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Learning Objectives

• Extend our understanding of backpropagation to vectorized 
operations
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Overview

• Review of vectorized operations and notations on neural networks
• Introduce vectorized backprop for vector-in vector-out operations
• Recap: Example with tanh activation function
• Example with relu activation function

• Introduce vectorized backprop for matrix-in matrix-out operations
• Example with matrix multiplication

• backprop through cost function
• Backprop through broadcasted operations
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Review of Vectorized Operations 
on Neural Networks
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Recall why we want vectorized code

• The faster you can compute all your gradients, the faster you can do 
one iteration of parameter updates during gradient decent
• The faster you can do one iteration of gradient decent, the faster it is 

to complete the training of your model
• Finding a good model for your application is an iterative process 

(Train, Assess, Adjust, repeat).  The faster you can train, the faster you 
can go iterate.
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Recall why we want vectorized code
• Modern CPUs, GPUs, and special purpose AI silicon all gain 

computational efficiency by grouping key operations together so they 
can be executed in parallel
• This is called vectorization

iPhone 12 A14 Processor Announced October 12, 2020

Image source: https://www.zdnet.com/article/apple-iphone-12-5g-upgrades-could-be-justified-by-a14-bionic/
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• Consider the following neural network
• This is not a compute graph. Each node represents a neuron

𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3
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𝑤%,%
[%]

𝑤%,&
[%]

• Each node has a weight associated with a node from previous layer

𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3
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𝑤&,%
[%]

𝑤&,&
[%]

• Each node has a weight associated with a node from previous layer

𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3
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𝑤',%
[%]

𝑤',&
[%]

• Each node has a weight associated with a node from previous layer

𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3
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𝑤),%
[%]

𝑤),&
[%]

• Each node has a weight associated with a node from previous layer

𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3
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𝑤*,%
[%]

𝑤*,&
[%]

• Each node has a weight associated with a node from previous layer
• i.e. each node in layer 𝑙 has 𝑛["#$] weights 
• There are 𝑛["]nodes in layer 𝑙
• Therefore, there are 𝑛["] * 𝑛["#$] weights associated with a layer

𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

• We can write all the weights for a layer as a matrix with shape 𝑛 " , 𝑛 "#$

𝑊 % has shape (5, 2)

𝑊 % =

𝑤%,%
[%] 𝑤%,&

[%]

𝑤&,%
[%] 𝑤&,&

[%]

𝑤',%
[%] 𝑤',&

[%]

𝑤),%
[%] 𝑤),&

[%]

𝑤*,%
[%] 𝑤*,&

[%]
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

• We can write all the weights for a layer as a matrix with shape 𝑛 " , 𝑛 "#$
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

• Each node has its own bias parameter
• There are 𝑛["]nodes in layer 𝑙
• Therefore, there are 𝑛["] biases associated with a layer

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝑏%
[%]

𝑏&
[%]

𝑏'
[%]

𝑏)
[%]

𝑏*
[%]
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

• We can write all the biases for a layer as a vector with shape 𝑛 " ,

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝑏%
[%]

𝑏&
[%]

𝑏'
[%]

𝑏)
[%]

𝑏*
[%]

𝐵 % has shape (5,)

𝐵 % = 𝑏%
[%] 𝑏&

[%] 𝑏'
[%] 𝑏)

[%] 𝑏*
[%]
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

• We can write all the biases for a layer as a vector with shape 𝑛 " ,

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝑏%
[%]

𝑏&
[%]

𝑏'
[%]

𝑏)
[%]

𝑏*
[%]

𝐵 % has shape (5,)

𝑏%
[&]

𝑏&
[&]

𝑏'
[&]

𝑏)
[&]

𝐵 & has shape (4,)
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

• We can write all the biases for a layer as a vector with shape 𝑛 " ,

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝑏%
[%]

𝑏&
[%]

𝑏'
[%]

𝑏)
[%]

𝑏*
[%]

𝐵 % has shape (5,)

𝑏%
[&]

𝑏&
[&]

𝑏'
[&]

𝑏)
[&]

𝐵 & has shape (4,)

𝑏%
[']

𝑏&
[']

𝑏'
[']

𝐵 ' has shape (3,)
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

• Each node in a layer produces an output
• There are 𝑛["]nodes in layer 𝑙
• Therefore, there are 𝑛["] outputs from each layer

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝐵 % has shape (5,) 𝐵 & has shape (4,) 𝐵 ' has shape (3,)

𝑎%
[%]

𝑎&
[%]

𝑎'
[%]

𝑎)
[%]

𝑎*
[%]
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

• We can write all the outputs for a layer as a vector with shape 𝑛 " ,

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝐵 % has shape (5,) 𝐵 & has shape (4,) 𝐵 ' has shape (3,)

𝑎%
[%]

𝑎&
[%]

𝑎'
[%]

𝑎)
[%]

𝑎*
[%]

𝐴 % has shape (5,)

𝐴 % = 𝑎%
[%] 𝑎&

[%] 𝑎'
[%] 𝑎)

[%] 𝑎*
[%]
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

• We can write all the outputs for a layer as a vector with shape 𝑛 " ,

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝐵 % has shape (5,) 𝐵 & has shape (4,) 𝐵 ' has shape (3,)

𝑎%
[&]

𝑎&
[&]

𝑎'
[&]

𝑎)
[&]

𝐴 % has shape (5,) 𝐴 & has shape (4,)
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

• We can write all the outputs for a layer as a vector with shape 𝑛 " ,

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝐵 % has shape (5,) 𝐵 & has shape (4,) 𝐵 ' has shape (3,)

𝑎%
[']

𝑎&
[']

𝑎'
[']

𝐴 % has shape (5,) 𝐴 & has shape (4,) 𝐴 ' has shape (3,)
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝐵 % has shape (5,) 𝐵 & has shape (4,) 𝐵 ' has shape (3,)

𝐴 % has shape (5,) 𝐴 & has shape (4,) -𝑌 = 𝐴 ' has shape (3,)𝐴 # = 𝑋 has shape (2,)
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝐵 % has shape (5,) 𝐵 & has shape (4,) 𝐵 ' has shape (3,)

𝐴 % has shape (5,) 𝐴 & has shape (4,) -𝑌 = 𝐴 ' has shape (3,)𝐴 # = 𝑋 has shape (2,)

𝑧+
[,] = 1

-.%

/["#$]

𝑤+,%
[,] 𝑎-

[,0%] + 𝑏+
[,] 𝑎+

[,] = 𝑔(𝑧+
[,])

Computing the output of one 𝑖 node in layer 𝑙: 



slide 25/234 Brad Quinton, Scott Chin

𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝐵 % has shape (5,) 𝐵 & has shape (4,) 𝐵 ' has shape (3,)

𝐴 % has shape (5,) 𝐴 & has shape (4,)

𝑎'
[%]

𝑤',%
[%]

𝑤',&
[%]

𝑏'
[%]

𝑧+
[,] = 1

-.%

/["#$]

𝑤+,%
[,] 𝑎-

[,0%] + 𝑏+
[,] 𝑎+

[,] = 𝑔(𝑧+
[,])

Computing the output of one 𝑖 node in layer 𝑙: 

𝐴 # = 𝑋 has shape (2,) -𝑌 = 𝐴 ' has shape (3,)

𝑎%
[#] = 𝑥%

𝑎&
[#] = 𝑥&

𝑧'
[%] = 𝑤',%

[%] 𝑎%
[#] + 𝑤',&

[%]𝑎&
[#] + 𝑏'

[%]

𝑎'
[%] = 𝑔 𝑧'

%
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1

𝑛[%] = 5

𝑊 % has shape (5, 2)

𝐵 % has shape (5,)

𝐴 % has shape (5,)

𝑤',%
[%]

𝑤',&
[%]

𝑏'
[%]

𝐴 # = 𝑋 has shape (2,)

𝑎%
[#] = 𝑥%

𝑎&
[#] = 𝑥& 𝑧'

[%] = 𝑤',%
[%] 𝑎%

[#] + 𝑤',&
[%]𝑎&

[#] + 𝑏'
[%]

𝑧&
[%] = 𝑤&,%

[%] 𝑎%
[#] + 𝑤&,&

[%]𝑎&
[#] + 𝑏&

[%]

𝑧%
[%] = 𝑤%,%

[%] 𝑎%
[#] + 𝑤%,&

[%]𝑎&
[#] + 𝑏%

[%]

𝑧)
[%] = 𝑤),%

[%] 𝑎%
[#] + 𝑤),&

[%]𝑎&
[#] + 𝑏)

[%]

𝑧*
[%] = 𝑤*,%

[%] 𝑎%
[#] + 𝑤*,&

[%]𝑎&
[#] + 𝑏*

[%]

𝑍 % has shape (5,)

• We can write all the 𝑧 terms for a layer as a vector with shape 𝑛 " ,
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1

𝑛[%] = 5

𝑊 % has shape (5, 2)

𝐵 % has shape (5,)

𝐴 % has shape (5,)

𝑤',%
[%]

𝑤',&
[%]

𝑏'
[%]

𝐴 # = 𝑋 has shape (2,)

𝑎%
[#] = 𝑥%

𝑎&
[#] = 𝑥& 𝑧'

[%] = 𝑤',%
[%] 𝑎%

[#] + 𝑤',&
[%]𝑎&

[#] + 𝑏'
[%]

𝑧&
[%] = 𝑤&,%

[%] 𝑎%
[#] + 𝑤&,&

[%]𝑎&
[#] + 𝑏&

[%]

𝑧%
[%] = 𝑤%,%

[%] 𝑎%
[#] + 𝑤%,&

[%]𝑎&
[#] + 𝑏%

[%]

𝑧)
[%] = 𝑤),%

[%] 𝑎%
[#] + 𝑤),&

[%]𝑎&
[#] + 𝑏)

[%]

𝑧*
[%] = 𝑤*,%

[%] 𝑎%
[#] + 𝑤*,&

[%]𝑎&
[#] + 𝑏*

[%]

𝑍 % has shape (5,)

𝑍 % = 𝑚𝑎𝑡𝑚𝑢𝑙 𝑊 % , 𝐴 # + 𝐵 %

# In NumPy
Z1 = np.matmul(W1, A0) + B1

• Instead of computing each of these 5 𝑧 terms one at a time, we can do it
in a single vectorized operation using matrix operations 
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1

𝑛[%] = 5

𝑊 % has shape (5, 2)

𝐵 % has shape (5,)

𝐴 % has shape (5,)

𝑤',%
[%]

𝑤',&
[%]

𝑏'
[%]

𝐴 # = 𝑋 has shape (2,)

𝑎%
[#] = 𝑥%

𝑎&
[#] = 𝑥& 𝑧'

[%] = 𝑤',%
[%] 𝑎%

[#] + 𝑤',&
[%]𝑎&

[#] + 𝑏'
[%]

𝑧&
[%] = 𝑤&,%

[%] 𝑎%
[#] + 𝑤&,&

[%]𝑎&
[#] + 𝑏&

[%]

𝑧%
[%] = 𝑤%,%

[%] 𝑎%
[#] + 𝑤%,&

[%]𝑎&
[#] + 𝑏%

[%]

𝑧)
[%] = 𝑤),%

[%] 𝑎%
[#] + 𝑤),&

[%]𝑎&
[#] + 𝑏)

[%]

𝑧*
[%] = 𝑤*,%

[%] 𝑎%
[#] + 𝑤*,&

[%]𝑎&
[#] + 𝑏*

[%]

𝑍 % has shape (5,)

𝑍 % = 𝑚𝑎𝑡𝑚𝑢𝑙 𝑊 % , 𝐴 # + 𝐵 %

=

𝑤%,%
[%] 𝑤%,&

[%]

𝑤&,%
[%] 𝑤&,&

[%]

𝑤',%
[%] 𝑤',&

[%]

𝑤),%
[%] 𝑤),&

[%]

𝑤*,%
[%] 𝑤*,&

[%]

𝑎%
[#]

𝑎&
[#] +

𝑏%
[%]

𝑏&
[%]

𝑏'
[%]

𝑏)
[%]

𝑏*
[%]

=

𝑤%,%
[%] 𝑎%

[#] + 𝑤%,&
[%]𝑎&

[#] + 𝑏%
[%]

𝑤&,%
[%] 𝑎%

[#] + 𝑤&,&
[%]𝑎&

[#] + 𝑏&
[%]

𝑤',%
[%] 𝑎%

[#] + 𝑤',&
[%]𝑎&

[#] + 𝑏'
[%]

𝑤),%
[%] 𝑎%

[#] + 𝑤),&
[%]𝑎&

[#] + 𝑏)
[%]

𝑤*,%
[%] 𝑎%

[#] + 𝑤*,&
[%]𝑎&

[#] + 𝑏*
[%]

=

𝑧%
[%]

𝑧&
[%]

𝑧'
[%]

𝑧)
[%]

𝑧*
[%]
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1

𝑛[%] = 5

𝑊 % has shape (5, 2)

𝐵 % has shape (5,)

𝐴 % has shape (5,)

𝑤',%
[%]

𝑤',&
[%]

𝑏'
[%]

𝐴 # = 𝑋 has shape (2,)

𝑎%
[#] = 𝑥%

𝑎&
[#] = 𝑥& 𝑧'

[%] = 𝑤',%
[%] 𝑎%

[#] + 𝑤',&
[%]𝑎&

[#] + 𝑏'
[%]

𝑧&
[%] = 𝑤&,%

[%] 𝑎%
[#] + 𝑤&,&

[%]𝑎&
[#] + 𝑏&

[%]

𝑧%
[%] = 𝑤%,%

[%] 𝑎%
[#] + 𝑤%,&

[%]𝑎&
[#] + 𝑏%

[%]

𝑧)
[%] = 𝑤),%

[%] 𝑎%
[#] + 𝑤),&

[%]𝑎&
[#] + 𝑏)

[%]

𝑧*
[%] = 𝑤*,%

[%] 𝑎%
[#] + 𝑤*,&

[%]𝑎&
[#] + 𝑏*

[%] 𝑎*
[%] = 𝑔 𝑧*

%

𝑎)
[%] = 𝑔 𝑧)

%

𝑎'
[%] = 𝑔 𝑧'

%

𝑎&
[%] = 𝑔 𝑧&

%

𝑎%
[%] = 𝑔 𝑧%

%

𝑍 % has shape (5,)

𝐴 % = 𝑔 𝑍 %

• We also want to use vectorized operations to compute all the activation 
outputs of the layer in one operation
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1

