.g. Second Conv layer of AlexNet
ow [ _“‘] _2 ; (5,5,256,27,27) ~4.7million numbers

((fr ) (houe Wout))

Now we have the full Jacobian

slide 56/163 Brad Quinton, Scott Chin



2 =3 4

. . 1 -1 2
(Rin» Win) 1 2 13l x 1 13
3 -1 W Conv 4 l4 9 ] (hout» Wout)
(f, f) 4 2 ]

S

ov

dv is shape Interpretation: How does each filter
ow ((F, 1), (hous Wour)) Weight affect each feature map element

- 12 —3° —3 471 * For fully-connected layer, Jacobian
oV [ 1. -1 2. had a lot of 0’s. (Each neuron has own
% — 1 1 —1 27 set of weights. Therefore they do not
[ ] 9 3] affect the output of other neurons)
* For conv layer every weight affects
((f ), (hous, Wout)) every output. Parameter sharing)

Now we have the full Jacobian

slide 57/163 Brad Quinton, Scott Chin



2 =3 4

. , 1 -1 2
(hin Win) 1 2 3l x 1 _13
3 11 W Conv 4 l4 9 ] (Rout» Wout)
(.1 3T

6] 0_] l3 2]
EW 1 -1
Apply chain rule to compute weight gradients
2 —3 —3 47
aj dvadl [ -1 2l n 7
ow owadv [ 1 —1] —1 2] [1 —1] B [? ?]
2 L2 31

((f f) (hout Wout)) (hout Wout) (fr f)

slide 58/163 Brad Quinton, Scott Chin



2 =3 4

he wey |10-1 2
(hin, Win) 1 2 3l x 1 13
3 1] W Conv 4 l4 9 ] (hout» Wout)
(F. ) 3o ws :

ad] 6_] l3 2 ]
. 1 -1
Apply chain rule to compute weight gradients

2 —3 —3 4]
o] ovo] [ -1 2 [3 —zlztlz ?]
- ?

ow  owov [1 —1] '—21 g ?

((f ) (houes Wout)) (Rout» Wout) f, f)

0]

=2*x34+(-3)*x(—2)+1+x1+(—1)(—-1) =12
dwq1

Recall: Computing an Inner product

(i.e. sum of elementwise multiply)
slide 59/163
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2 =3 4

he 1 -1 2
(hin, Win) 1 92 13| X 1 13
3 11 W Conv 4 l4 9 ] (hout» Wout)
(f, f) 4 2 | < <

6] 6] l3 2]
EY O 1 -1
ow
Apply chain rule to compute weight gradients
[2 —3 —3 4]
6] ov 0] —1 2. [3 —2] [12 —20‘
GW owov [ —1] —1 27 ?
2 3l
((f ) (houes Wout)) (Rout» Wout) f, f)
aj

= 3%3+4+4%(-2)+ (-1 *1+(2)(-1) =-20

aW]_z

Recall: Computing an Inner product

(i.e. sum of elementwise multiply)
slide 60/163
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2 =3 4

he wey |10-1 2
(hin, Win) 1 2 3l x 1 13
3 1] W Conv 4 l4 9 ] (hout» Wout)
(F. ) 3o ws :

ad] 6_] l3 2]
. 1 -1
Apply chain rule to compute weight gradients
[2 —3 —3 47
9] dvad] _ -1 2! [3 —2] 1 —20]
ow  owov [ —1] —1 2] -ZL‘ ?
2 3l

((f ) (houes Wout)) (Rout» Wout) f, f)
dJ

W 1«3+ (-D*(-2)+(-D*1+2)(-1) =2

Recall: Computing an Inner product
(i.e. sum of elementwise multiply)
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2 =3 4

he wey |10-1 2
(hin, Win) 1 2 3l x 1 13
3 1] W Conv 4 l4 9 ] (hout» Wout)
(F. ) 3o ws :

ad] d] l3 2]
— -0 1 -1
ow
Apply chain rule to compute weight gradients
[2 —3 —3 47
9] dvad] _ -1 2 [3 —2] [12 —7n]
ow  owov [ —1] —1 2 —8
2 3L
((f f ) (hout Wout)) (hout Wout) (f f )
]

= —1%3+2%(=2)+2*1+3%(-1)=-8

0W22

Recall: Computing an Inner product

(i.e. sum of elementwise multiply)
slide 62/163
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2 =3 4

he wey |10 -1 2
(hin, Win) 1 2 3l x 1 13
3 1] W Conv 4 l4 9 ] (Rout» Wout)
(f)f) 4 2 | < <

9 o
ow 1
Apply chain rule to compute weight gradients
[2 —3 —3 47
9] dvad] _ -1 2 [3 —2] 12 —20
ow  owov [ —1] —1 2 —8
2 3l

((f ) (houes Wout)) (Rout» Wout) f, f)

Notice any patterns to this Jacobian?

slide 63/163 Brad Quinton, Scott Chin



(hin, Win) 35 3] X 1 13
3 11 W Conv 4 l4 9 ] (hout» Wout)
£ ) 3o ws :

ad] d] l3 2]
— -0 1 -1
ow
Apply chain rule to compute weight gradients
-[2 —3 —3 4]
9] dvad] _ -1 2 [3 —2] 12 —20
ow  owov —1] —1 2 —8
_ 2 3L

((f ) (houes Wout)) (Rout» Wout) f, )

Notice any patterns to this Jacobian?

slide 64/163
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2
(hin, Win) ’_11

(f. )

-3 4]
-1 2

2 31 X

3 -1
4 2.

@

9.

ow

Apply chain rule to compute weight gradients

6] v 6]
aw owov

slide 65/163

[

((f ) (hout, Wout)) (hout» Wout)

[2 —3

_21]

4

2
2]
3-

o+

d]

— [ 2]

12 20
—8

(F. )

Notice any patterns to this Jacobian?

4 l141 _;3] (Routs Wout)

Brad Quinton, Scott Chin



(hin, Win)

(f. )

2
1
-1

—3 4
-1 2

2 131 X

3 —11 W

4 2.

@

9.

ow

Apply chain rule to compute weight gradients

6] iﬁ)ﬁ]
ow  owov

slide 66/163

[2 —3

L

_1]‘

((f ) (houe, Wout)) (Rout» Wout)

4—_

NI

13 =

0
=2
12 —20
—8
f. f)

Notice any patterns to this Jacobian?

4 l141 _;3] (Routs Wout)

Brad Quinton, Scott Chin



(hin, Win)

(f. )

2

—3 4

1

-1

-1 2
2 311 X
Conv
3 -11 W
4 2 | < <

9.

ow

Apply chain rule to compute weight gradients

6] v 6]
aw owov

slide 67/163

[

[2 —3 —3 47
—1 23 -2
—1] —1 2] [ ]
2 3l

((f ) (houe, Wout)) (Rout» Wout)

d]

— [ 2]

12 20
—8

(F. )

Notice any patterns to this Jacobian?