𝑛[%] = 5

𝑊 % has shape (5, 2)

𝐵 % has shape (5,)

𝐴 % has shape (5,)

𝑤',%
[%]

𝑤',&
[%]

𝑏'
[%]

𝐴 # = 𝑋 has shape (2,)

𝑎%
[#] = 𝑥%

𝑎&
[#] = 𝑥& 𝑧'

[%] = 𝑤',%
[%] 𝑎%

[#] + 𝑤',&
[%]𝑎&

[#] + 𝑏'
[%]

𝑧&
[%] = 𝑤&,%

[%] 𝑎%
[#] + 𝑤&,&

[%]𝑎&
[#] + 𝑏&

[%]

𝑧%
[%] = 𝑤%,%

[%] 𝑎%
[#] + 𝑤%,&

[%]𝑎&
[#] + 𝑏%

[%]

𝑧)
[%] = 𝑤),%

[%] 𝑎%
[#] + 𝑤),&

[%]𝑎&
[#] + 𝑏)

[%]

𝑧*
[%] = 𝑤*,%

[%] 𝑎%
[#] + 𝑤*,&

[%]𝑎&
[#] + 𝑏*

[%] 𝑎*
[%] = 𝑔 𝑧*

%

𝑎)
[%] = 𝑔 𝑧)

%

𝑎'
[%] = 𝑔 𝑧'

%

𝑎&
[%] = 𝑔 𝑧&

%

𝑎%
[%] = 𝑔 𝑧%

%

𝑍 % has shape (5,)

𝐴 % = 𝑔 𝑍 %

# In NumPy
A1 = np.tanh(Z1)

Using elementwise-vector operation

= 𝑔

𝑧%
[%]

𝑧&
[%]

𝑧'
[%]

𝑧)
[%]

𝑧*
[%]

=

𝑔 𝑧%
%

𝑔 𝑧&
%

𝑔 𝑧'
%

𝑔 𝑧)
%

𝑔 𝑧*
%

=

𝑎%
[%]

𝑎&
[%]

𝑎'
[%]

𝑎)
[%]

𝑎*
[%]
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1

𝑛[%] = 5

𝑊 % has shape (5, 2)

𝐵 % has shape (5,)

𝐴 % has shape (5,)

𝑤',%
[%]

𝑤',&
[%]

𝑏'
[%]

𝐴 # = 𝑋 has shape (2,)

𝑎%
[#] = 𝑥%

𝑎&
[#] = 𝑥&

𝑍 % has shape (5,)

𝑤!,#
[#]

∗

𝑏!
[#]

𝑤!,&
[#]

∗

+ 𝑔( )

𝑎!
[#]

𝑎%
[!]

𝑧'
[%] = 𝑤',%

[%] 𝑎%
[#] + 𝑤',&

[%]𝑎&
[#] + 𝑏'

[%] 𝑎'
[%] = 𝑔 𝑧'

%

𝑧'
[%] 𝑎'

[%]

A Compute Graph for one neuron
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1

𝑛[%] = 5

𝑊 % has shape (5, 2)

𝐵 % has shape (5,)

𝐴 % has shape (5,)𝐴 # = 𝑋 has shape (2,)

𝑎%
[#] = 𝑥%

𝑎&
[#] = 𝑥&

𝑍 % has shape (5,)

𝑤!,#
[#]

∗

𝑏!
[#]

𝑤!,&
[#]

∗

+ 𝑔( )
𝑧!
[#]

𝑎!
[#]

𝑤!,#
[#]

∗

𝑏!
[#]

𝑤!,&
[#]

∗

+ 𝑔( )
𝑧!
[#] 𝑎!

[#]

𝑤!,#
[#]

∗

𝑏!
[#]

𝑤!,&
[#]

∗

+ 𝑔( )
𝑧!
[#] 𝑎!

[#]

𝑤!,#
[#]

∗

𝑏!
[#]

𝑤!,&
[#]

∗

+ 𝑔( )
𝑧!
[#]

𝑎!
[#]

𝑤!,#
[#]

∗

𝑏!
[#]

𝑤!,&
[#]

∗

+ 𝑔( )
𝑧!
[#] 𝑎!

[#]

𝑧&
[!] = 𝑤&,!

[!] 𝑎!
[#] + 𝑤&,%

[!]𝑎%
[#] + 𝑏&

[!]

𝑧%
[!] = 𝑤%,!

[!] 𝑎!
[#] + 𝑤%,%

[!]𝑎%
[#] + 𝑏%

[!]

𝑧!
[!] = 𝑤!,!

[!] 𝑎!
[#] + 𝑤!,%

[!]𝑎%
[#] + 𝑏!

[!]

𝑧(
[!] = 𝑤(,!

[!] 𝑎!
[#] + 𝑤(,%

[!]𝑎%
[#] + 𝑏(

[!]

𝑧)
[!] = 𝑤),!

[!] 𝑎!
[#] + 𝑤),%

[!]𝑎%
[#] + 𝑏)

[!]

𝑎)
[!] = 𝑔 𝑧)

!

𝑎(
[!] = 𝑔 𝑧(

!

𝑎&
[!] = 𝑔 𝑧&

!

𝑎%
[!] = 𝑔 𝑧%

!

𝑎!
[!] = 𝑔 𝑧!

!
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1

𝑛[%] = 5

𝑊 % has shape (5, 2)

𝐵 % has shape (5,)

𝐴 % has shape (5,)𝐴 # = 𝑋 has shape (2,)

𝑍 % has shape (5,) 𝑍 % = 𝑚𝑎𝑡𝑚𝑢𝑙 𝑊 % , 𝐴 # + 𝐵 %

𝐴 % = 𝑔 𝑍 %

Since we know we can compute the outputs using the following 
vectorized operations, we can consider instead a compute graph that 
employs the corresponding vectorized operations
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1

𝑛[%] = 5

𝑊 % has shape (5, 2)

𝐵 % has shape (5,)

𝐴 % has shape (5,)𝐴 # = 𝑋 has shape (2,)

𝑍 % has shape (5,) 𝑍 % = 𝑚𝑎𝑡𝑚𝑢𝑙 𝑊 % , 𝐴 # + 𝐵 %

𝐴 % = 𝑔 𝑍 %

𝑊[#]

mat
mul

𝐵[#]

+ 𝑔( )

𝐴[#]

𝐴[!]𝑍[!]

Corresponding Compute Graph using 
Vectorized Operations

Since we know we can compute the outputs using the following 
vectorized operations, we can consider instead a compute graph that 
employs the corresponding vectorized operations
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1

𝑛[%] = 5

𝑊 % has shape (5, 2)

𝐵 % has shape (5,)

𝐴 % has shape (5,)𝐴 # = 𝑋 has shape (2,)

𝑍 % has shape (5,) 𝑍 % = 𝑚𝑎𝑡𝑚𝑢𝑙 𝑊 % , 𝐴 # + 𝐵 %

𝐴 % = 𝑔 𝑍 %

𝑊[#]

mat
mul

𝐵[#]

+ 𝑔( )

𝐴[#]

𝐴[!]𝑍[!]

Let’s now consider the shapes on the various compute 
graph nodes

Corresponding Compute Graph using 
Vectorized Operations

(𝑛 ! , )

𝑛 ! , 𝑛 #

𝑛 # ,

𝑛 ! ,𝑛 ! , 𝑛 ! ,
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1

𝑛[%] = 5

𝑊 % has shape (5, 2)

𝐵 % has shape (5,)

𝐴 % has shape (5,)𝐴 # = 𝑋 has shape (2,)

𝑍 % has shape (5,) 𝑍 % = 𝑚𝑎𝑡𝑚𝑢𝑙 𝑊 % , 𝐴 # + 𝐵 %

𝐴 % = 𝑔 𝑍 %

𝑊[#]

mat
mul

𝐵[#]

+ 𝑔( )

𝐴[#]

𝐴[!]𝑍[!]

Corresponding Compute Graph using 
Vectorized Operations

(5, )

5,2

2,

5,5, 5,

Let’s now consider the shapes on the various compute 
graph nodes
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝐵 % has shape (5,) 𝐵 & has shape (4,) 𝐵 ' has shape (3,)

𝐴 % has shape (5,) 𝐴 & has shape (4,) -𝑌 = 𝐴 ' has shape (3,)𝐴 # = 𝑋 has shape (2,)

𝑍 % has shape (5,) 𝑍 & has shape (4,) 𝑍 ' has shape (3,)
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝐵 % has shape (5,) 𝐵 & has shape (4,) 𝐵 ' has shape (3,)

𝐴 % has shape (5,) 𝐴 & has shape (4,) -𝑌 = 𝐴 ' has shape (3,)

𝐴 # = 𝑋
has shape (2,)

𝑊[$]

mat
mul

𝐵[$]

+

𝑔( )

𝑋
𝐴[$]

𝑍[$]

𝑊[&]

mat
mul

𝐵[&]

+

𝑔( )

𝐴[&]

𝑍[']

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑍 % has shape (5,) 𝑍 & has shape (4,) 𝑍 ' has shape (3,)
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝐵 % has shape (5,) 𝐵 & has shape (4,) 𝐵 ' has shape (3,)

𝐴 % has shape (5,) 𝐴 & has shape (4,) -𝑌 = 𝐴 ' has shape (3,)

𝐴 # = 𝑋
has shape (2,)

𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝑊[&]

mat
mul

𝐵[&]

+

𝑔( )

𝐴[&]

𝑍[']

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑍 % has shape (5,) 𝑍 & has shape (4,) 𝑍 ' has shape (3,)

2,
5,2

5,

5,

5,

5, 4,5

4,

4,

4,

4,
3,4

3,

3,

3,

3,
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝐵 % has shape (5,) 𝐵 & has shape (4,) 𝐵 ' has shape (3,)

𝐴 % has shape (5,) 𝐴 & has shape (4,) -𝑌 = 𝐴 ' has shape (3,)

𝐴 # = 𝑋
has shape (2,)

𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝑊[&]

mat
mul

𝐵[&]

+

𝑔( )

𝐴[&]

𝑍[']

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑍 % has shape (5,) 𝑍 & has shape (4,) 𝑍 ' has shape (3,)

𝐿𝑜𝑠𝑠

𝑌

Training
Loss

𝐿2,
5,2

5,

5,

5,

5, 4,5

4,

4,

4,

4,
3,4

3,

3,

3,

3,

3,
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𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝑊[&]

mat
mul

𝐵[&]

+

𝑔( )

𝐴[&]

𝑍[']

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝐿𝑜𝑠𝑠

𝑌

2,
5,2

5,

5,

5,

5, 4,5

4,

4,

4,

4,
3,4

3,

3,

3,

3,

3,

𝐿
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𝑋
mat
mul

+

𝑔( )

𝐴[$]

𝑍[$] mat
mul

+

𝑔( )

𝐴[&]

𝑍['] mat
mul

+

𝑔( )

0𝑌

𝑍[']

𝐿𝑜𝑠𝑠

𝑌

Consider two training sample, i.e. m=2

2,

5,

5,

5,

4,

4,

4,

3,

3,

3,

3,

𝐿

𝑊[$]

𝐵[$]

𝑊[&]

𝐵[&]

𝑊[']

𝐵[']

5,2

5,

4,5

4,

3,4

3,



slide 43/234 Brad Quinton, Scott Chin

𝑋($)

mat
mul

+

𝑔( )

𝐴[$]($)

𝑍[$]($) mat
mul

+

𝑔( )

𝐴[&]($)

𝑍[']($) mat
mul

+

𝑔( )

0𝑌($)

𝑍[']($)

𝐿𝑜𝑠𝑠

𝑌($)

Consider two training sample, i.e. m=2

2,

5,

5,

5,

4,

4,

4,

3,

3,

3,

3,

For sample 1, 𝑋(%)

𝐿($)

𝑊[$]

𝐵[$]

𝑊[&]

𝐵[&]

𝑊[']

𝐵[']

5,2

5,

4,5

4,

3,4

3,
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𝑋(&)

mat
mul

+

𝑔( )

𝐴[$](&)

𝑍[$](&) mat
mul

+

𝑔( )

𝐴[&](&)

𝑍['](&) mat
mul

+

𝑔( )

0𝑌(&)

𝑍['](&)

𝐿𝑜𝑠𝑠

𝑌(&)

Consider two training sample, i.e. m=2

2,

5,

5,

5,

4,

4,

4,

3,

3,

3,

3,

For sample 2, 𝑿(𝟐)

𝐿(&)

𝑊[$]

𝐵[$]

𝑊[&]

𝐵[&]

𝑊[']

𝐵[']

5,2

5,

4,5

4,

3,4

3,
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𝑋(&)

mat
mul

+

𝑔( )

𝐴[$](&)

𝑍[$](&) mat
mul

+

𝑔( )

𝐴[&](&)

𝑍['](&) mat
mul

+

𝑔( )

0𝑌(&)

𝑍['](&)

𝐿𝑜𝑠𝑠

𝑌(&)

Consider two training sample, i.e. m=2

2,

5,

5,

5,

4,

4,

4,

3,

3,

3,

3,

For sample 2, 𝑿(𝟏)

𝐿(&)

𝑊[$]

𝐵[$]

𝑊[&]

𝐵[&]

𝑊[']

𝐵[']

5,2

5,

4,5

4,

3,4

3,

In practice, we don’t want to do this one at a time! Too slow!
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𝑊[$]

𝑋($)

mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]($)

𝑍[$]($)

𝑊[&]

mat
mul

𝐵[&]

+

𝑔( )

𝐴[&]($)

𝑍[']($)

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌($)

𝑍[']($)

𝐿𝑜𝑠𝑠

𝑌($)

Consider two training sample, i.e. m=2

2,
5,2

5,

5,

5,

5, 4,5

4,

4,

4,

4,
3,4

3,

3,

3,

3,

3,

𝑋(&)

mat
mul

+

𝑔( )

𝐴[$](&)

𝑍[$](&) mat
mul

+

𝑔( )

𝐴[&](&)

𝑍['](&) mat
mul

+

𝑔( )

0𝑌(&)

𝑍['](&)

𝐿𝑜𝑠𝑠

𝑌(&)

2,

5,

5,

5,

4,

4,

4,

3,

3,

3, 𝐿(&)

𝐿($)
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𝑊[$]

𝑋($)

mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]($)

𝑍[$]($)

𝑊[&]

mat
mul

𝐵[&]

+

𝑔( )

𝐴[&]($)

𝑍[']($)

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌($)

𝑍[']($)

𝐿𝑜𝑠𝑠

𝑌($)

Consider two training sample, i.e. m=2

2,
5,2

5,

5,

5,

5, 4,5

4,

4,

4,

4,
3,4

3,

3,

3,

3,

3,

𝑋(&)

mat
mul

+

𝑔( )

𝐴[$](&)

𝑍[$](&) mat
mul

+

𝑔( )

𝐴[&](&)

𝑍['](&) mat
mul

+

𝑔( )

0𝑌(&)

𝑍['](&)

𝐿𝑜𝑠𝑠

𝑌(&)

2,

5,

5,

5,

4,

4,

4,

3,

3,

3, 𝐿(&)

𝐿($)

𝐽 =
1
𝑚1

+.%

5

𝐿(+)
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𝑊[$]

𝑋($)

mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]($)

𝑍[$]($)

𝑊[&]

mat
mul

𝐵[&]

+

𝑔( )

𝐴[&]($)

𝑍[']($)

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌($)

𝑍[']($)

𝐿𝑜𝑠𝑠

𝑌($)

𝐶𝑜𝑠𝑡

𝐿($)

Consider two training sample, i.e. m=2

2,
5,2

5,

5,

5,

5, 4,5

4,

4,

4,

4,
3,4

3,

3,

3,

3,

3,

𝑋(&)

mat
mul

+

𝑔( )

𝐴[$](&)

𝑍[$](&) mat
mul

+

𝑔( )

𝐴[&](&)

𝑍['](&) mat
mul

+

𝑔( )

0𝑌(&)

𝑍['](&)

𝐿𝑜𝑠𝑠

𝑌(&)

2,

5,

5,

5,

4,

4,

4,

3,

3,

3,
𝐿(&)

𝐽 =
1
𝑚1

+.%

5

𝐿(+)

𝐽
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𝑊[$]

𝑋($)

mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]($)

𝑍[$]($)

𝑊[&]

mat
mul

𝐵[&]

+

𝑔( )

𝐴[&]($)

𝑍[']($)

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌($)

𝑍[']($)

𝐿𝑜𝑠𝑠

𝑌($)

𝐶𝑜𝑠𝑡

𝐿($)

We can continue extending this graph for additional training samples
But we can do even more vectorization

2,
5,2

5,

5,

5,

5, 4,5

4,

4,

4,

4,
3,4

3,

3,

3,

3,

3,

𝑋(&)

mat
mul

+

𝑔( )

𝐴[$](&)

𝑍[$](&) mat
mul

+

𝑔( )

𝐴[&](&)

𝑍['](&) mat
mul

+

𝑔( )

0𝑌(&)

𝑍['](&)

𝐿𝑜𝑠𝑠

𝑌(&)

2,

5,

5,

5,

4,

4,

4,

3,

3,

3,
𝐿(&)

𝐽
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝐵 % has shape (5,) 𝐵 & has shape (4,) 𝐵 ' has shape (3,)

𝐴 % has shape (5,) 𝐴 & has shape (4,) -𝑌 = 𝐴 ' has shape (3,)

𝐴 # = 𝑋
has shape (2,)

𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝑊[&]

mat
mul

𝐵[&]

+

𝑔( )

𝐴[&]

𝑍[']

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑍 % has shape (5,) 𝑍 & has shape (4,) 𝑍 ' has shape (3,)

𝑛 $ , 𝑛%

𝑛[$],

𝑛[$],

𝑛[$],

𝑛[$], 𝑛[(], 𝑛[$]

𝑛[(],

𝑛[(],

𝑛[(],

𝑛[(],
𝑛[)], 𝑛[(]

𝑛[)],

𝑛[)],

𝑛[)],

𝑛[)],𝑛%,
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝐵 % has shape (5,) 𝐵 & has shape (4,) 𝐵 ' has shape (3,)

𝐴 % has shape (5,) 𝐴 & has shape (4,) -𝑌 = 𝐴 ' has shape (3,)

𝐴 # = 𝑋
has shape (2,)

𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝑊[&]

mat
mul

𝐵[&]

+

𝑔( )

𝐴[&]

𝑍[']

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑍 % has shape (5,) 𝑍 & has shape (4,) 𝑍 ' has shape (3,)

𝑛%,
𝑛 $ , 𝑛%

𝑛[$],

𝑛[$],

𝑛[$],

𝑛[$], 𝑛[(], 𝑛[$]

𝑛[(],

𝑛[(],

𝑛[(],

𝑛[(],
𝑛[)], 𝑛[(]

𝑛[)],

𝑛[)],

𝑛[)],

𝑛[)],

Consider m=2
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1

𝑛[%] = 5

𝐴 # = 𝑋
has shape (2,)

𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝑛 $ , 𝑛%

𝑛[$],

𝑛[$],

𝑛[$],

𝑛[$],

Consider m=2

Goal is to calculate:

𝑊 % has shape (5, 2)

𝐵 % has shape (5,)

𝑍 % has shape (5,)

𝐴 % has shape (5,)

𝑧&
[!](!) = 𝑤&,!

[!] 𝑥!
(!) + 𝑤&,%

[!]𝑥%
(!) + 𝑏&

[!]

𝑧%
[!](!) = 𝑤%,!

[!] 𝑥!
(!) + 𝑤%,%

[!]𝑥%
(!) + 𝑏%

[!]

𝑧!
[!](!) = 𝑤!,!

[!] 𝑥!
(!) + 𝑤!,%

[!]𝑥%
(!) + 𝑏!

[!]

𝑧(
[!](!) = 𝑤(,!

[!] 𝑥!
(!) + 𝑤(,%

[!]𝑥%
(!) + 𝑏(

[!]

𝑧)
[!](!) = 𝑤),!

[!] 𝑥!
(!) + 𝑤),%

[!]𝑥%
(!) + 𝑏)

[!]

𝑧&
[!](%) = 𝑤&,!

[!] 𝑥!
(%) + 𝑤&,%

[!]𝑥%
(%) + 𝑏&

[!]

𝑧%
[!](%) = 𝑤%,!

[!] 𝑥!
(%) + 𝑤%,%

[!]𝑥%
(%) + 𝑏%

[!]

𝑧!
[!](%) = 𝑤!,!

[!] 𝑥!
(%) + 𝑤!,%

[!]𝑥%
(%) + 𝑏!

[!]

𝑧(
[!](%) = 𝑤(,!

[!] 𝑥!
(%) + 𝑤(,%

[!]𝑥%
(%) + 𝑏(

[!]

𝑧)
[!](%) = 𝑤),!

[!] 𝑥!
(%) + 𝑤),%

[!]𝑥%
(%) + 𝑏)

[!]

𝑛%,
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1

𝑛[%] = 5

𝑊 % has shape (5, 2)

𝐵 % has shape (5,)

𝑍 % has shape (5,)

𝑨 𝟎 = 𝑿
has shape (2, 2)

𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝐴 % has shape (5,)

𝒏𝒙, 𝒎
𝑛 $ , 𝑛%

𝑛[$],

𝑛[$],

𝑛[$],

𝑛[$],

Consider m=2

Goal is to calculate:

• Collect all inputs into matrix 𝑋 so now its shape goes from 𝑛! , to (𝑛! , 𝑚)
i.e. one column for each sample

𝑧&
[!](!) = 𝑤&,!

[!] 𝑥!
(!) + 𝑤&,%

[!]𝑥%
(!) + 𝑏&

[!]

𝑧%
[!](!) = 𝑤%,!

[!] 𝑥!
(!) + 𝑤%,%

[!]𝑥%
(!) + 𝑏%

[!]

𝑧!
[!](!) = 𝑤!,!

[!] 𝑥!
(!) + 𝑤!,%

[!]𝑥%
(!) + 𝑏!

[!]

𝑧(
[!](!) = 𝑤(,!

[!] 𝑥!
(!) + 𝑤(,%

[!]𝑥%
(!) + 𝑏(

[!]

𝑧)
[!](!) = 𝑤),!

[!] 𝑥!
(!) + 𝑤),%

[!]𝑥%
(!) + 𝑏)

[!]

𝑧&
[!](%) = 𝑤&,!

[!] 𝑥!
(%) + 𝑤&,%

[!]𝑥%
(%) + 𝑏&

[!]

𝑧%
[!](%) = 𝑤%,!

[!] 𝑥!
(%) + 𝑤%,%

[!]𝑥%
(%) + 𝑏%

[!]

𝑧!
[!](%) = 𝑤!,!

[!] 𝑥!
(%) + 𝑤!,%

[!]𝑥%
(%) + 𝑏!

[!]

𝑧(
[!](%) = 𝑤(,!

[!] 𝑥!
(%) + 𝑤(,%

[!]𝑥%
(%) + 𝑏(

[!]

𝑧)
[!](%) = 𝑤),!

[!] 𝑥!
(%) + 𝑤),%

[!]𝑥%
(%) + 𝑏)

[!]
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1

𝑛[%] = 5

𝑊 % has shape (5, 2)

𝐵 % has shape (5,)

𝑍 % has shape (5,)

𝐴 # = 𝑋
has shape (2, 2)

𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝐴 % has shape (5,)

𝑛%, 𝑚
𝑛 $ , 𝑛%

𝑛[$],

𝑛[$],

𝑛[$],

𝑛[$],

Consider m=2

Goal is to calculate:

• Collect all inputs into matrix 𝑋 so now its shape goes from 𝑛! , to (𝑛! , 𝑚)
i.e. one column for each sample

• Use the same vectorized operation as before

𝑍 % = 𝑚𝑎𝑡𝑚𝑢𝑙 𝑊 % , 𝑋 + 𝐵 %

𝑧&
[!](!) = 𝑤&,!

[!] 𝑥!
(!) + 𝑤&,%

[!]𝑥%
(!) + 𝑏&

[!]

𝑧%
[!](!) = 𝑤%,!

[!] 𝑥!
(!) + 𝑤%,%

[!]𝑥%
(!) + 𝑏%

[!]

𝑧!
[!](!) = 𝑤!,!

[!] 𝑥!
(!) + 𝑤!,%

[!]𝑥%
(!) + 𝑏!

[!]

𝑧(
[!](!) = 𝑤(,!

[!] 𝑥!
(!) + 𝑤(,%

[!]𝑥%
(!) + 𝑏(

[!]

𝑧)
[!](!) = 𝑤),!

[!] 𝑥!
(!) + 𝑤),%

[!]𝑥%
(!) + 𝑏)

[!]

𝑧&
[!](%) = 𝑤&,!

[!] 𝑥!
(%) + 𝑤&,%

[!]𝑥%
(%) + 𝑏&

[!]

𝑧%
[!](%) = 𝑤%,!

[!] 𝑥!
(%) + 𝑤%,%

[!]𝑥%
(%) + 𝑏%

[!]

𝑧!
[!](%) = 𝑤!,!

[!] 𝑥!
(%) + 𝑤!,%

[!]𝑥%
(%) + 𝑏!

[!]

𝑧(
[!](%) = 𝑤(,!

[!] 𝑥!
(%) + 𝑤(,%

[!]𝑥%
(%) + 𝑏(

[!]

𝑧)
[!](%) = 𝑤),!

[!] 𝑥!
(%) + 𝑤),%

[!]𝑥%
(%) + 𝑏)

[!]
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1

𝑛[%] = 5

𝑊 % has shape (5, 2)

𝐵 % has shape (5,)

𝑍 % has shape (5,)

𝐴 # = 𝑋
has shape (2, 2)

𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝐴 % has shape (5,)

𝑛 $ , 𝑛%

𝑛[$],

𝒏[𝟏], 𝒎

𝑛[$],

𝑛[$],

Consider m=2

Goal is to calculate:

• Collect all inputs into matrix 𝑋 so now its shape goes from 𝑛! , to (𝑛! , 𝑚)
i.e. one column for each sample

• Use the same vectorized operation as before

𝑍 % = 𝑚𝑎𝑡𝑚𝑢𝑙 𝑊 % , 𝑋 + 𝐵 %

=

𝑤%,%
[%] 𝑤%,&

[%]

𝑤&,%
[%] 𝑤&,&

[%]

𝑤',%
[%] 𝑤',&

[%]

𝑤),%
[%] 𝑤),&

[%]

𝑤*,%
[%] 𝑤*,&

[%]

𝑥%
(%) 𝑥%

(&)

𝑥&
(%) 𝑥&

(&) +

𝑏%
[%]

𝑏&
[%]

𝑏'
[%]

𝑏)
[%]

𝑏*
[%]

𝑏%
[%]

𝑏&
[%]

𝑏'
[%]

𝑏)
[%]

𝑏*
[%]

• Shape of 𝑊 % doesn’t change 
• The result of the matrix 

multiply is shape 𝑛 % , 𝑚
(i.e. one column per sample) 

𝑛%, 𝑚
𝑧&
[!](!) = 𝑤&,!

[!] 𝑥!
(!) + 𝑤&,%

[!]𝑥%
(!) + 𝑏&

[!]

𝑧%
[!](!) = 𝑤%,!

[!] 𝑥!
(!) + 𝑤%,%

[!]𝑥%
(!) + 𝑏%

[!]

𝑧!
[!](!) = 𝑤!,!

[!] 𝑥!
(!) + 𝑤!,%

[!]𝑥%
(!) + 𝑏!

[!]

𝑧(
[!](!) = 𝑤(,!

[!] 𝑥!
(!) + 𝑤(,%

[!]𝑥%
(!) + 𝑏(

[!]

𝑧)
[!](!) = 𝑤),!

[!] 𝑥!
(!) + 𝑤),%

[!]𝑥%
(!) + 𝑏)

[!]

𝑧&
[!](%) = 𝑤&,!

[!] 𝑥!
(%) + 𝑤&,%

[!]𝑥%
(%) + 𝑏&

[!]

𝑧%
[!](%) = 𝑤%,!

[!] 𝑥!
(%) + 𝑤%,%

[!]𝑥%
(%) + 𝑏%

[!]

𝑧!
[!](%) = 𝑤!,!

[!] 𝑥!
(%) + 𝑤!,%

[!]𝑥%
(%) + 𝑏!

[!]

𝑧(
[!](%) = 𝑤(,!

[!] 𝑥!
(%) + 𝑤(,%

[!]𝑥%
(%) + 𝑏(

[!]

𝑧)
[!](%) = 𝑤),!