4 l141 _;3] (Routs Wout)

Brad Quinton, Scott Chin



2 =3 4

he wey |11 2
(hin, Win) 1| 2 3llx 1 13
3 1] W Conv 4 l4 9 ] (Rout» Wout)
(flf) 4 2 | < <

ad] d] l3 2]
— -0 1 -1
ow
Apply chain rule to compute weight gradients
[2 —3 —3 4]
9] dvad] _ -1 2 [3 —2] 12 —-20
ow  owov [ —1] —1 2 —8
2 3L

((f ) (houes Wout)) (Rout» Wout) f, )

Each Jacobian slice is a sliding window over the input x
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2 =3 4
(hin, Win) 1 -1 2 X

11 —-13
O -V [y 9] (o wou)

-1 2 3
(f, ) . W
]
ow

0
Jdp o2

Apply chain rule to compute weight gradients

2 —3 —3 47
a] dv a] [ —1 2.
ow  owov [ —1] '—21 g

((f ), (houts Wout))

We then perform e
sum of each jacobian s

[3 —2] 12 —_280

(hout» Wout) f> f)

ementwise multiply and
ice with upstream gradient.

What is t

slide 69/163

nis operation?

Brad Quinton, Scott Chin



2 =3 4

. , 1 -1 2
(hin, Win) 1 2 3l x 1 13
3 1] W Conv - VU l4 9 ] (Rout» Wout)
(.1 i

a] 0_] l3 2]
. 1 -1
Apply chain rule to compute weight gradients
[2 —3 —3 47
9] dvad] _ -1 2 [3 —2] 12 —20
ow  owov [ —1] —1 2 —8
2 3l

((f ) (houes Wout)) (Rout» Wout) f, f)

It’s a convolution operation!

J] d]
o> = X conv =

slide 70/163 Brad Quinton, Scott Chin



2 =3 4

_ _ 1 -1 2
(Rin, Win) 1 2 13| X 1 13
3 -1 W Conv 4 l4 9 ] (hout» Wout)
(.0 i

a] 6_] 3 2]
% 017 1 -1
Instead of using Jacobian
a a 7 ?
%—XCOHV%—[? ?]
F[2 —3 —3 47
o _ovo] fl1 -1l l-1 2 [3 —2=[12 —20
ow dw dv 1 —1] -1 27|11 -1 2 -8
-1 2 L2 3
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2 =3 |4

o [1 1 |2
(hin, Win) =1 2 3] X v 11 —13 ,
3 -1 W Conv > l4 9 ] (houts Wout)
(.0 i

a] 6_] 3 2]
% ov 1 -1
Instead of using Jacobian
a—]—xcon a—]—[lz ?]
ow Vﬁv L2 2
F[2 —3 —3 47
9 _9vo] (l1 -1l l-1 2 [3 —2=[12 ~20
ow dw dv 1 —1] —1 27|11 -1 2 -8
-1 2 L2 3L
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-3 4}

2
_ _ 1, -1 2
(hin, Win) ’_1 53 X 1 13
Conv » U l ] (hout» Wout)
wn LB W P
ff L9

a] 6_] 3 2]
% 017 1 -1
Instead of using Jacobian
9 _ X conva—] = [12 _ZOJ
ow ov ? ?
F[2 —3 —3 47
9 _9vo] (l1 -1l l-1 2 [3 —2=[12 ~20
ow dw dv 1 —1] —1 27|11 -1 2 -8
-1 2 L2 3L
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(2 =3 4]

_ _ 1 —-11]2
(Rin, Win) {_1 > 13l X 1 13
3 -1 W Conv - U l4 9 ] (houts Wout)
(.0 i

a] 6_] 3 2]
% 017 1 -1
Instead of using Jacobian
a—]=xconva—]=[12 _ZO]
ow dv |2 ?
F[2 —3 —3 47
9 _9vo] (l1 -1l l-1 2 [3 —2=[12 ~20
ow dw dv 1 —1] —1 27|11 -1 2 -8
-1 2 L2 3L
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2 _—3 4]

_ _ 1, -1 2
(Rin, Win) _1 2 3llx 1 13
3 -1 W Conv 4 l4 9 ] (hout» Wout)
(.0 i

a] 6_] 3 2]
% ov 1 -1
Instead of using Jacobian
9 = X conva—] = [12 —20
ow ov 2 |—8
F[2 —3 —3 47
9 _9vo] (l1 -1l l-1 2 [3 —2=[12 ~20
ow dw dv 1 —1] —1 27|11 -1 2 -8
-1 2 L2 3L
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2 =3 4

. . 1 -1 2
(hin, Win) 1 2 13| X 1 —13
3 -1 W Conv - U l4 9 ] (houts Wout)
(.0 i

aJ l12 —20] 9 3 2 |
E 2 -8 ov 1 -1
* No Jacobian require at all!
ﬂ — 5 conva—] * This convolution yields same result as
ow v doing the full 4D-Tensor Jacobian and

upstream gradient matrix multiply!
* You will implement this in Assighment 4
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Matrix of Shape (3,3)

X

o] = v 9] v s shape
(3,3,2 g)x (2 62;C 6123 3,) a S
Y T dv is shape

2,2,2,2
aw ( )
Matrix of Shape (2,2)

w

slide 77/163

Still only considering:

* Onesample (m=1)

* One filter (K=1)

* Onechannel (¢;;, = 1)

Matrix of Shape (2,2)

%

0
—] Shape (2,2)
v



slide 78/163

3 4]
1 2
2 3l

2
(hin, Win) [_11

(£, f) M.

d] 3 dv 0]
Ox |0x bv

|

Jacobian

11 —-13
@ 4 l4 9 ] (hout» Wout)

daJ
I o2

Brad Quinton, Scott Chin



2 =3 4

(Rin, Win) 1 -1 2 X
-1 2 3 L p [ -13
Conv > l4 9 ] (Rout» Wout)

3 —-11 W

0] [3 2]