[!] 𝑥!
(%) + 𝑤),%

[!]𝑥%
(%) + 𝑏)

[!]



slide 56/234 Brad Quinton, Scott Chin

𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1

𝑛[%] = 5

𝑊 % has shape (5, 2)

𝐵 % has shape (5,)

𝑍 % has shape (5,)

𝐴 # = 𝑋
has shape (2, 2)

𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝐴 % has shape (5,)

𝑛 $ , 𝑛%

𝑛[$],

𝑛[$], 𝑚

𝑛[$],

𝑛[$],

Consider m=2

Goal is to calculate:

• Collect all inputs into matrix 𝑋 so now its shape goes from 𝑛! , to (𝑛! , 𝑚)
i.e. one column for each sample

• Use the same vectorized operation as before

𝑍 % = 𝑚𝑎𝑡𝑚𝑢𝑙 𝑊 % , 𝑋 + 𝐵 %

=

𝑤%,%
[%] 𝑤%,&

[%]

𝑤&,%
[%] 𝑤&,&

[%]

𝑤',%
[%] 𝑤',&

[%]

𝑤),%
[%] 𝑤),&

[%]

𝑤*,%
[%] 𝑤*,&

[%]

𝑥%
(%) 𝑥%

(&)

𝑥&
(%) 𝑥&

(&) +

𝑏%
[%]

𝑏&
[%]

𝑏'
[%]

𝑏)
[%]

𝑏*
[%]

𝑏%
[%]

𝑏&
[%]

𝑏'
[%]

𝑏)
[%]

𝑏*
[%]

# In NumPy
Z1 = np.matmul(W1, A0) + B1

• Shape of 𝑊 % doesn’t change 
• The result of the matrix 

multiply is shape 𝑛 % , 𝑚
(i.e. one column per sample) 

• Conceptionally, shape of 𝐵 % , 
doesn’t change, but to do the 
math, we need to stack 
copies of 𝐵 % . In practice, this 
is done via broadcasting

𝑛%, 𝑚
𝑧&
[!](!) = 𝑤&,!

[!] 𝑥!
(!) + 𝑤&,%

[!]𝑥%
(!) + 𝑏&

[!]

𝑧%
[!](!) = 𝑤%,!

[!] 𝑥!
(!) + 𝑤%,%

[!]𝑥%
(!) + 𝑏%

[!]

𝑧!
[!](!) = 𝑤!,!

[!] 𝑥!
(!) + 𝑤!,%

[!]𝑥%
(!) + 𝑏!

[!]

𝑧(
[!](!) = 𝑤(,!

[!] 𝑥!
(!) + 𝑤(,%

[!]𝑥%
(!) + 𝑏(

[!]

𝑧)
[!](!) = 𝑤),!

[!] 𝑥!
(!) + 𝑤),%

[!]𝑥%
(!) + 𝑏)

[!]

𝑧&
[!](%) = 𝑤&,!

[!] 𝑥!
(%) + 𝑤&,%

[!]𝑥%
(%) + 𝑏&

[!]

𝑧%
[!](%) = 𝑤%,!

[!] 𝑥!
(%) + 𝑤%,%

[!]𝑥%
(%) + 𝑏%

[!]

𝑧!
[!](%) = 𝑤!,!

[!] 𝑥!
(%) + 𝑤!,%

[!]𝑥%
(%) + 𝑏!

[!]

𝑧(
[!](%) = 𝑤(,!

[!] 𝑥!
(%) + 𝑤(,%

[!]𝑥%
(%) + 𝑏(

[!]

𝑧)
[!](%) = 𝑤),!

[!] 𝑥!
(%) + 𝑤),%

[!]𝑥%
(%) + 𝑏)

[!]
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1

𝑛[%] = 5

𝑊 % has shape (5, 2)

𝐵 % has shape (5,)

𝒁 𝟏 has shape (5, 2)

𝐴 # = 𝑋
has shape (2, 2)

𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝐴 % has shape (5,)

𝑛 $ , 𝑛%

𝑛[$],

𝑛[$], 𝑚

𝒏[𝟏], 𝒎

𝑛[$],

Consider m=2

Goal is to calculate:

• Collect all inputs into matrix 𝑋 so now its shape goes from 𝑛! , to (𝑛! , 𝑚)
i.e. one column for each sample

• Use the same vectorized operations as before

𝑍 % = 𝑚𝑎𝑡𝑚𝑢𝑙 𝑊 % , 𝑋 + 𝐵 %

=

𝑤%,%
[%] 𝑤%,&

[%]

𝑤&,%
[%] 𝑤&,&

[%]

𝑤',%
[%] 𝑤',&

[%]

𝑤),%
[%] 𝑤),&

[%]

𝑤*,%
[%] 𝑤*,&

[%]

𝑥%
(%) 𝑥%

(&)

𝑥&
(%) 𝑥&

(&) +

𝑏%
[%]

𝑏&
[%]

𝑏'
[%]

𝑏)
[%]

𝑏*
[%]

𝑏%
[%]

𝑏&
[%]

𝑏'
[%]

𝑏)
[%]

𝑏*
[%]

=

𝑧%
[%](%)

𝑧&
[%](%)

𝑧'
[%](%)

𝑧)
[%](%)

𝑧*
[%](%)

𝑧%
[%](&)

𝑧&
[%](&)

𝑧'
[%](&)

𝑧)
[%](&)

𝑧*
[%](&)

• Shape of 𝑍 % now has more 2 columns (𝑛 % , 𝑚)

𝑛%, 𝑚
𝑧&
[!](!) = 𝑤&,!

[!] 𝑥!
(!) + 𝑤&,%

[!]𝑥%
(!) + 𝑏&

[!]

𝑧%
[!](!) = 𝑤%,!

[!] 𝑥!
(!) + 𝑤%,%

[!]𝑥%
(!) + 𝑏%

[!]

𝑧!
[!](!) = 𝑤!,!

[!] 𝑥!
(!) + 𝑤!,%

[!]𝑥%
(!) + 𝑏!

[!]

𝑧(
[!](!) = 𝑤(,!

[!] 𝑥!
(!) + 𝑤(,%

[!]𝑥%
(!) + 𝑏(

[!]

𝑧)
[!](!) = 𝑤),!

[!] 𝑥!
(!) + 𝑤),%

[!]𝑥%
(!) + 𝑏)

[!]

𝑧&
[!](%) = 𝑤&,!

[!] 𝑥!
(%) + 𝑤&,%

[!]𝑥%
(%) + 𝑏&

[!]

𝑧%
[!](%) = 𝑤%,!

[!] 𝑥!
(%) + 𝑤%,%

[!]𝑥%
(%) + 𝑏%

[!]

𝑧!
[!](%) = 𝑤!,!

[!] 𝑥!
(%) + 𝑤!,%

[!]𝑥%
(%) + 𝑏!

[!]

𝑧(
[!](%) = 𝑤(,!

[!] 𝑥!
(%) + 𝑤(,%

[!]𝑥%
(%) + 𝑏(

[!]

𝑧)
[!](%) = 𝑤),!

[!] 𝑥!
(%) + 𝑤),%

[!]𝑥%
(%) + 𝑏)

[!]
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1

𝑛[%] = 5

𝑊 % has shape (5, 2)

𝐵 % has shape (5,)

𝑍 % has shape (5, 2)

𝐴 # = 𝑋
has shape (2, 2)

𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝐴 % has shape (5,)

𝑛 $ , 𝑛%

𝑛[$],

𝑛[$], 𝑚

𝑛[$], 𝑚

𝑛[$], 𝑎'
[%](%) = 𝑔 𝑧'

% (%)

𝑎&
[%](%) = 𝑔 𝑧&

% (%)

𝑎%
[%](%) = 𝑔 𝑧%

% (%)

𝑎)
[%](%) = 𝑔 𝑧)

% (%)

𝑎*
[%](%) = 𝑔 𝑧*

% (%)

Consider m=2

Goal is to calculate:

𝑛%, 𝑚 𝑎'
[%](&) = 𝑔 𝑧'

% (&)

𝑎&
[%](&) = 𝑔 𝑧&

% (&)

𝑎%
[%](&) = 𝑔 𝑧%

% (&)

𝑎)
[%](&) = 𝑔 𝑧)

% (&)

𝑎*
[%](&) = 𝑔 𝑧*

% (&)
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1

𝑛[%] = 5

𝑊 % has shape (5, 2)

𝐵 % has shape (5,)

𝑍 % has shape (5, 2)

𝐴 # = 𝑋
has shape (2, 2)

𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝐴 % has shape (5, 2)

𝑛 $ , 𝑛%

𝑛[$],

𝑛[$], 𝑚

𝑛[$], 𝑚

𝒏[𝟏], 𝒎 𝑎'
[%](%) = 𝑔 𝑧'

% (%)

𝑎&
[%](%) = 𝑔 𝑧&

% (%)

𝑎%
[%](%) = 𝑔 𝑧%

% (%)

𝑎)
[%](%) = 𝑔 𝑧)

% (%)

𝑎*
[%](%) = 𝑔 𝑧*

% (%)

Consider m=2

Goal is to calculate:

• For activation, use elementwise-vector operation as before
• Shape of 𝐴 % is now (𝑛 % , 𝑚)

𝑛%, 𝑚

𝐴 % = 𝑔 𝑍 %

# In NumPy
A1 = np.tanh(Z1)

𝑎'
[%](&) = 𝑔 𝑧'

% (&)

𝑎&
[%](&) = 𝑔 𝑧&

% (&)

𝑎%
[%](&) = 𝑔 𝑧%

% (&)

𝑎)
[%](&) = 𝑔 𝑧)

% (&)

𝑎*
[%](&) = 𝑔 𝑧*

% (&)
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1

𝑛[%] = 5

𝑊 % has shape (5, 2)

𝐵 % has shape (5,)

𝑍 % has shape (5, 2)

𝐴 # = 𝑋
has shape (2, 2)

𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝐴 % has shape (5, 2)

𝑛 $ , 𝑛%

𝑛[$],

𝑛[$], 𝑚

𝑛[$], 𝑚

𝒏[𝟏], 𝒎 𝑎'
[%](%) = 𝑔 𝑧'

% (%)

𝑎&
[%](%) = 𝑔 𝑧&

% (%)

𝑎%
[%](%) = 𝑔 𝑧%

% (%)

𝑎)
[%](%) = 𝑔 𝑧)

% (%)

𝑎*
[%](%) = 𝑔 𝑧*

% (%)

Consider m=2

Goal is to calculate:

• For activation, use elementwise-vector operation as before
• Shape of 𝐴 % is now (𝑛 % , 𝑚)

𝑛%, 𝑚

𝐴 % = 𝑔 𝑍 %

# In NumPy
A1 = np.tanh(Z1)

= 𝑔

𝑧%
[%](%)

𝑧&
[%](%)

𝑧'
[%](%)

𝑧)
[%](%)

𝑧*
[%](%)

𝑧%
[%](&)

𝑧&
[%](&)

𝑧'
[%](&)

𝑧)
[%](&)

𝑧*
[%](&)

=

𝑔 𝑧%
% %

𝑔 𝑧&
% %

𝑔 𝑧'
% %

𝑔 𝑧)
% %

𝑔 𝑧*
% %

𝑔 𝑧%
% &

𝑔 𝑧&
% &

𝑔 𝑧'
% &

𝑔 𝑧)
% &

𝑔 𝑧*
% &

=

𝑎%
[%](%)

𝑎&
[%](%)

𝑎'
[%](%)

𝑎)
[%](%)

𝑎*
[%](%)

𝑎%
[%](&)

𝑎&
[%](&)

𝑎'
[%](&)

𝑎)
[%](&)

𝑎*
[%](&)

𝑎'
[%](&) = 𝑔 𝑧'

% (&)

𝑎&
[%](&) = 𝑔 𝑧&

% (&)

𝑎%
[%](&) = 𝑔 𝑧%

% (&)

𝑎)
[%](&) = 𝑔 𝑧)

% (&)

𝑎*
[%](&) = 𝑔 𝑧*

% (&)
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝐵 % has shape (5,) 𝐵 & has shape (4,) 𝐵 ' has shape (3,)

𝐴 % has shape (5,) 𝐴 & has shape (4,) -𝑌 = 𝐴 ' has shape (3,)

𝐴 # = 𝑋
has shape (2,)

𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝑊[&]

mat
mul

𝐵[&]

+

𝑔( )

𝐴[&]

𝑍[']

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑍 % has shape (5,) 𝑍 & has shape (4,) 𝑍 ' has shape (3,)

𝑛 $ , 𝑛%

𝑛[$],

𝑛[$],

𝑛[$],

𝑛[$], 𝑛[(], 𝑛[$]

𝑛[(],

𝑛[(],

𝑛[(],

𝑛[(],
𝑛[)], 𝑛[(]

𝑛[)],

𝑛[)],

𝑛[)],

𝑛[)],𝑛%,
𝐿𝑜𝑠𝑠

𝑌

Training
Loss

𝐿

3,
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝐵 % has shape (5,) 𝐵 & has shape (4,) 𝐵 ' has shape (3,)

𝐴 % has shape (5,) 𝐴 & has shape (4,) -𝑌 = 𝐴 ' has shape (3,)

𝐴 # = 𝑋
has shape (2,)

𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝑊[&]

mat
mul

𝐵[&]

+

𝑔( )

𝐴[&]

𝑍[']

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑍 % has shape (5,) 𝑍 & has shape (4,) 𝑍 ' has shape (3,)

𝑛 $ , 𝑛%

𝑛[$],

𝑛[$], 𝑚

𝑛[$], 𝑚

𝑛[$], 𝑚 𝑛[(], 𝑛[$]

𝑛[(],

𝑛[(], 𝑚

𝑛[(], 𝑚

𝑛[(], 𝑚
𝑛[)], 𝑛[(]

𝑛[)],

𝑛[)], 𝑚

𝑛[)], 𝑚

𝑛[)], 𝑚𝑛%, 𝑚
𝐿𝑜𝑠𝑠

𝑌

Training
Loss

𝐿

3,𝑚

𝑚,
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝐵 % has shape (5,) 𝐵 & has shape (4,) 𝐵 ' has shape (3,)

𝐴 % has shape (5,) 𝐴 & has shape (4,) -𝑌 = 𝐴 ' has shape (3,)

𝐴 # = 𝑋
has shape (2,)

𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝑊[&]

mat
mul

𝐵[&]

+

𝑔( )

𝐴[&]

𝑍[']

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑍 % has shape (5,) 𝑍 & has shape (4,) 𝑍 ' has shape (3,)

𝑛 $ , 𝑛%

𝑛[$],

𝑛[$], 𝑚

𝑛[$], 𝑚

𝑛[$], 𝑚 𝑛[(], 𝑛[$]

𝑛[(],

𝑛[(], 𝑚

𝑛[(], 𝑚

𝑛[(], 𝑚
𝑛[)], 𝑛[(]

𝑛[)],

𝑛[)], 𝑚

𝑛[)], 𝑚

𝑛[)], 𝑚𝑛%, 𝑚
𝐿𝑜𝑠𝑠

𝑌

Training
Loss

𝐿

3,𝑚

𝑚,

𝐶𝑜𝑠𝑡

𝐽 =
1
𝑚1

+.%

5

𝐿(+)

𝐽
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Vectorized Backpropagation



slide 65/234 Brad Quinton, Scott Chin

Don’t be intimidated!