9y 9y 1 -1
U is shape

(f. 1) 3t
0x (i, Win) » (Roue Wour)) Interpretation: How does each input value
affect each feature map element
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2 =3 4
-~ 1 -1 2
(Rin, Win) 1 2 13l x 1 13
3 1] W Conv - VU l4 9] (Rout» Wout)
(f. f) .
0] [3 2]
q.. 1 -1
OV s shape dv
0x (i, Win) » (Roue Wour)) Interpretation: How does each input value
affect each feature map element
- Jv v v T
axll axlz axlg
av_ v v v
ax B ale axzz ang
v v v
_aX31 a.X32 aX33_
(Rin, Win)
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2 -3 4
R W 1 -1 2
(Rin, Win) 1 2 13l x 1 13
3 -1 W Conv 4 l4 9 ] (hout» Wout)
(f. ) A
0] [3 2]
a0 11 -1
av is shape v
a ((hins Win) » (Mouts Wout))
- dv v v
axll axlz axlg _avll avlz_
dv ov ov ov dv _ O0x11 0x1 Interpretation: How does this one in put
0x  |0xy; 0xyy 0xy3 Oxq1 |0V21 0V value affect each feature map element
dv v av 0x11  0Xq1-
_aX31 0x32 aX33_
(hinr Win) (hout' Wout)

slide 81/163
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2 -3 4
(hin, Win) 1 -1 2 X
1 2 3 L p [l -13
3 -1 W Conv ’ l4 9 ] (hout» Wout)
(f. f) L
0] [3 2 ]
- L1 -1
av is shape v
ax ((hin; Win) » (Rout, Wout))
-9y | v Ov - V11 = W11X11 T WipXq2 T Wa1Xp1 T WooXpo
v OV157
axll axlz axlg 11 12 —_
Vio = W11 X192 + W12X12 + Wr1Xoo + Woo X
35 — 3 5 0v _|oxy 0x 12 11X12 12X13 21X22 22X23
0x  |0xy; 0x,, Oxpg| 0%11 [9V21 OVa2 Va1 = Wy1Xp1 + WX + Wp1X31 + WapX3q
ov ov ov 10x11  O0Xq1- _
v e O Vo = W11X3p + W1pX23 T Wp1X32 T WpX33
- 31 32 33-
(hinr Win) (hout' Wout)
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2 -3 4
R Wi 1 -1 2
(Rin, Win) 1 2 13| X v 1 —13
3 -1 W Conv > l4 9 ] (houts Wout)
(f. f) L

Jp oz
v is shape v b
a ((hins Win) » (Mouts Wout))

v | dv v - V11 =|W11X11 [T W12X12 T W31X21 T Wy2X22
0X1y_|0X12 0X13 0V 1wy O V12 = W11X12 T W12X13 + Wa1X2p T WppX23
v av v av %11 — 1o 0
0x  |0xy1 0xyy 0Xg3 Va1 = Wy1Xp1 + WX + Wp1X31 + WapX3q
dv dv dv .
Vpp = W11X2 + W12X23 + Wp1X32 T WprX33
_aX31 0x32 aX33_

(hinr Win) (hout' Wout)
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2 -3 4
R Wi 1 -1 2
(Rin, Win) 1 2 13| X v 1 —13 ,
3 -1 W Conv > l4 9 ] (hout» Wout)
(f. f) L

Jp oz
v is shape dv b
a ((hins Win) » (Mouts Wout))

v | ov | ov - V11 = W11X11 T W12X12|T W1X21 T Wp2X2o
0X11| 0X1z | 0%13 0V wip wii] Vi =|Wq11Xq1p - WipXq3 + WpiXop + WapXo3
ov ov ov ov dx1, L O 0
0x  |0xy1 0xyy 0Xg3 Va1 = Wy1Xp1 + WX + Wp1X31 + WapX3q

dv v dv
_aX31 0x32 aX33_

Vpp = W11X2 + W12X23 + Wp1X32 T WprX33

(hinr Win) (hout' Wout)
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2 -3 4
R Wi 1 -1 2
(Rin, Win) 1 2 13| X v 1 —13
3 -1 W Conv > l4 9 ] (houts Wout)
(f. f) L

Jp oz
v is shape v b
a ((hins Win) » (Mouts Wout))

v Ov | v - V11 = W11X11 T W12X12 T W31X21 T Wp3X22
X117  0X1z | 0X13 0V 10 wyy V12 = W11X12 T W12X13|+ W21X22 T WppX23
v av v av 01 ~lo 0
0x  |0xy1 0xyy 0Xg3 Va1 = Wy1Xp1 + WX + Wp1X31 + WapX3q
dv dv dv .
Vpp = W11X2 + W12X23 + Wp1X32 T WprX33
_aX31 0x32 aX33_

(hinr Win) (hout' Wout)
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2 -3 4
(hin, Win) =12 X
-1 2 3 . [11 13 h
_ Conv > l4 9 ] (houts Wout)
(. f) oW
‘ 4 2.
3 2
-
v is shape
ax ((hin, Win) - (hout» Wout))
F oy O0v Ov V11 = W11X11 T W12X12 T W1 X1 [T W22X323
0x 0x 0x _
11 v~z Y13 oV [wy ] V12 = Wy11X12 T W12X13 T W21X22 + WopX)3
ov _ ov ov ov 6x21 wy; O
0x | |0xy1 |0xyy 0xya Va1 =|Wi11Xo1 |+ WX + Wp1X31 + WapX3q
oV dv dv .
e v 9x U2 = W11X22 + WqipX3 + Wp1X32 + WppX33
- 31 32 33-

(hinr Win) (hout' Wout)
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2 =3 4
i) |1
3 11 W
(f. f) b
v is shape
a ((hin, Win) > (houts Wout))
- dv ov 0v 7
0xq1 0x13 0%q3 dv  [wyy Wy
av:= ov Jv ov axzz__lmﬁz Wy
ax ale axzz ang

slide 87/163

v ov v

_aX31 0x32 aX33_

(hin, Win)

(hout' Wout)

Conv
V11

] V12
V21
V22

oy, l141 —;3]

daJ
I o2

(hout» Wout)

W11X11 T W12X12 T W1X21 1 Wo2X22
W11X12 T W12X13 T W21 X2 + Wa2X23
W11X21 T Wi2X22 |+ Wo1X31 + WppX31q

W11X22 |+ W12X23 + Wp1X32 T WppX33

Brad Quinton, Scott Chin



2 =3 4
he wey |10 -1 2
(hin, Win) 1 2 13l x 1 _13
3 -1 W Conv 4 l4 9] (hout» Wout)
(.1 3T

0V s sha pe
a ((hin, Win) » (houts Wour))

- Jv dv v T

axll axlz axlg
dv v v Jov

dx ale axzz 0x23
dv v dv

_0x31 axgz aX33_

slide 88/163

fwyr 01 Wiz Wi1] [0 wyy
L0 ol LO 0 0 0
(Wa1 0] [Waz Wa1] [0 wap]
lwip 0] Wiz wial |0 wyy
0 0] O 0 0 0 ]
w1 0] Iwaz waql 10 wp

daJ
I o2

((hinr Win) ’ (hout: Wout))

This is the full Jacobian

Brad Quinton, Scott Chin



4 o]

2 =3 Y
(Rin, Win) 1 -1 2 0x
-1z sl X Conv - U lll _13] (Rout» Wout)
3 -11 W 49
Jp oz
9y 1 -1
Apply chain rule to compute input gradients
[W11 07 (W12 Wi11] 0 W12
o ol Lo ol lo ollf9] 97 o
ﬂ_@ﬂ_ _W21 0] Woo W21 0 W22_ 01711 avlz _ ? ? ?
dx Oxov wip 0F Wiz wigd 10 wipl)| 9] o | |, - -
0 0 0 0 0O O Errs S
[wo1 0] |way wai| [0 wy,

slide 89/163

(hin: Win, hout: Wout)

(hout» Wout)

(hin, Win)

Brad Quinton, Scott Chin



Apply chain rule to compute input gradients

Wo1q

slide 90/163

d] _(’)v(')] B
ox Oxov

dj
0V
dj

0V51

W11

0]

0V

+ W11

0]

0V,

W21

W11

i

0V

W22

S

(W12

dj
0v11

dj
0V

dj

0V,

W12

+ W»o1

W22

W11

+ W11

+ W12

+ W»1q

] 1

0V

0]

0 W12

o o lI|[ 9/
0 W22_ avll
_O W12 a]
0 0 1|lap
0 wyy “
aj

dvyp

daj d]
0v24 W 0V,
d]

0V55

0V, ]

W22

W12

J

0V

W22

d]
0V
d]
+ W12 61]22
d]
0V5,

Brad Quinton, Scott Chin



Apply chain rule to compute input gradients

d] _(’)va] B
ox Oxov

W11

What is the pattern

dj
W11 A1,
daJ daJ
Wa1 0V Wi 0V51
daj
W21 v,

slide 91/163

W22

i

0v11

S

W12

+ W»o1

W22

(W12

df
0v11

df
0V

dj

0V,

W11

+ W11

+ W12

+ W»1q

] 1

0V

0]

0 W12

o o lI|[ 9/
0 W22_ avll
_O W12 a]
0 0 1|lap
0 wyy “
aj

dvyp

daj d]
0v24 W 0v2;
dj

0V55

0V, ]

W22

W12

J

0V

W22

d]
0V
d]
+ W12 61]22
d]
0V5,

Brad Quinton, Scott Chin



Apply chain rule to compute input gradients

d] _6176] B
ox Oxov

W11

What is the pattern

dj
W11 A1,
daJ daJ
Wa1 0V Wi 0V51
daj
W21 v,

slide 92/163

W22

i

0v11

ocgogoo

(W12

nere’?
d/

0v11
d/

0V
d]

0V,

W12

+ W»o1

W22

W11

+ W11

+ W12

+ W»1q

dJ
0V

d]
0V51

d]

0V55

0]

~+ W11
v
22

0 W12

o o llr 9/ d] 1
_O W22_ 67711 67712
0 wpall| 9) d]

0 0 0Vy1 O0Vyy.
0 wy

It’s another convolution!

daJ
W12 301,
d/ d/
Waz 0V T Wiz 0V5,
dJ
W22 30y

Brad Quinton, Scott Chin



Can get the same result with the following convolution

slide 93/163

aJ] | o]
(71711 avlz
dJ dJ
0vy1 | 0V
d] d/ N dJ
W11 0V W12 0v11 W11 0V
dj dj dj dj dj dj
W21 0V T Wi 0V51 W22 0v11 T Wai 0V T Wi 0V51 T Wi 0V5,
d d d
W31 / Wyo / + Wy, J
0V, V1 0V,

W22

W12

J

0V

W22

d]
0V
d]
+ W12 61]22
d]
0V5,

Brad Quinton, Scott Chin



Can get the same result with the following convolution
0 0 0 0
aJ] | o]
O (71711 avlz O
o] | o]
O (71721 avzz O
0 0 0 0
dj dJ N dj
W11 0V W12 0v11 W11 0V
dj dj dJ dJ dj dj
W21 0V T Wi 0V51 W2z 0v11 T Wa 0V T W1z 0V51 T Wi 0V5,
d] dJ N d]
W21 0V, Wz 0V, W21 0V55

slide 94/163

W22

W12

J

0V

W22

d]
0V
d]
+ W12 61]22
d]
0V5,

Brad Quinton, Scott Chin



Wo1q

Can get the same result with the following convolution
0 0 0 0
0 daj aj 0 Wi1 | W12
61711 61712 conv
a] a] W>1q W»oo
O (71721 avzz O
0 0 0 0
0] dJ N dJ
Wi 0V W12 0V e dvq2
d] ad] dJ ad] adJ d]
_|_
0v14 it 0v24 22 d0v14 W 0v1, W 0v24 W 0v2;
d] d] N dJ
Va1 0V5q W22 0V5q Va1 dVyo

slide 95/163

W22

W12

J

0V

W22

d]
0V
d]
+ W12 61]22
d]
0V5,

Brad Quinton, Scott Chin



Wo1q

Can get the same result wit
0 0 0 0
aJ] | o]
0 0
(71711 avlz conv
o] | o]
O (71721 61722 O
0 0 0 0
dj
w w
11 91 12
dj dj dJ
+ w w + w
0V 1 0V51 22 0v11 21
dj
W31 W32

slide 96/163

0V,

n the following convolution

‘ 90 Degrees

W21 | W11
W22 | W12
dJ dJ
d0v11 W vy,
ad] adJ d]
0v1, W 0v24 W dv7;
) d]
0v24 W 0v2;

W22

W12

J

0V

W22

d]
0V
d]
+ W12 61]22
d]
0V5,

Brad Quinton, Scott Chin



Wo1q

Can get the same result wit
0 0 0 0
aJ] | o]
0 0
(71711 avlz conv
o] | o]
O (71721 61722 O
0 0 0 0
dj
w w
11 91 12
dj dj dJ
+ w w + w
0V 1 0V51 22 0v11 21
dj
W31 W32

slide 97/163

0V,

n the following convolution

Wa2 | W21
Wiz | W11
J 90 Degrees

0] 0
6v]11 T Wi 0v]12

0] 0 0
a77]12 W 6v]21 T 017122
0 0
617]21 W a77]22

W22

W12

J

0V

W22

d]
0V
d]
+ W12 61]22
d]
0V5,

Brad Quinton, Scott Chin



Wo1q

Can get the same result wit
0 0 0 0
aJ aJ
0 dvy1 | 0vyy 0
aJ | 9
O (71721 avzz O
0 0 0 0
d]
W11 A1,
I N I daJ
0v14 it 0v24 22 d0v14
I
W21

slide 98/163

0V,

conv

W12

+ W»o1

W22

Wa2 | W21

Wiz2 | W11

dJ dJ
d0v11 W vy,
ad] adJ
0v1, W 0v24
) d]
0v24 W 0v2;

n the following convolution

~+ W11

0]

0V5,

W22

W12

J

0V

W22

J

0V

~+ W12

J

0V5,

Brad Quinton, Scott Chin
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Wo1q

Can get the same result wit
0 0 0 0
aJ aJ
0 dvy1 | 0vyy 0
aJ | 9
O (71721 avzz O
0 0 0 0
d]
W11 A1,
I N I daJ
0v14 it 0v24 22 d0v14
I
W21

slide 99/163

0V,

conv

W12

+ W»o1

W22

Wa2 | W21

Wiz2 | W11

dJ dJ
d0v11 W vy,
ad] adJ
0v1, W 0v24
) d]
0v24 W 0v2;

n the following convolution

~+ W11

0]