• There’s nothing crazy (except maybe notation) about vectorized 
backprop compared to what we have learned for scalar operations
• A vectorized operation is just a bunch of scalar operations done at the 

same time
• So all our understandings of scalar backprop apply. 

We are just considering multiple scalar operations at once.
• Cost is still a scalar
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From First Lectures on Neural Networks

• Vectorized backprop equations in Lecture 
5 for a 2-layer neural network. You used 
these in Assignment 2.
• We will now learn how these are derived.

𝑑𝑍["] = (,𝑌 − 𝑌)

𝑑𝑊["] =
1
𝑚
𝑑𝑍["]𝐴 $ %

𝑑𝐵["] =
1
𝑚
5
&'()

𝑑𝑍["]

𝑑𝑍[$] = 𝑊 " %𝑑𝑍["] ∗ g′(𝑍[$])

𝑑𝑊[$] =
1
𝑚
𝑑𝑍[$]𝑋%

𝑑𝐵[$] =
1
𝑚
5
&'()

𝑑𝑍[$]
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝐵 % has shape (5,) 𝐵 & has shape (4,) 𝐵 ' has shape (3,)

𝐴 % has shape (5,) 𝐴 & has shape (4,) -𝑌 = 𝐴 ' has shape (3,)

𝐴 # = 𝑋
has shape (2,)

𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝑊[&]

mat
mul

𝐵[&]

+

𝑔( )

𝐴[&]

𝑍[']

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑍 % has shape (5,) 𝑍 & has shape (4,) 𝑍 ' has shape (3,)

𝑛 $ , 𝑛%

𝑛[$],

𝑛[$], 𝑚

𝑛[$], 𝑚

𝑛[$], 𝑚 𝑛[(], 𝑛[$]

𝑛[(],

𝑛[(], 𝑚

𝑛[(], 𝑚

𝑛[(], 𝑚
𝑛[)], 𝑛[(]

𝑛[)],

𝑛[)], 𝑚

𝑛[)], 𝑚

𝑛[)], 𝑚𝑛%, 𝑚
𝐿𝑜𝑠𝑠

𝑌

Training
Loss

𝐿

3,𝑚

𝑚,

𝐶𝑜𝑠𝑡

𝐽 =
1
𝑚1

+.%

5

𝐿(+)

𝐽
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝐵 % has shape (5,) 𝐵 & has shape (4,) 𝐵 ' has shape (3,)

𝐴 % has shape (5,) 𝐴 & has shape (4,) -𝑌 = 𝐴 ' has shape (3,)

𝐴 # = 𝑋
has shape (2,)

𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝑊[&]

mat
mul

𝐵[&]

+

𝑔( )

𝐴[&]

𝑍[']

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑍 % has shape (5,) 𝑍 & has shape (4,) 𝑍 ' has shape (3,)

𝑛 $ , 𝑛%

𝑛[$],

𝑛[$], 𝑚

𝑛[$], 𝑚

𝑛[$], 𝑚 𝑛[(], 𝑛[$]

𝑛[(],

𝑛[(], 𝑚

𝑛[(], 𝑚

𝑛[(], 𝑚
𝑛[)], 𝑛[(]

𝑛[)],

𝑛[)], 𝑚

𝑛[)], 𝑚

𝑛[)], 𝑚𝑛%, 𝑚
𝐿𝑜𝑠𝑠

𝑌

Training
Loss

𝐿

3,𝑚

𝑚,

𝐶𝑜𝑠𝑡

𝐽 =
1
𝑚1

+.%

5

𝐿(+)

𝐽

Purpose of backprop is to compute partial derivative of cost 𝑱 w.r.t. each parameter
This is pretty much the whole essence of the neural network training algorithm
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𝑊[,]

𝑔( )
mat
mul

𝐵[,]

+ 𝑔( )

𝐴[*+$]

(𝑛 * , )

𝑛 * , 𝑛 *+$

𝑛 *+$ , 𝑚

𝑛 * , 𝑚
𝐴[*]

𝑛 * , 𝑚 𝑛 * , 𝑚

Layer 𝒍 Vectorized Over m Training Samples

𝑍[*]

How do we extend our process of backprop to vector operations?
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Math – Derivative of a Scalar by a Vector

• Consider a function 𝑓 with 
• Vector input 𝑥 = [𝑥D, …, 𝑥E]
• Scalar output

• How does a change in each input 𝑥< affect the output?
• Gradient Vector

𝜕𝑓
𝜕𝑥

=
𝜕𝑓
𝜕𝑥$

,
𝜕𝑓
𝜕𝑥=

, … ,
𝜕𝑓
𝜕𝑥>
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Math – Derivative of a Vector by a Vector

• Consider a function 𝑓 with 
• Vector input 𝑥 = [𝑥D, … , 𝑥E ]
• Vector output 𝑓 = [𝑓D, … , 𝑓F ]

• How does a change in each input affect each output?
• Jacobian Matrix

𝜕𝑓
𝜕𝑥

=

𝜕𝑓D
𝜕𝑥D

𝜕𝑓G
𝜕𝑥D

…
𝜕𝑓F
𝜕𝑥D

𝜕𝑓D
𝜕𝑥G

𝜕𝑓G
𝜕𝑥G

𝜕𝑓F
𝜕𝑥G

⋮ ⋱ ⋮
𝜕𝑓D
𝜕𝑥E

𝜕𝑓G
𝜕𝑥E

…
𝜕𝑓F
𝜕𝑥E
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𝑓

𝑥
Vector of size 𝑛,

𝑦
Vector of size 𝑛-

Vector of size 𝑛.

Consider one node in our compute graph
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𝑓

𝑥
Vector of size 𝑛,

𝑦
Vector of size 𝑛-

Vector of size 𝑛.

Local Derivatives are Jacobian Matrices

𝜕𝑓
𝜕𝑥

is shape 
𝑛,, 𝑛.

𝜕𝑓
𝜕𝑦

is shape 
𝑛-, 𝑛.

𝜕𝑓
𝜕𝑥

=

𝜕𝑓D
𝜕𝑥D

𝜕𝑓G
𝜕𝑥D

…
𝜕𝑓E&
𝜕𝑥D

𝜕𝑓D
𝜕𝑥G

𝜕𝑓G
𝜕𝑥G

𝜕𝑓E&
𝜕𝑥G

⋮ ⋱ ⋮
𝜕𝑓D
𝜕𝑥E'

𝜕𝑓G
𝜕𝑥E'

…
𝜕𝑓E&
𝜕𝑥E'
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𝑓

𝑥
Vector of size 𝑛,

𝑦
Vector of size 𝑛-

Vector of size 𝑛.

Local Derivatives are Jacobian Matrices

𝜕𝑓
𝜕𝑥

is shape 
𝑛,, 𝑛.

𝜕𝑓
𝜕𝑦

is shape 
𝑛-, 𝑛.

𝜕𝑓
𝜕𝑥

=

𝜕𝑓D
𝜕𝑦D

𝜕𝑓G
𝜕𝑦D

…
𝜕𝑓E&
𝜕𝑦D

𝜕𝑓D
𝜕𝑦G

𝜕𝑓G
𝜕𝑦G

𝜕𝑓E&
𝜕𝑦G

⋮ ⋱ ⋮
𝜕𝑓D
𝜕𝑦E(

𝜕𝑓G
𝜕𝑦E(

…
𝜕𝑓E&
𝜕𝑦E(
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𝑓

𝑥
Vector of size 𝑛,

𝑦
Vector of size 𝑛-

Vector of size 𝑛.

𝜕𝐽
𝜕𝑓

Shape (𝑛., 1)

𝜕𝑓
𝜕𝑥

is shape 
𝑛,, 𝑛.

𝜕𝑓
𝜕𝑦

is shape 
𝑛-, 𝑛.

Local Derivatives are Jacobian Matrices

Upstream gradient is with 
respect to Cost 𝐽 (a scalar)

i.e. How does each output 𝑓H
affect the Cost

𝜕𝐽
𝜕𝑓

=

𝜕𝐽
𝜕𝑓D
𝜕𝐽
𝜕𝑓G
⋮
𝜕𝐽
𝜕𝑓E&
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𝑓

𝑥
Vector of size 𝑛,

𝑦
Vector of size 𝑛-

Vector of size 𝑛.

𝜕𝐽
𝜕𝑓

Upstream gradient is with 
respect to Cost 𝐽 (a scalar)

i.e. How does each output 𝑓H
affect the Cost

Shape (𝑛., 1)

𝜕𝑓
𝜕𝑥

is shape 
𝑛,, 𝑛.

𝜕𝑓
𝜕𝑦

is shape 
𝑛-, 𝑛.

Local Derivatives are Jacobian Matrices

Apply chain rule like before!
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𝑓

𝑥
Vector of size 𝑛,

𝑦
Vector of size 𝑛-

Vector of size 𝑛.

𝜕𝐽
𝜕𝑓

Upstream gradient is with 
respect to Cost 𝐽 (a scalar)

i.e. How does each output 𝑓H
affect the Cost

𝜕𝐽
𝜕𝑥

=
𝜕𝑓
𝜕𝑥

𝜕𝐽
𝜕𝑓

Shape (𝑛., 1)

Shape 𝑛,, 1 = 𝑛,, 𝑛. * 𝑛., 1

Chain Rule application is Matrix-Vector Multiply

𝜕𝑓
𝜕𝑥

is shape 
𝑛,, 𝑛.

𝜕𝑓
𝜕𝑦

is shape 
𝑛-, 𝑛.

Local Derivatives are Jacobian Matrices
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𝑓

𝑥
Vector of size 𝑛,

𝑦
Vector of size 𝑛-

Vector of size 𝑛.

𝜕𝐽
𝜕𝑓

Upstream gradient is with 
respect to Cost 𝐽 (a scalar)

i.e. How does each output 𝑓H
affect the Cost

𝜕𝐽
𝜕𝑥

=
𝜕𝑓
𝜕𝑥

𝜕𝐽
𝜕𝑓

Shape (𝑛., 1)

Shape 𝑛,, 1 = 𝑛,, 𝑛. * 𝑛., 1

𝜕𝑓
𝜕𝑥

is shape 
𝑛,, 𝑛.

𝜕𝑓
𝜕𝑦

is shape 
𝑛-, 𝑛.

Local Derivatives are Jacobian Matrices

IJ
IK =

IL
IK

IJ
IL =

IL)
IK)

, IL)IK*
, ⋯ IL)

IK+'
⋮ ⋱ ⋮
IL+&
IK)

,
IL+&
IK*

⋯
IL+&
IK+'

IJ
IL)
IJ
IL*
⋮
IJ
IL+&

Chain Rule application is Matrix-Vector Multiply
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?@
?A
= ?B

?A
?@
?B
→

?C
?A!
?C
?A"
⋮
?C
?A#$

=

?B!
?A!

, ?B"
?A!

, ⋯
?B#%
?A!

⋮ ⋱ ⋮
?B!
?A#$

, ?B"
?A#$

⋯
?B#%
?A#$

?C
?B!
?C
?B"
⋮
?C
?B#%

Shape 𝑛,, 1 = 𝑛,, 𝑛. * 𝑛., 1

Chain Rule – Matrix-Vector Multiply
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?@
?A
= ?B

?A
?@
?B
→

?@
?A!
?@
?A"
⋮
?@

?A#$

=

?B!
?A!

, ?B"
?A!

, ⋯
?B#%
?A!

⋮ ⋱ ⋮
?B!
?A#$

, ?B"
?A#$

⋯
?B#%
?A#$

?@
?B!
?@
?B"
⋮
?@
?B#%

Shape 𝑛,, 1 = 𝑛,, 𝑛. * 𝑛., 1

Chain Rule – Matrix-Vector Multiply
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Shape 𝑛,, 1 = 𝑛,, 𝑛. * 𝑛., 1

Chain Rule – Matrix-Vector Multiply

Jacobian

?@
?A
= ?B

?A
?@
?B
→

?@
?A!
?@
?A"
⋮
?@

?A#$

=

?B!
?A!

, ?B"
?A!

, ⋯
?B#%
?A!

⋮ ⋱ ⋮
?B!
?A#$

, ?B"
?A#$

⋯
?B#%
?A#$

?@
?B!
?@
?B"
⋮
?@
?B#%



slide 82/234 Brad Quinton, Scott Chinslide 82

Shape 𝑛,, 1 = 𝑛,, 𝑛. * 𝑛., 1

Chain Rule – Matrix-Vector Multiply

Jacobian

Upstream Gradient

?@
?A
= ?B

?A
?@
?B
→

?@
?A!
?@
?A"
⋮
?@

?A#$

=

?B!
?A!

, ?B"
?A!

, ⋯
?B#%
?A!

⋮ ⋱ ⋮
?B!
?A#$

, ?B"
?A#$

⋯
?B#%
?A#$

?@
?B!
?@
?B"
⋮
?@
?B#%
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Shape 𝑛,, 1 = 𝑛,, 𝑛. * 𝑛., 1

𝜕𝐽
𝜕𝑥D

=
𝜕𝑓D
𝜕𝑥D

𝜕𝐽
𝜕𝑓D

+
𝜕𝑓G
𝜕𝑥D

𝜕𝐽
𝜕𝑓G

+⋯+
𝜕𝑓E&
𝜕𝑥D

𝜕𝐽
𝜕𝑓E&

Chain Rule – Matrix-Vector Multiply

?@
?A
= ?B

?A
?@
?B
→

?@
?A!
?@
?A"
⋮
?@

?A#$

=

?B!
?A!