0V5,

W22

W12

J

0V

W22

J

0V

~+ W12

J

0V5,

Brad Quinton, Scott Chin
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Wo1q

Can get the same result wit
0 0 0 0
aJ aJ
0 dvi1 | 0vyy 0
aJ | 9
O (71721 avzz O
0 0 0 0
d]
W11 A1,
I N I daJ
0v14 it 0v24 22 d0v14
I
W21

slide 100/163

0V,

conv

W12

+ W»o1

W22

Wa2 | W21

Wiz2 | W11

dJ dJ
0v14 W 0v1,
ad] adJ
0v1, W 0v24
) d]
0v24 W 0v2;

n the following convolution

~+ W11

0]

0V5,

W22

W12

J

0V

W22

J

0V

~+ W12

J

0V5,

Brad Quinton, Scott Chin
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Wo1q

Can get the same result wit
0 0 0 0
aJ aJ
0 d0vi1 | OV12 0
aJ | 9
O (71721 avzz O
0 0 0 0
d]
W11 A1,
I N I daJ
0v14 it 0v24 22 d0v14
I
W21

slide 101/163

0V,

conv

W12

+ W»o1

W22

Wa2 | W21

Wiz2 | W11

dJ dJ
d0v11 W vy,
ad] adJ
0v1, W 0v24
) d]
0v24 W 0v2;

n the following convolution

~+ W11

0]

0V5,

W22

W12

J

0V

W22

J

0V

~+ W12

J

0V5,

Brad Quinton, Scott Chin
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Wo1q

Can get the same result wit
0 0 0 0
aJ aJ
0 dvy1 | 0vyy 0
a | o
O 61}21 avzz O
0 0 0 0
d]
W11 A1,
I N I daJ
0v14 it 0V34 22 d0v14
I
W21

slide 102/163

0V,

conv

W12

+ W»o1

W22

Wa2 | W21

Wiz2 | W11

dJ dJ
d0v11 W vy,
ad] adJ
0v1, W 0v24
) d]
0v24 W 0v2;

n the following convolution

~+ W11

0]

0V5,

W22

W12

J

0V

W22

J

0V

~+ W12

J

0V5,

Brad Quinton, Scott Chin
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Wo1q

Can get the same result wit
0 0 0 0
aJ aJ
0 dvi1 | 0vyy 0
aJ | 9
O 61}21 61722 O
0 0 0 0
d]
W11 A1,
I N I daJ
0v14 it 0v24 W22 0v14
I
W21

slide 103/163

0V,

conv

W12

+ W»o1

W22

Wa2 | W21

Wiz2 | W11

dJ dJ
0v14 W 0v1,
ad] adJ
0v1, W2 0V24
) d]
0v24 W 0v2;

n the following convolution

~+ W11

0]

0V5,

W22

W12

J

0V

W22

J

0V

~+ W12

J

0V5,

Brad Quinton, Scott Chin
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Wo1q

Can get the same result wit
0 0 0 0
aJ aJ
0 d0vi1 | OV12 0
] | 9
O (71721 61722 O
0 0 0 0
d]
W11 A1,
I N I daJ
0v14 it 0v24 22 d0v14
I
W21

slide 104/163

0V,

conv

W12

+ W»o1

W22

Wa2 | W21

Wiz2 | W11

dJ dJ
d0v11 W vy,
ad] adJ
0v1, W 0v24
) d]
0v24 W 0v2;

n the following convolution

~+ W11

0]

0V5,

W22

W12

J

0V

W22

J

0V

~+ W12

J

0V5,

Brad Quinton, Scott Chin
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Wo1q

Can get the same result wit
0 0 0 0
aJ aJ
0 dvy1 | 0vyy 0
a | o
O 61}21 avzz O
0 0 0 0
d]
W11 A1,
I N I daJ
0v14 it 0V34 22 d0v14
I
W21

slide 105/163

0V,

conv

W12

+ W»o1

W22

Wa2 | W21

Wiz2 | W11

dJ dJ
d0v11 W vy,
ad] adJ
0v1, W 0v24
) d]
0v24 W 0v2;

n the following convolution

~+ W11

0]

0V5,

W22

W12

J

0V

W22

J

0V

~+ W12

J

0V5,

Brad Quinton, Scott Chin
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Wo1q

Can get the same result wit
0 0 0 0
aJ aJ
0 dvy1 | 0vyy 0
aJ | 9
O 61}21 61722 O
0 0 0 0
d]
W11 A1,
I N I daJ
0v14 it 0v24 22 d0v14
I
W21

slide 106/163

0V,

conv

W12

+ W»o1

W22

Wa2 | W21

Wiz2 | W11

dJ dJ
d0v11 W vy,
ad] adJ
dv1p W 0V24
) d]
0vy4 G 0v3

n the following convolution

~+ W11

0]

0V5,

W22

W12

J

0V

W22

J

0V

~+ W12

J

0V5,

Brad Quinton, Scott Chin
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0V5,




Wo1q

Can get the same result wit
0 0 0 0
aJ aJ
0 dvy1 | 0vyy 0
] | 9
O (71721 61722 O
0 0 0 0
d]
W11 A1,
I N I daJ
0v14 it 0v24 22 d0v14
I
W21

slide 107/163

0V,

conv

W12

+ W»o1

W22

Wa2 | W21

Wiz2 | W11

dJ dJ
d0v11 W vy,
ad] adJ
0v1, W 0v24
) d]
0v24 W 0v2;

n the following convolution

~+ W11

0]

0V5,

W22

W12

J

0V

W22

J

0V

~+ W12

J

0V5,

Brad Quinton, Scott Chin
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Can get the same result wit

n the following convolution

slide 108/163

Oo| 0| 0] O aj | d] | 0d]
- . 0x11 | 0x1p | 0x13
J J W2 | W21
O (71711 avlz O conv a] a] a]
) d] 3] ) Wiy | Wi 0x21 | 0xp | 0X23
0vz1 | 0V dj dj dj
d0x dx d0x
0 0 0 0 31 32 33
* No Jacobian require at all!
0] i * This convolution yields same result as
vl pad (%) conv rot180(w) doing the full 4D-Tensor Jacobian and
upstream gradient matrix multiply!

You will implement this in Assighment 4

Brad Quinton, Scott Chin



Can get the same result wit

n the following convolution

slide 109/163

How much to pad?

Oo| 0| 0] O aj | d] | 0d]
- . 0x11 | 0x1p | 0x13
J J W2 | W21
O (71711 avlz O conv a] a] a]
) d] 3] ) Wiy | Wi 0x21 | 0xp | 0X23
0vz1 | 0V dj dj dj
d0x dx d0x
0 0 0 0 31 32 33
* No Jacobian require at all!
0] i * This convolution yields same result as
vl pad (%) conv rot180(w) doing the full 4D-Tensor Jacobian and
upstream gradient matrix multiply!

You will implement this in Assighment 4

Brad Quinton, Scott Chin



From the forward propagation convolution operation:

X11 | X12 | X13
W11 W12 V11 V12
X21 | X22 | X23 conv —
Wo1 | Wyo V21 | V22
X31 | X32 | X33
(hin» Win) (f ) f ) (hout' Wout)

hout = hin—f +1 Wour = Win — f +1

slide 110/163 Brad Quinton, Scott Chin



From the back propagation convolution operation:

slide 111/163

hout = hin _f"l' 1
hout + th

!

out —

0 0 0 0
9, 9,
0 J J 0
avll 61712
0 0
0 J J 0
61)21 61722
0 0 0 0
!/ !
(hout’ Wout)

conv

Wao | W21q
Wi2 | W11
f. f)

Wout = Win — f +1
Wéut = Wout T 2Pw

o) | o | o
axll axlz axlg
aJ aJ a/
ale asz ang
aJ aJ a/
Oxz; | Ox3p | OxX33

(hin: Win)

Brad Quinton, Scott Chin



From the back propagation convolution operation:

0 0 0 0

d 0
0 J / 0
vy | 0vy
d 0
0 J J 0
0vy1 | Ovap

0 0 0 0

(h:)ut' Wéut)

hout = hin —f +1

:)ut = hoyr + 2pn
hin = hgut_f'l' 1

slide 112/163

conv

aJ a] aJ
0x11 | 0x1p | 0xq3
Wa2 | W21 o] 3] 3]
- 0xy1 | 0Xxyy | 0Xy3
Wiz2 | W11 9 9] 3
0x31 | 0x3, | 0Xx33
5 f) (Rin, Win)

Wout = Win — f +1
Wéut = Wout T 2Pw
Win = Woye — f + 1

Brad Quinton, Scott Chin



From the back propagation convolution operation:

0 0 0 0

d 0
0 J / 0
vy | 0vy
d 0
0 J J 0
0vy1 | Ovap

0 0 0 0

(h:)ut' Wéut)

hout = hin —f +1

:)ut = hoyr + 2pn
hin = hgut_f'l' 1

pp=/f—1

slide 113/163

conv

aJ a] aJ
0x11 | 0x1p | 0xq3
Wa2 | W21 o] 3] 3]
- 0xy1 | 0Xxyy | 0Xy3
Wiz2 | W11 9 9] 3
0x31 | 0x3, | 0Xx33
5 f) (Rin, Win)

Wout = Win — f +1
Wéut = Wout T 2Pw
Win = Woye — f + 1

pw=1f—1

Brad Quinton, Scott Chin



Summary (m=1, K=1, c in=1)

X11 | X12 | X13 a] aJ aJ a]

a] a] avll 61712 6W11 aW12

a— = X CODV% X21 | X22 | X23 | CONV. 5,1 5 = aJ | oy
w P P

X31 | X32 [ X33 “21 | TPez OWz1 | OWzz

0 0 0 0 o] d] o]

a] a] Py Py 0x11 | Ox12 | O0x13
0 0

— = pad —) conv rot180(w) o | viz Wiz | Wa G I

ax a'l] o | Y| o | conv = | 0x21 | Oxzz | Ox23

0vyq | 0vyy Wi, Wi 3 3] 3]

Pad by p = f —1 0 0 0 0 0x31 | Ox3, | Ox3s
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A compute graph for a convolutional layer

(Rin, Win) (Mot Wout) (houts Wout)

v

daJ
97 Start by considering:

* Onesample (m=1)
* Onefilter (K=1)
* Onechannel(¢;;, = 1)

slide 115/163
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A compute graph for a convolutional layer

(hin' Win, Cin)

(hout) Wout) (houtr WO‘LLt)

v

(fi fr Cin)

daJ
97 Start by considering:
* Onesample (m=1)
* Onefilter (K=1)
s+ OnechanneHe; =1

Scalar
slide 116/163

Brad Quinton, Scott Chin



For Weight Gradients — p

g

w

* Recall from forward propagation, each channel of weights operate
independently on each channel of the input volume.

(hin» Win) = (3,3,2)

X112

X122

X132

X111

X121

X131

32

X211

X221

X231

32

X311

X321

X331

slide 117/163

(f.f) =(222) (hout» Wour) = (2,2)
Wi12| W22 V11 | V12
O w1 Wigg -
D 2 Vo1 | Ugop
Wa11| Wa21

W111X111 T W121X121 T W211X211 T W221X221 T

V11 =
W112X112 T W122X122 T W212X212 T W222X227

Brad Quinton, Scott Chin



Compute each channel Independently.

dJ d]
i X conv%
X111 X121 X131
For channel 1 X211 X221 X231
X311 X321 X331
X112 X122/ X132
For channel 2 X212 X222 X232
X312 X322/ X332

slide 118/163

conv

conv

0]

0]

0tﬁl

atﬁz

0]

0]

é}V21

0%@2

0]

0]

0tﬁl

atﬁz

0]

0]

é}V21

0%@2

0]

0]

0W111

0W121

0]

0]

0W3211

0W321

0]

0]

0W112

0W122

0]

0]

0W317

0W325

Brad Quinton, Scott Chin



For Input Volume

For channel 1

For channel 2

slide 119/163

0 0
aJ aJ
0vy1 | 0vqy
aJ aJ
0v,1 | 0Vy,
0 0
0 0
aJ aJ
0vy1 | 0vqy
aJ aJ
dv,1 | 0Vy,
0 0

conv

conv

0]

ox ~ P

W21

W11

Wi121

Wi11

W22

W12

W122

Wi112

d

dj
v

d] d] dJ
0x111 | 0X121 | 0X134
dJ dJ dJ
0x311 | 0X231 | X334
dJ aJ dJ
dx311 | OXx3p1 | OXx334
dJ aJ dJ
0x112 | 0Xx132 | 0X137
dJ aJ dJ
0Xx312 | 0X232 | OX33;
dJ aJ dJ
0x31 | 0X332 | X333

—) conv rot180(w)

Brad Quinton, Scott Chin



A compute graph for a convolutional layer

(hin» Win, Cin)
(houtr Wout) (houtr Wout)

(fi fr Cin)

Scalar
slide 120/163

v

We know how to compute
all the gradients now for:

* Onesample (m=1)

* Onefilter (K=1)

*— OnechannreHe—1}

Brad Quinton, Scott Chin



A compute graph for a convolutional layer

(hin' Win, Cin)
(houtl Wout)

v

e Let’s abstract all this part
away for now since we know
how to do this part

slide 121/163 Brad Quinton, Scott Chin



A compute graph for a convolutional layer

(hin» Win, Cin)
(hout» Wout)