, ?B"
?A!

, ⋯
?B#%
?A!

⋮ ⋱ ⋮
?B!
?A#$

, ?B"
?A#$

⋯
?B#%
?A#$

?@
?B!
?@
?B"
⋮
?@
?B#%
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Shape 𝑛,, 1 = 𝑛,, 𝑛. * 𝑛., 1
𝑥D

𝑓D

𝑓G

𝑓E&

𝐽

⋮

Chain Rule – Matrix-Vector Multiply

?@
?A
= ?B

?A
?@
?B
→

?@
?A!
?@
?A"
⋮
?@

?A#$

=

?B!
?A!

, ?B"
?A!

, ⋯
?B#%
?A!

⋮ ⋱ ⋮
?B!
?A#$

, ?B"
?A#$

⋯
?B#%
?A#$

?@
?B!
?@
?B"
⋮
?@
?B#%

𝜕𝐽
𝜕𝑥D

=
𝜕𝑓D
𝜕𝑥D

𝜕𝐽
𝜕𝑓D

+
𝜕𝑓G
𝜕𝑥D

𝜕𝐽
𝜕𝑓G

+⋯+
𝜕𝑓E&
𝜕𝑥D

𝜕𝐽
𝜕𝑓E&
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𝑓

𝑥
Vector of size 𝑛,

𝑦
Vector of size 𝑛-

Vector of size 𝑛.

𝜕𝐽
𝜕𝑓

Upstream gradient is with 
respect to Cost 𝐽 (a scalar)

i.e. How does each output 𝑓H
affect the Cost

𝜕𝐽
𝜕𝑥

=
𝜕𝑓
𝜕𝑥

𝜕𝐽
𝜕𝑓

Shape (𝑛., 1)

𝜕𝐽
𝜕𝑦

=
𝜕𝑓
𝜕𝑦

𝜕𝐽
𝜕𝑓

Shape 𝑛-, 1 = 𝑛-, 𝑛. * 𝑛., 1

𝜕𝑓
𝜕𝑥

is shape 
𝑛,, 𝑛.

𝜕𝑓
𝜕𝑦

is shape 
𝑛-, 𝑛.

Local Derivatives are Jacobian Matrices

Shape 𝑛,, 1 = 𝑛,, 𝑛. * 𝑛., 1

Chain Rule application is Matrix-Vector Multiply
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Example: 
Activation Function on Layer
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Example – Activation Function on Layer

• A common vector in, vector out, computation is applying the 
activation on all units in a layer (for one sample).

• Vectorized computation of 𝑎<
["] = 𝑔 𝑧<

" where 𝑔 is the 
activation function such as ReLU, tanh, etc.
• Specifically, we want to compute the activation for all units in the 

layer with one vectorized operation.

# For example in NumPy
Z2 = np.matmul(W2, A1) + B2
A2 = np.tanh(Z2)
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𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝑛 $ , 𝑛%

𝑛[$], 𝑚

𝑛[$], 𝑚

𝑛[$], 𝑚

𝑛[$], 𝑚𝑛%, 𝑚

Vectorized for multiple samples
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𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝑛 $ , 𝑛%

𝑛[$],

𝑛[$],

𝑛[$],

𝑛[$],𝑛%,

𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝑛 $ , 𝑛%

𝑛[$], 𝑚

𝑛[$], 𝑚

𝑛[$], 𝑚

𝑛[$], 𝑚𝑛%, 𝑚

Vectorized for one sample

Vectorized for multiple samples
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𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝑛 $ , 𝑛%

𝑛[$],

𝑛[$],

𝑛[$],

𝑛[$],𝑛%,

𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝑛 $ , 𝑛%

𝑛[$], 𝑚

𝑛[$], 𝑚

𝑛[$], 𝑚

𝑛[$], 𝑚𝑛%, 𝑚

Vectorized for one sample

Vectorized for multiple samples

Elementwise
tanh()𝑧 𝑎

Shape is 𝑛, Shape is 𝑛,

Example: Tanh Activation on Layer for one sample
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Elementwise
tanh()𝑍 𝐴

Shape is 𝑛, Shape is 𝑛,

Example: Tanh Activation Function on Layer for one sample

𝐴 = tanh 𝑍 = 𝑡𝑎𝑛ℎ

𝑧$
𝑧"
𝑧/
⋮
𝑧0

=

𝑡𝑎𝑛ℎ 𝑧$
𝑡𝑎𝑛ℎ 𝑧"
𝑡𝑎𝑛ℎ 𝑧/

⋮
𝑡𝑎𝑛ℎ 𝑧0

=

𝑎$
𝑎"
𝑎/
⋮
𝑎0
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Example: Tanh Activation Function on Layer for one sample

Local Gradients / Jacobian Matrix

𝜕𝐴
𝜕𝑍

=

𝜕𝑎$
𝜕𝑧$

𝜕𝑎"
𝜕𝑧$

…
𝜕𝑎0
𝜕𝑧$

𝜕𝑎$
𝜕𝑧"

𝜕𝑎"
𝜕𝑧"

𝜕𝑎0
𝜕𝑧"

⋮ ⋱ ⋮
𝜕𝑎$
𝜕𝑧0

𝜕𝑎"
𝜕𝑧0

…
𝜕𝑎0
𝜕𝑧0

Elementwise
tanh()𝑍 𝐴

Shape is 𝑛, Shape is 𝑛,
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Elementwise
tanh()𝑍 𝐴

Example: Tanh Activation Function on Layer for one sample

𝜕𝐽
𝜕𝐴

Shape is 𝑛, Shape is 𝑛,

Local Gradients / Jacobian Matrix

𝜕𝐴
𝜕𝑍

=

𝜕𝑎$
𝜕𝑧$

𝜕𝑎"
𝜕𝑧$

…
𝜕𝑎0
𝜕𝑧$

𝜕𝑎$
𝜕𝑧"

𝜕𝑎"
𝜕𝑧"

𝜕𝑎0
𝜕𝑧"

⋮ ⋱ ⋮
𝜕𝑎$
𝜕𝑧0

𝜕𝑎"
𝜕𝑧0

…
𝜕𝑎0
𝜕𝑧0
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Elementwise
tanh()𝑍 𝐴

Example: Tanh Activation Function on Layer for one sample

𝜕𝐽
𝜕𝐴

Remember: Cost is 
scalar!

This is a vector of shape 
𝑛, that tells us how a 

change in each element 
𝑎H of vector 𝐴 will affect 
the Cost.

Shape is 𝑛, Shape is 𝑛,

𝜕𝐴
𝜕𝑍

=

𝜕𝑎$
𝜕𝑧$

𝜕𝑎"
𝜕𝑧$

…
𝜕𝑎0
𝜕𝑧$

𝜕𝑎$
𝜕𝑧"

𝜕𝑎"
𝜕𝑧"

𝜕𝑎0
𝜕𝑧"

⋮ ⋱ ⋮
𝜕𝑎$
𝜕𝑧0

𝜕𝑎"
𝜕𝑧0

…
𝜕𝑎0
𝜕𝑧0

Local Gradients / Jacobian Matrix
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Elementwise
tanh()𝑍 𝐴

Example: Tanh Activation Function on Layer for one sample

𝜕𝐽
𝜕𝑍

=
𝜕𝐴
𝜕𝑍

𝜕𝐽
𝜕𝐴

Matrix-Vector Multiply

𝜕𝐽
𝜕𝐴

Shape is 𝑛, Shape is 𝑛,

𝜕𝐴
𝜕𝑍

=

𝜕𝑎$
𝜕𝑧$

𝜕𝑎"
𝜕𝑧$

…
𝜕𝑎0
𝜕𝑧$

𝜕𝑎$
𝜕𝑧"

𝜕𝑎"
𝜕𝑧"

𝜕𝑎0
𝜕𝑧"

⋮ ⋱ ⋮
𝜕𝑎$
𝜕𝑧0

𝜕𝑎"
𝜕𝑧0

…
𝜕𝑎0
𝜕𝑧0

Remember: Cost is 
scalar!

This is a vector of shape 
𝑛, that tells us how a 

change in each element 
𝑎H of vector 𝐴 will affect 
the Cost.

Local Gradients / Jacobian Matrix
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Example: Tanh Activation Function on Layer for one sample

𝜕𝐽
𝜕𝑎

tanh𝑧 𝑎
Shape is 𝑛7 , Shape is 𝑛7 ,

𝜕𝐽
𝜕𝑧 =

𝜕𝑎
𝜕𝑧

𝜕𝐽
𝜕𝑎

𝜕𝑎
𝜕𝑧

=

𝜕𝑎D
𝜕𝑧D

𝜕𝑎G
𝜕𝑧D

…
𝜕𝑎E,
𝜕𝑧D

𝜕𝑎D
𝜕𝑧G

𝜕𝑎G
𝜕𝑧G

𝜕𝑎E,
𝜕𝑧G

⋮ ⋱ ⋮
𝜕𝑎D
𝜕𝑧E,

𝜕𝑎G
𝜕𝑧E,

…
𝜕𝑎E,
𝜕𝑧E,
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Example: Tanh Activation Function on Layer for one sample

𝜕𝐽
𝜕𝑎

tanh𝑧 𝑎
Shape is 𝑛7 , Shape is 𝑛7 ,

𝜕𝐽
𝜕𝑧 =

𝜕𝑎
𝜕𝑧

𝜕𝐽
𝜕𝑎

• Jacobian Matrices can get impractically large.

𝜕𝑎
𝜕𝑧

=

𝜕𝑎D
𝜕𝑧D

𝜕𝑎G
𝜕𝑧D

…
𝜕𝑎E,
𝜕𝑧D

𝜕𝑎D
𝜕𝑧G

𝜕𝑎G
𝜕𝑧G

𝜕𝑎E,
𝜕𝑧G

⋮ ⋱ ⋮
𝜕𝑎D
𝜕𝑧E,

𝜕𝑎G
𝜕𝑧E,

…
𝜕𝑎E,
𝜕𝑧E,
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Example: Tanh Activation Function on Layer for one sample

• Jacobian Matrices can get impractically large.
• Any simplifications in this case of an 

element-wise operation? Remember:
𝑎D= tanh(𝑧D)
𝑎G= tanh(𝑧G)

⋮
𝑎E,= tanh(𝑧E,)

𝜕𝑎
𝜕𝑧

=

𝜕𝑎D
𝜕𝑧D

𝜕𝑎G
𝜕𝑧D

…
𝜕𝑎E,
𝜕𝑧D

𝜕𝑎D
𝜕𝑧G

𝜕𝑎G
𝜕𝑧G

𝜕𝑎E,
𝜕𝑧G

⋮ ⋱ ⋮
𝜕𝑎D
𝜕𝑧E,

𝜕𝑎G
𝜕𝑧E,

…
𝜕𝑎E,
𝜕𝑧E,

𝜕𝐽
𝜕𝑎

tanh𝑧 𝑎
Shape is 𝑛7 , Shape is 𝑛7 ,

𝜕𝐽
𝜕𝑧 =

𝜕𝑎
𝜕𝑧

𝜕𝐽
𝜕𝑎
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Example: Tanh Activation Function on Layer for one sample

• Jacobian Matrices can get impractically large.
• Any simplifications in this case of an 
• element-wise operation?
• Jacobian is a diagonal matrix! 
• This is true for all elementwise vector 

operations!

Remember:
𝑎D= tanh(𝑧D)
𝑎G= tanh(𝑧G)

⋮
𝑎E,= tanh(𝑧E,)

𝜕𝑎
𝜕𝑧

=

𝜕𝑎D
𝜕𝑧D

0 … 0

0
𝜕𝑎G
𝜕𝑧G

0

⋮ ⋱ ⋮

0 0 …
𝜕𝑎E,
𝜕𝑧E,

𝜕𝐽
𝜕𝑎

tanh𝑧 𝑎
Shape is 𝑛7 , Shape is 𝑛7 ,

𝜕𝐽
𝜕𝑧 =

𝜕𝑎
𝜕𝑧

𝜕𝐽
𝜕𝑎



slide 100/234 Brad Quinton, Scott Chin

Jacobian Matrix for 
Element-wise Vector Operations
• Jacobian is diagonal (hence sparse) for element-wise vector operations
• Turns out, (most) vector operations used in neural networks have 

sparse Jacobian matrices
• Do not need to construct the full Jacobian matrix and never have to 

compute its full matrix-vector multiply with the upstream gradients
• Vectorized backprop is all about taking advantage of this, and getting 

around full Jacobian construction and multiplication
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Example: Tanh Activation Function on Layer for one sample

𝑎H = tanh(𝑧H)

𝜕𝐽
𝜕𝑎

tanh𝑧 𝑎
Shape is 𝑛7 , Shape is 𝑛7 ,

𝜕𝐽
𝜕𝑧 =

𝜕𝑎
𝜕𝑧

𝜕𝐽
𝜕𝑎
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Example: Tanh Activation Function on Layer for one sample

Compute this with element-
wise vector operations

𝑎H = tanh(𝑧H)

𝜕𝑎H
𝜕𝑧H

= 1 − tanhG 𝑧H = 1 − 𝑎HG 𝜕𝐽
𝜕𝑎

tanh𝑧 𝑎
Shape is 𝑛7 , Shape is 𝑛7 ,

𝜕𝐽
𝜕𝑧 =

𝜕𝑎
𝜕𝑧

𝜕𝐽
𝜕𝑎
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Example: Tanh Activation Function on Layer for one sample

𝜕𝐽
𝜕𝑧H

=
𝜕𝑎H
𝜕𝑧H

∗
𝜕𝐽
𝜕𝑎H

𝑎H = tanh(𝑧H)

𝜕𝑎H
𝜕𝑧H

= 1 − tanhG 𝑧H = 1 − 𝑎HG

Compute this with element-
wise vector operations

Compute this with 
element-wise vector multipication

𝜕𝐽
𝜕𝑎

tanh𝑧 𝑎
Shape is 𝑛7 , Shape is 𝑛7 ,

𝜕𝐽
𝜕𝑧 =

𝜕𝑎
𝜕𝑧

𝜕𝐽
𝜕𝑎
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Example: Tanh Activation Function on Layer for one sample

𝜕𝐽
𝜕𝑧H

=
𝜕𝑎H
𝜕𝑧H

∗
𝜕𝐽
𝜕𝑎H

𝑎H = tanh(𝑧H)

𝜕𝑎H
𝜕𝑧H

= 1 − tanhG 𝑧H = 1 − 𝑎HG

Compute this with element-
wise vector operations

Compute this with 
element-wise vector multipication

Full Jacobian is NEVER computed
We don’t do a full matrix-vector multiply!