Conv
layer
1 Filter

v

e Let’s abstract all this part
away for now since we know
how to do this part

* Model it as a single compute
graph node

slide 122/163 Brad Quinton, Scott Chin



A compute graph for a convolutional layer

(hin' Win, Cin)

(=

Conv

(houtr Wout)

layer
1 Filter

Conv
layer

1 Filter (houtr Wout)

slide 123/163

(hin; Win; K)

v

Stack

Can add another filter using
the same methodology

Brad Quinton, Scott Chin



A compute graph for a convolutional layer

(hin' Win, Cin)

(=

Conv
1 Filter

(houtr Wout) (hin; Wins K)

v

Stack

N\

Pass corresponding channel
(Rout, Wour) of upstream gradients to
corresponding filter

slide 124/163 Brad Quinton, Scott Chin



A compute graph for a convolutional layer

(hin' Win, Cin)

G K=2
\ Conv : Stack

1 Filter

Pass corresponding channel
(Rout, Wour) of upstream gradients to

Input volume branches to all filters. corresponding filter
What do we do with the gradients?

(houtr Wout) (hin; Wins K)

v

slide 125/163 Brad Quinton, Scott Chin



A compute graph for a convolutional layer

(hin' Win, Cin)

‘ K=2
\ Conv A Stack

1 Filter

Pass corresponding channel

(houtr Wout) (hin; Wins K)

v

(Routs Wout) of upstream gradients to
Input volume branches to all filters. corresponding filter
What do we do with the gradients?
Add them!
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For Multiple Samples



A compute graph for a convolutional layer

(hinr Win, Cins m)

(houtr Wout, K, m) (hout; Wout, K, m)

Z

v

(K. f fcin)
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Backpropagation Through
MaxPooling



Recall: Backpropagation Through max(x,y)

a]
(v 37

f
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Recall: Backpropagation Through max(x,y)
Q @ !

ad/
O 7

* Upstream gradient is routed to larger variable
* Intuition: Only one input can affect the output at any time
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Backpropgation in MaxPooling Layer

e Recall that MaxPool, you are taking the max in small regions of the
input volume (e.g. 2x2 regions)

3

10

0

Max Pooling
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Backpropgation in MaxPooling Layer

e Recall that MaxPool, you are taking the max in small regions of the
input volume (e.g. 2x2 regions)

3

10

0

Max Pooling
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(f, f) =(22)
Stride: 2
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Aside: Adversarial Inputs to CNNs



Adversarial Images via Backpropagation

* Pick an input image to modify
* Pick an output class you want to “trick” the classifier into predicting
e Use a cost function that maximizes that class’ output probability

» Use backpropagation to find changes to the input image (dJ/dx) to
maximize cost (i.e.. use gradient ascent)

slide 135/163 Brad Quinton, Scott Chin



Adversarial Images via Backpropagation

African elephant koala Difference 10x Difference

Image Source: CS231n Stanford Course
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Adversarial Images via Backpropagation

African elephant koala Difference 10x Difference

iPod Difference 10x Difference

Image Source: CS231n Stanford Course
slide 137/163
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“Practical Black-Box Attacks against Machine Learning”, Papernot et al, 2017, https://arxiv.org/abs/1602.02697
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Adversarial Images via Backpropagation
o @ @ A
. A ‘VI

MNIST Dataset

GTSRD Dataset
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https://arxiv.org/abs/1602.02697

* These were misclassified as a 45mph/hr street sign instead of stop sign

slide 13dM&Ps://arstechnica.com/cars/2017/09/hacking-street-signs-with-stickers-could-confuse-self-driving-cars/  grad quinton, scott Chin
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Numerical Gradient Checking

* As you saw in assignment 3, easy to make mistakes when
implementing backpropagation

* In software development, we want to write tests for our code
* For backprop tests, we need “correct” values
* Computing these is tedious and also error-prone
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Test from Assignment 3 for Z=WX+B
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# Expected Values

dJ_dx_ expected = np.array([[1.32727273,

dJ dw_expected

dJ_db expected = np.array([

# Test
assert
assert
assert

. 1,
[1.21818182, 1.10809091],

1

1
[2-1090909]1 1 218181821,
P ¢ 1:32727273]1])
np.array([[ 1.42857143, 0.51428571,

[ 0.05714286, 0.05714286,

.31428571, -0.4 .
-61,
.22044605e-16],

-611)

Lo B s B s B s §
=N =

gradient matrix values

-0.4 ,
0.05714286,
0.51428571,

-1.31428571],
0.05714286],
1.42857143]1])

np.allclose(dJ_dx, dJ dx expected), 'Unexpected values for dJ dx: \n{0}'.format(dJ dx)
np.allclose(dJ_dw, dJ dw _expected), 'Unexpected values for dJ dw: \n{0}'.format(dJ dw)
np.allclose(dJ_db, dJ _db expected), 'Unexpected values for dJ db: \n{0}'.format(dJ db)
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Numerical Gradient Checking

* As you saw in assignment 3, easy to make mistakes when
implementing backpropagation

* In software development, we want to write tests for our code
* For backprop tests, we need “correct” values
* Computing these is tedious and also error-prone
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Recall from Calculus 101

e Definition of the derivative:

df _ . fa+h)=fGc—h)
dx B h—0 2h
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Recall from Calculus 101

e Definition of the derivative:

df _ . fa+h)=fGc—h)
dx B h—0 2h

Numerical Gradient Approximation:

 When h is not zero, but small (e.g. 0.00001), we can get a decent
approximation to the derivative
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For a multivariable function

* vyisascalar
* X is avector shaped (n,)

= f(x)
6

. 9y
™ is shaped (n,)
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For a multivariable function

* vyisascalar
* X is avector shaped (n,)

* y=f(x)
° ay |S Shaped (n ) a_yzf(xl+h1x21---;xn)_f(xl_hleJ---)xTL)
0x 04 2h
dy N f(xy, %0+ h, .., x,) — f(x1,x, — h, ..., Xp)
axZ Zh

dy N f(xq, X9, e, Xy + h) — f(x1,%5, ., Xy, — h)
0x, 2h
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Example

 Let’ssay: y = x; * x, * x3 and want gradient at (x4, x,, x3) = (2,1,3)
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Example — Using “"Analytical” Gradient

 Let’ssay: y = x; * x, * x3 and want gradient at (x4, x,, x3) = (2,1,3)
* Derive the closed-form symbolic derivatives:

dy
a—xlzxz*xB
dy
a—xz=x1*x3
dy
S — X1 *X2

0x3
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Example — Using “"Analytical” Gradient

 Let’ssay: y = x; * x, * x3 and want gradient at (x4, x,, x3) = (2,1,3)
* Derive the closed-form symbolic derivatives:

oy 1*3 =23
9%, X2 * X3

dy
a—xzle*x3=2*3=6
dy

—— =X %X, =2%x]1 =2
(’)x3 1 * Xy *
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Example — Using Numerical Gradient Approx.

 Let’ssay: y = x; * x, * x3 and want gradient at (x4, x,, x3) = (2,1,3)
e Using numerical gradient approximation (h=0.00001)

dy  (x1+h) *xp *x3 — (Xx3—h) * X5 * x3
0x; 2h

0y  xqy % (xg +h)*x3 —x1 % (x3 — h) * x3
dx, 2h

dy  xqxxp*(x3+h)—xy *xx % (x3 —h)
0x; 2h
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Example — Using Numerical Gradient Approx.

 Let’ssay: y = x; * x, * x3 and want gradient at (x4, x,, x3) = (2,1,3)

e Using numerical gradient approximation (h=0.00001)

dy  (xqth) *x3 % x3 — (xy—h) *x3 *x3

axl

0y  xp*(xp3+h)*xx3—x;%(x;—h)*xx3

6x2

0y xg*xxp*(x3+h) —xy*xx%x(x3—h)

6X3
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2h

2h

3

6

2
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Example — Compare

 Let’ssay: y = x; * x, * x3 and want gradient at (x4, x,, x3) = (2,1,3)

dy  (x1+h) *x3 % x3 — (x1—h) * x5 * x3 dy
— = =3 — =X, *xx3=1%x3 =3
axl 2h (3x1
0 + h — —h) *x 0
_yzx1*(xz ) *x3 — x1 * (X ) * 36 —y=x1*x3=2*3=6
6x2 2h 5x2
a_yle*xz*(xg+h)—x1*xz*(x3—h)=2 dy R

0% 2h dx3

slide 153/163 Brad Quinton, Scott Chin



Gradient Check For Backpropagation

1. Need to implement these from Assignment 3 (Z=WX+B)
z = linear_forward _propagate(x, w, b)
dJ dw, dJ b, dJ dx =Ilinear backward propagate(d) dz)

2. You typically have the forward prop symbolic equations, so
computing expected values for tests is straight-forward

3. So assuming you have correctly implemented the forward prop
function, you can use it for numerical gradient checking for your

backprop function
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Example — Backprop (Scalar)

Forward Propagation:

Z = f(W2)x21W11x1) b) — W2x2 T Wlxl T b Sl G D e L s
Z = W2%xx2 + wlkxl + b

return z

Backward Propagation:

0z 0z i dfi(x2 2 b)
— = X, — = W, x2, x1, w2, wl, -
aWZ axz dz_dx2 = w2
07 07 dz_dx1 = wl
— = X1 — = Wy dz_dw2 = x2
dw, 0x4 dz_dwl = x1
dzEadD =N
0z
1 return dz_dx2, dz_dx1, dz_dw2, dz_dwl, dz_db

%:
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Example — Backprop (Scalar)

Forward Propagation:

Z = f(W2)x21W11x1) b) — W2x2 T Wlxl T b Sl G D e L s
Z = W2%xx2 + wlkxl + b

return z

Backward Propagation:

0z 0z i dfi(x2 2 b)
— = X, — = W, x2, x1, w2, wl, -
aWZ axz dz_dx2 = w2
07 07 dz_dx1 = wl
— = X1 — = Wy dz_dw2 = x2
dw, 0x4 dz_dwl = x1
dzEadD =N
0z
1 return dz_dx2, dz_dx1, dz_dw2, dz_dwl, dz_db

%:
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x2, x1, w2, wl, b = np.random.randn(5)

dzRd 2 mdZzRd xR dzEdw2rR dzRdwired ZEdbe=Rd (> 2 15 w2 T 1P b))
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x2, x1, w2, wl, b = np.random.randn(5)

dzRd 2 mdZzRd xR dzEdw2rR dzRdwired ZEdbe=Rd (> 2 15 w2 T 1P b))

h = 1le-5

dz_dx2_num = (f(x2+h, x1, w2, wl, b) - f(x2-h, x1, w2, wl, b))/(2xh)

print('dz_dx2 numerical: {0:0.14f} analytic: {1:0.14f} diff: {2}'.format(
dz_dx2_num, dz_dx2, dz_dx2_num-dz_dx2))

dz dx2 numerical: 0.97873798412529 analytic: 0.97873798410574

diff: 1.9549251106809606e-11
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x2, x1, w2, wl, b = np.random.randn(5)

dzRd 2 mdZzRd xR dzEdw2rR dzRdwired ZEdbe=Rd (> 2 15 w2 T 1P b))

h = 1le-5

dz_dx2_num = (f(x2+h, x1, w2, wl, b) - f(x2-h, x1, w2, wl, b))/(2xh)

print('dz_dx2 numerical: {0:0.14f} analytic: {1:0.14f} diff: {2}'.format(
dzEdx2BnumiNdzEdx2 R dzEdx28num=dz 2dx2 J})

dz dx2 numerical: 0.97873798412529 analytic: |0.97873798410574

diff: 1.9549251106809606e-11 <« umm
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dz_dx2_num x1, w2, wl, b
dz_dx1 _num . x1+h w2, wl, b

x2-h, x1, w2, wl, b
x2, X1-h, w2, wl, b

dz_dwl num x1, w2, wl+h,
dz_db_num x1, w2, wl, b+h

x1, w2, wl-h, b
x1, w2, wl, b-h

)
)
dz_dw2_num x1, w2+h, wl, b) x1, w2-h, wl, b
b)
)

.97873798410574 diff: 1.9549251106809606e-11
.24089319920146 diff: -2.2374102570665855e-11
.76405234596766 diff: 8.432810005842839e-12
.40015720836722 diff: -2.0482504581309513e-11
.00000000000000 diff: 6.551204023708124e-12

dz dx2 numerical:
dz dxl numerical:
dz dw2 numerical:
dz dwl numerical:
dz db numerical:

.97873798412529 analytic:
.24089319917908 analytic:
.76405234597610 analytic:
.40015720834674 analytic:
.00000000000655 analytic:

R O L, N O
R O, N O
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f df(x2,
dn @l = Say | made a mistake in my analytic
dz_dx1 = wl radient implementation
dz_dw2 = x2 6 P

dz_dwl = x1
dzBd =11

return dz_dx2, dz_dx1, dz_dw2, dz dwl, dz_db

Correct:
dz dx2 numerical: 0.97873798412529 analytic: 0.97873798410574

diff: 1.9549251106809606e-11

With Mistake:

dz dx2 numerical: 0.97873798412529 analytic: 1.95747596821148

diff: -0.97873798408619
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Why not just always use this for backprop?

* Too slow

* You need to make two calls to your forward prop function for each
gradient value.
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Learning Objectives

* More practice with backpropagation
* Understand backprop being applied to convolutional layer
* See some of the “shortcuts” in convolutional layer backprop

e Understand use of numerical gradient
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