𝜕𝐽
𝜕𝑎

tanh𝑧 𝑎
Shape is 𝑛7 , Shape is 𝑛7 ,

𝜕𝐽
𝜕𝑧 =

𝜕𝑎
𝜕𝑧

𝜕𝐽
𝜕𝑎



slide 105/234 Brad Quinton, Scott Chinslide 105

Example: Tanh Activation Function on Layer for one sample

𝜕𝐽
𝜕𝑧H

=
𝜕𝑎H
𝜕𝑧H

∗
𝜕𝐽
𝜕𝑎H # Assuming a and dJ_da are numpy vectors

dJ_dz = np.multiply(1-np.square(a), dJ_da) 

For example, in numpy (for one sample):

𝑎H = tanh(𝑧H)

𝜕𝑎H
𝜕𝑧H

= 1 − tanhG 𝑧H = 1 − 𝑎HG

Compute this with element-
wise vector operations

Compute this with 
element-wise vector multipication

𝜕𝐽
𝜕𝑎

tanh𝑧 𝑎
Shape is 𝑛7 , Shape is 𝑛7 ,

𝜕𝐽
𝜕𝑧 =

𝜕𝑎
𝜕𝑧

𝜕𝐽
𝜕𝑎
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Example: Tanh Activation Function on Layer for one sample

𝑎1 = tanh(𝑧1)
𝜕𝑎1
𝜕𝑧1

= 1 − tanh" 𝑧1 = 1 − 𝑎1"

𝑧 =
0.8
1

−0.5
−0.1

𝑎 =

tanh(0.8)
tanh(1)

tanh(−0.5)
tanh(−0.1)

=
0.66
0.76
−0.46
−0.10

Forward Propagation

tanh𝑧 𝑎
Shape is 𝑛7 , Shape is 𝑛7 ,

𝜕𝐽
𝜕𝑧1

=
𝜕𝑎1
𝜕𝑧1

∗
𝜕𝐽
𝜕𝑎1
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Example: Tanh Activation Function on Layer for one sample

𝑎1 = tanh(𝑧1)
𝜕𝑎1
𝜕𝑧1

= 1 − tanh" 𝑧1 = 1 − 𝑎1"

𝑧 =
0.8
1

−0.5
−0.1

𝑎 =

tanh(0.8)
tanh(1)

tanh(−0.5)
tanh(−0.1)

=
0.66
0.76
−0.46
−0.10

Forward Propagation

𝜕𝐽
𝜕𝑎

tanh𝑧 𝑎
Shape is 𝑛7 , Shape is 𝑛7 ,

Back Propagation

𝜕𝐽
𝜕𝑎

=
−0.2
0.5
−0.3
−0.6

𝜕𝐽
𝜕𝑧1

=
𝜕𝑎1
𝜕𝑧1

∗
𝜕𝐽
𝜕𝑎1
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Example: Tanh Activation Function on Layer for one sample

𝜕𝐽
𝜕𝑧1

=
𝜕𝑎1
𝜕𝑧1

∗
𝜕𝐽
𝜕𝑎1

𝑎1 = tanh(𝑧1)
𝜕𝑎1
𝜕𝑧1

= 1 − tanh" 𝑧1 = 1 − 𝑎1"

𝑧 =
0.8
1

−0.5
−0.1

𝜕𝑎
𝜕𝑧

=
1 − 0.66"
1 − 0.76"
1 + 0.46"
1 + 0.10"

=
0.56
0.42
0.79
0.99

𝑎 =

tanh(0.8)
tanh(1)

tanh(−0.5)
tanh(−0.1)

=
0.66
0.76
−0.46
−0.10

Forward Propagation

𝜕𝐽
𝜕𝑎

tanh𝑧 𝑎
Shape is 𝑛7 , Shape is 𝑛7 ,

Back Propagation

𝜕𝐽
𝜕𝑎

=
−0.2
0.5
−0.3
−0.6
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Example: Tanh Activation Function on Layer for one sample

𝑎1 = tanh(𝑧1)
𝜕𝑎1
𝜕𝑧1

= 1 − tanh" 𝑧1 = 1 − 𝑎1"

𝑧 =
0.8
1

−0.5
−0.1

𝜕𝑎
𝜕𝑧

=
1 − 0.66"
1 − 0.76"
1 + 0.46"
1 + 0.10"

=
0.56
0.42
0.79
0.99

𝑎 =

tanh(0.8)
tanh(1)

tanh(−0.5)
tanh(−0.1)

=
0.66
0.76
−0.46
−0.10

Forward Propagation

Back Propagation

𝜕𝐽
𝜕𝑎

=
−0.2
0.5
−0.3
−0.6

Not the full Jacobian! Just the diagonal!

𝜕𝑎
𝜕𝑧 .2**

=

0.56 0 0 0
0 0.42 0 0
0 0 0.79 0
0 0 0 0.99

𝜕𝐽
𝜕𝑧1

=
𝜕𝑎1
𝜕𝑧1

∗
𝜕𝐽
𝜕𝑎1 𝜕𝐽

𝜕𝑎

tanh𝑧 𝑎
Shape is 𝑛7 , Shape is 𝑛7 ,
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Example: Tanh Activation Function on Layer for one sample

𝜕𝐽
𝜕𝑧1

=
𝜕𝑎1
𝜕𝑧1

∗
𝜕𝐽
𝜕𝑎1

𝑎1 = tanh(𝑧1)
𝜕𝑎1
𝜕𝑧1

= 1 − tanh" 𝑧1 = 1 − 𝑎1"

𝑧 =
0.8
1

−0.5
−0.1

𝜕𝑎
𝜕𝑧

=
1 − 0.66"
1 − 0.76"
1 + 0.46"
1 + 0.10"

=
0.56
0.42
0.79
0.99

𝑎 =

tanh(0.8)
tanh(1)

tanh(−0.5)
tanh(−0.1)

=
0.66
0.76
−0.46
−0.10

Forward Propagation

Back Propagation

𝜕𝐽
𝜕𝑎

=
−0.2
0.5
−0.3
−0.6

𝜕𝐽
𝜕𝑧

=
0.56 ∗ −0.2
0.42 ∗ 0.5
0.79 ∗ −0.3
0.99 ∗ −0.6

=
−0.11
0.21
−0.24
−0.59

𝜕𝐽
𝜕𝑧

𝜕𝐽
𝜕𝑎

tanh𝑧 𝑎
Shape is 𝑛7 , Shape is 𝑛7 ,
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Elementwise
tanh()𝑍 𝐴

Example: Tanh Activation Function on Layer for one sample

𝜕𝐴
𝜕𝑍

=

𝜕𝑎$
𝜕𝑧$

0 … 0

0
𝜕𝑎"
𝜕𝑧"

0

⋮ ⋱ ⋮

0 0 …
𝜕𝑎0
𝜕𝑧0

Remember:
𝑎D= tanh(𝑧D)
𝑎G= tanh(𝑧G)

⋮
𝑎E= tanh(𝑧E)

Summary
• Elementwise operation
• Therefore only non-zero 

values are along diagonal
• We don’t need to construct 

the full Jacobian

Shape is 𝑛, Shape is 𝑛,

Local Gradients / Jacobian Matrix

𝜕𝐽
𝜕𝑍

=
𝜕𝐴
𝜕𝑍

𝜕𝐽
𝜕𝐴

𝜕𝐽
𝜕𝐴
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Example: ReLU Activation Function on Layer for one sample

𝜕𝐽
𝜕𝐴

ReLU𝑍 𝐴
Shape is 𝑛, Shape is 𝑛,

𝜕𝐽
𝜕𝑍

𝐴 = relu 𝑍 =

relu 𝑧$
relu 𝑧"
relu 𝑧/

⋮
relu 𝑧0

=

max 𝑧$, 0
max 𝑧", 0
max 𝑧/, 0

⋮
max 𝑧0, 0

=

𝑎$
𝑎"
𝑎/
⋮
𝑎0
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Local Gradients / Jacobian Matrix

Example: ReLU Activation Function on Layer for one sample

𝜕𝐽
𝜕𝐴

ReLU𝑍 𝐴
Shape is 𝑛, Shape is 𝑛,

𝜕𝐽
𝜕𝑍

𝐴 = relu 𝑍 =

relu 𝑧$
relu 𝑧"
relu 𝑧/

⋮
relu 𝑧0

=

max 𝑧$, 0
max 𝑧", 0
max 𝑧/, 0

⋮
max 𝑧0, 0

=

𝑎$
𝑎"
𝑎/
⋮
𝑎0

𝜕𝐴
𝜕𝑍 =

𝜕𝑎$
𝜕𝑧$

𝜕𝑎"
𝜕𝑧$

…
𝜕𝑎0
𝜕𝑧$

𝜕𝑎$
𝜕𝑧"

𝜕𝑎"
𝜕𝑧"

𝜕𝑎0
𝜕𝑧"

⋮ ⋱ ⋮
𝜕𝑎$
𝜕𝑧0

𝜕𝑎"
𝜕𝑧0

…
𝜕𝑎0
𝜕𝑧0
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Example: ReLU Activation Function on Layer for one sample

𝜕𝐽
𝜕𝐴

ReLU𝑍 𝐴
Shape is 𝑛, Shape is 𝑛,

𝜕𝐽
𝜕𝑍

𝐴 = relu 𝑍 =

relu 𝑧$
relu 𝑧"
relu 𝑧/

⋮
relu 𝑧0

=

max 𝑧$, 0
max 𝑧", 0
max 𝑧/, 0

⋮
max 𝑧0, 0

=

𝑎$
𝑎"
𝑎/
⋮
𝑎0

𝜕𝐴
𝜕𝑍 =

𝜕𝑎$
𝜕𝑧$

𝜕𝑎"
𝜕𝑧$

…
𝜕𝑎0
𝜕𝑧$

𝜕𝑎$
𝜕𝑧"

𝜕𝑎"
𝜕𝑧"

𝜕𝑎0
𝜕𝑧"

⋮ ⋱ ⋮
𝜕𝑎$
𝜕𝑧0

𝜕𝑎"
𝜕𝑧0

…
𝜕𝑎0
𝜕𝑧0

Local Gradients / Jacobian Matrix

𝜕𝐽
𝜕𝑍

=
𝜕𝐴
𝜕𝑍

𝜕𝐽
𝜕𝐴
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Example: ReLU Activation Function on Layer for one sample

𝜕𝐽
𝜕𝐴

ReLU𝑍 𝐴
Shape is 𝑛, Shape is 𝑛,

𝜕𝐽
𝜕𝑍

𝐴 = relu 𝑍 =

relu 𝑧$
relu 𝑧"
relu 𝑧/

⋮
relu 𝑧0

=

max 𝑧$, 0
max 𝑧", 0
max 𝑧/, 0

⋮
max 𝑧0, 0

=

𝑎$
𝑎"
𝑎/
⋮
𝑎0

𝜕𝐴
𝜕𝑍 =

𝜕𝑎$
𝜕𝑧$

0 … 0

0
𝜕𝑎"
𝜕𝑧"

0

⋮ ⋱ ⋮

0 0 …
𝜕𝑎0
𝜕𝑧0

Local Gradients / Jacobian Matrix

𝜕𝐽
𝜕𝑍

=
𝜕𝐴
𝜕𝑍

𝜕𝐽
𝜕𝐴

Since this is an elementwise vector operation, We 
know that only the diagonal of the Jacobian will be 
nonzero
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Example: ReLU Activation Function on Layer for one sample

𝜕𝐽
𝜕𝐴

ReLU𝑍 𝐴
Shape is 𝑛, Shape is 𝑛,

𝜕𝐽
𝜕𝑍

𝐴 = relu 𝑍 =

relu 𝑧$
relu 𝑧"
relu 𝑧/

⋮
relu 𝑧0

=

max 𝑧$, 0
max 𝑧", 0
max 𝑧/, 0

⋮
max 𝑧0, 0

=

𝑎$
𝑎"
𝑎/
⋮
𝑎0

𝜕𝐴
𝜕𝑍 =

𝜕𝑎$
𝜕𝑧$

0 … 0

0
𝜕𝑎"
𝜕𝑧"

0

⋮ ⋱ ⋮

0 0 …
𝜕𝑎0
𝜕𝑧0

Local Gradients / Jacobian Matrix

𝜕𝐽
𝜕𝑍

=
𝜕𝐴
𝜕𝑍

𝜕𝐽
𝜕𝐴

Simplifies to this

𝜕𝐽
𝜕𝑍 =

𝜕𝑎D
𝜕𝑧D

∗
𝜕𝐽
𝜕𝑎D

𝜕𝑎G
𝜕𝑧G

∗
𝜕𝐽
𝜕𝑎G
⋮

𝜕𝑎E
𝜕𝑧E

∗
𝜕𝐽
𝜕𝑎E



slide 118/234 Brad Quinton, Scott Chinslide 118

Example: ReLU Activation Function on Layer for one sample

𝜕𝐽
𝜕𝐴

ReLU𝑍 𝐴
Shape is 𝑛, Shape is 𝑛,

𝜕𝐽
𝜕𝑍

𝐴 = relu 𝑍 =

relu 𝑧$
relu 𝑧"
relu 𝑧/

⋮
relu 𝑧0

=

max 𝑧$, 0
max 𝑧", 0
max 𝑧/, 0

⋮
max 𝑧0, 0

=

𝑎$
𝑎"
𝑎/
⋮
𝑎0

𝜕𝐽
𝜕𝑍

=

𝜕𝑎D
𝜕𝑧D

∗
𝜕𝐽
𝜕𝑎D

𝜕𝑎G
𝜕𝑧G

∗
𝜕𝐽
𝜕𝑎G
⋮

𝜕𝑎E
𝜕𝑧E

∗
𝜕𝐽
𝜕𝑎E
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Example: ReLU Activation Function on Layer for one sample

𝜕𝐽
𝜕𝐴

ReLU𝑍 𝐴
Shape is 𝑛, Shape is 𝑛,

𝜕𝐽
𝜕𝑍

𝐴 = relu 𝑍 =

relu 𝑧$
relu 𝑧"
relu 𝑧/

⋮
relu 𝑧0

=

max 𝑧$, 0
max 𝑧", 0
max 𝑧/, 0

⋮
max 𝑧0, 0

=

𝑎$
𝑎"
𝑎/
⋮
𝑎0

𝜕𝐽
𝜕𝑍

=

𝜕𝑎D
𝜕𝑧D

∗
𝜕𝐽
𝜕𝑎D

𝜕𝑎G
𝜕𝑧G

∗
𝜕𝐽
𝜕𝑎G
⋮

𝜕𝑎E
𝜕𝑧E

∗
𝜕𝐽
𝜕𝑎E

𝜕𝑎H
𝜕𝑧H

= @1, 𝑧H ≥ 0
0, 𝑧H < 0

𝑎H = max(0, 𝑧H) = @𝑧H, 𝑧H ≥ 0
0, 𝑧H < 0
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Example: ReLU Activation Function on Layer for one sample

𝜕𝐽
𝜕𝐴

ReLU𝑍 𝐴
Shape is 𝑛, Shape is 𝑛,

𝜕𝐽
𝜕𝑍

𝐴 = relu 𝑍 =

relu 𝑧$
relu 𝑧"
relu 𝑧/

⋮
relu 𝑧0

=

max 𝑧$, 0
max 𝑧", 0
max 𝑧/, 0

⋮
max 𝑧0, 0

=

𝑎$
𝑎"
𝑎/
⋮
𝑎0

𝜕𝐽
𝜕𝑍

=

𝜕𝑎D
𝜕𝑧D

∗
𝜕𝐽
𝜕𝑎D

𝜕𝑎G
𝜕𝑧G

∗
𝜕𝐽
𝜕𝑎G
⋮

𝜕𝑎E
𝜕𝑧E

∗
𝜕𝐽
𝜕𝑎E

𝜕𝑎H
𝜕𝑧H

= @1, 𝑧H ≥ 0
0, 𝑧H < 0

𝜕𝑎H
𝜕𝑧H

∗
𝜕𝐽
𝜕𝑎H

=
1 ∗

𝜕𝐽
𝜕𝑎H

, 𝑧H ≥ 0

0 ∗
𝜕𝐽
𝜕𝑎H

, 𝑧H < 0

𝑎H = max(0, 𝑧H) = @𝑧H, 𝑧H ≥ 0
0, 𝑧H < 0
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Example: ReLU Activation Function on Layer for one sample

𝜕𝐽
𝜕𝐴

ReLU𝑍 𝐴
Shape is 𝑛, Shape is 𝑛,

𝜕𝐽
𝜕𝑍

𝐴 = relu 𝑍 =

relu 𝑧$
relu 𝑧"
relu 𝑧/

⋮
relu 𝑧0

=

max 𝑧$, 0
max 𝑧", 0
max 𝑧/, 0

⋮
max 𝑧0, 0

=

𝑎$
𝑎"
𝑎/
⋮
𝑎0

𝜕𝐽
𝜕𝑍

=

𝜕𝑎D
𝜕𝑧D

∗
𝜕𝐽
𝜕𝑎D

𝜕𝑎G
𝜕𝑧G

∗
𝜕𝐽
𝜕𝑎G
⋮

𝜕𝑎E
𝜕𝑧E

∗
𝜕𝐽
𝜕𝑎E

𝜕𝑎H
𝜕𝑧H

= @1, 𝑧H ≥ 0
0, 𝑧H < 0

𝜕𝑎H
𝜕𝑧H

∗
𝜕𝐽
𝜕𝑎H

= E
𝜕𝐽
𝜕𝑎H

, 𝑧H ≥ 0

0, 𝑧H < 0

𝑎H = max(0, 𝑧H) = @𝑧H, 𝑧H ≥ 0
0, 𝑧H < 0

Simply copy over upstream 
gradient or set to 0

Extremely efficient implicit
Jacobian matrix-vector multiply!
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Example: ReLU Activation Function on Layer for one sample with Numbers

𝜕𝐽
𝜕𝑧H

= E
𝜕𝐽
𝜕𝑎H

, 𝑧H ≥ 0

0, 𝑧H < 0

𝑎H = max(0, 𝑧H) = @𝑧H, 𝑧H ≥ 0
0, 𝑧H < 0

𝜕𝐽
𝜕𝐴

ReLU𝑍 𝐴
Shape is 𝑛, Shape is 𝑛,

𝜕𝐽
𝜕𝑍
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Example: ReLU Activation Function on Layer for one sample with Numbers

𝜕𝐽
𝜕𝑧H

= E
𝜕𝐽
𝜕𝑎H

, 𝑧H ≥ 0

0, 𝑧H < 0

𝑎H = max(0, 𝑧H) = @𝑧H, 𝑧H ≥ 0
0, 𝑧H < 0

𝑍 =
0.8
1.2
−0.5
0.1

Forward Propagation

𝜕𝐽
𝜕𝐴

ReLU𝑍 𝐴
Shape is 𝑛, Shape is 𝑛,

𝜕𝐽
𝜕𝑍
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Example: ReLU Activation Function on Layer for one sample with Numbers

𝜕𝐽
𝜕𝑧H

= E
𝜕𝐽
𝜕𝑎H

, 𝑧H ≥ 0

0, 𝑧H < 0

𝑎H = max(0, 𝑧H) = @𝑧H, 𝑧H ≥ 0
0, 𝑧H < 0

𝑍 =
0.8
1.2
−0.5
0.1

𝐴 =
0.8
1.2
0
0.1

Forward Propagation

𝜕𝐽
𝜕𝐴

ReLU𝑍 𝐴
Shape is 𝑛, Shape is 𝑛,

𝜕𝐽
𝜕𝑍
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Example: ReLU Activation Function on Layer for one sample with Numbers

Back Propagation

𝜕𝐽
𝜕𝐴

=
−0.2
0.5
−0.3
−0.6

𝜕𝐽
𝜕𝑧H

= E
𝜕𝐽
𝜕𝑎H

, 𝑧H ≥ 0

0, 𝑧H < 0

𝑎H = max(0, 𝑧H) = @𝑧H, 𝑧H ≥ 0
0, 𝑧H < 0

𝑍 =
0.8
1.2
−0.5
0.1

𝐴 =
0.8
1.2
0
0.1

Forward Propagation

𝜕𝐽
𝜕𝐴

ReLU𝑍 𝐴
Shape is 𝑛, Shape is 𝑛,

𝜕𝐽
𝜕𝑍
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Example: ReLU Activation Function on Layer for one sample with Numbers

Back Propagation

𝜕𝐽
𝜕𝐴

=
−0.2
0.5
−0.3
−0.6

𝜕𝐽
𝜕𝑍

=
−0.2
0.5
0

−0.6

𝜕𝐽
𝜕𝑧H

= E
𝜕𝐽
𝜕𝑎H

, 𝑧H ≥ 0

0, 𝑧H < 0

𝑎H = max(0, 𝑧H) = @𝑧H, 𝑧H ≥ 0
0, 𝑧H < 0

𝑍 =
0.8
1.2
−0.5
0.1

𝐴 =
0.8
1.2
0
0.1

Forward Propagation

𝜕𝐽
𝜕𝐴

ReLU𝑍 𝐴
Shape is 𝑛, Shape is 𝑛,

𝜕𝐽
𝜕𝑍
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Example: ReLU Activation Function on Layer for one sample with Numbers

Back Propagation

𝜕𝐽
𝜕𝐴

=
−0.2
0.5
−0.3
−0.6

𝜕𝐽
𝜕𝑍

=
−0.2
0.5
0

−0.6

𝜕𝐴
𝜕𝑍

=

1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 1

𝜕𝐽
𝜕𝑧H

= E
𝜕𝐽
𝜕𝑎H

, 𝑧H ≥ 0

0, 𝑧H < 0

𝑎H = max(0, 𝑧H) = @𝑧H, 𝑧H ≥ 0
0, 𝑧H < 0

𝑍 =
0.8
1.2
−0.5
0.1

𝐴 =
0.8
1.2
0
0.1

Forward Propagation

Full Jacobian not needed!

𝜕𝐽
𝜕𝐴

ReLU𝑍 𝐴
Shape is 𝑛, Shape is 𝑛,

𝜕𝐽
𝜕𝑍
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Backpropagation with Matrices
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𝑓

𝑥
Matrix of Shape (𝑛,, 𝑚,)

𝑦
Matrix of Shape (𝑛-, 𝑚-)

Matrix of Shape (𝑛., 𝑚.)
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Tensors

• For our purposes, Tensors are multidimensional arrays. 

Examples with special names:
• A scalar is a 0d Tensor
• A vector is a 1d Tensor
• A matrix is a 2d tensor
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𝑓

𝑥
Matrix of Shape (𝑛,, 𝑚,)

𝑦
Matrix of Shape (𝑛-, 𝑚-)

Matrix of Shape (𝑛., 𝑚.)

Local Derivatives are high-order Tensors

𝜕𝑓
𝜕𝑥

is shape 
𝑛,, 𝑚,, 𝑛., 𝑚.

𝜕𝑓
𝜕𝑦

is shape 
𝑛-, 𝑚-, 𝑛., 𝑚.
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𝑓

𝑥
Matrix of Shape (𝑛,, 𝑚,)

𝑦
Matrix of Shape (𝑛-, 𝑚-)

Matrix of Shape (𝑛., 𝑚.)
𝜕𝑓
𝜕𝑥

is shape 
𝑛,, 𝑚,, 𝑛., 𝑚.

𝜕𝑓
𝜕𝑦

is shape 
𝑛-, 𝑚-, 𝑛., 𝑚.

IL
IK tells you how each of the (𝑛K, 𝑚K) inputs 

affects each of the (𝑛L, 𝑚L) outputs

Local Derivatives are high-order Tensors
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𝑓

𝑥
Matrix of Shape (𝑛,, 𝑚,)

𝑦
Matrix of Shape (𝑛-, 𝑚-)

Matrix of Shape (𝑛., 𝑚.)

𝜕𝐽
𝜕𝑓

Upstream gradient is with 
respect to Cost 𝐽 (a scalar)

i.e. How does each of the 
(𝑛L, 𝑚L) outputs affect the Cost

Shape (𝑛., 𝑚.)

𝜕𝑓
𝜕𝑥

is shape 
𝑛,, 𝑚,, 𝑛., 𝑚.

𝜕𝑓
𝜕𝑦

is shape 
𝑛-, 𝑚-, 𝑛., 𝑚.

Local Derivatives are high-order Tensors



slide 134/234 Brad Quinton, Scott Chinslide 134

𝑓

𝑥
Matrix of Shape (𝑛,, 𝑚,)

𝑦
Matrix of Shape (𝑛-, 𝑚-)

Matrix of Shape (𝑛., 𝑚.)
𝜕𝐽
𝜕𝑥

=
𝜕𝑓
𝜕𝑥

𝜕𝐽
𝜕𝑓

Shape (𝑛., 𝑚.)

𝑛,, 𝑚,, 𝑛., 𝑚. *(𝑛., 𝑚.) = 𝑛,, 𝑚,

Chain Rule application is Tensor-Matrix Multiply

𝜕𝑓
𝜕𝑥

is shape 
𝑛,, 𝑚,, 𝑛., 𝑚.

𝜕𝑓
𝜕𝑦

is shape 
𝑛-, 𝑚-, 𝑛., 𝑚.

Local Derivatives are high-order Tensors

𝜕𝐽
𝜕𝑓

Upstream gradient is with 
respect to Cost 𝐽 (a scalar)

i.e. How does each of the 
(𝑛L, 𝑚L) outputs affect the Cost
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𝑓

𝑥
Matrix of Shape (𝑛,, 𝑚,)

𝑦
Matrix of Shape (𝑛-, 𝑚-)

Matrix of Shape (𝑛., 𝑚.)
𝜕𝐽
𝜕𝑥

=
𝜕𝑓
𝜕𝑥

𝜕𝐽
𝜕𝑓

Shape (𝑛., 𝑚.)

𝑛,, 𝑚,, 𝑛., 𝑚. *(𝑛., 𝑚.) = 𝑛,, 𝑚,

𝜕𝐽
𝜕𝑦

=
𝜕𝑓
𝜕𝑦

𝜕𝐽
𝜕𝑓

𝑛-, 𝑚-, 𝑛., 𝑚. *(𝑛., 𝑚.) = 𝑛-, 𝑚-

𝜕𝑓
𝜕𝑥

is shape 
𝑛,, 𝑚,, 𝑛., 𝑚.

𝜕𝑓
𝜕𝑦

is shape 
𝑛-, 𝑚-, 𝑛., 𝑚.

Local Derivatives are high-order Tensors

Chain Rule application is Tensor-Matrix Multiply

𝜕𝐽
𝜕𝑓

Upstream gradient is with 
respect to Cost 𝐽 (a scalar)

i.e. How does each of the 
(𝑛L, 𝑚L) outputs affect the Cost
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Example: Matrix Multiplcation
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝐵 % has shape (5,) 𝐵 & has shape (4,) 𝐵 ' has shape (3,)

𝐴 % has shape (5,) 𝐴 & has shape (4,) -𝑌 = 𝐴 ' has shape (3,)

𝐴 # = 𝑋
has shape (2,)

𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝑊[&]

mat
mul

𝐵[&]

+

𝑔( )

𝐴[&]

𝑍[']

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑍 % has shape (5,) 𝑍 & has shape (4,) 𝑍 ' has shape (3,)

𝑛 $ , 𝑛%

𝑛[$],

𝑛[$], 𝑚

𝑛[$], 𝑚

𝑛[$], 𝑚 𝑛[(], 𝑛[$]

𝑛[(],

𝑛[(], 𝑚

𝑛[(], 𝑚

𝑛[(], 𝑚
𝑛[)], 𝑛[(]

𝑛[)],

𝑛[)], 𝑚

𝑛[)], 𝑚

𝑛[)], 𝑚𝑛%, 𝑚
𝐿𝑜𝑠𝑠

𝑌

Training
Loss

𝐿

3,𝑚

𝑚,

𝐶𝑜𝑠𝑡

𝐽 =
1
𝑚1

+.%

5

𝐿(+)

𝐽
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝐵 % has shape (5,) 𝐵 & has shape (4,) 𝐵 ' has shape (3,)

𝐴 % has shape (5,) 𝐴 & has shape (4,) -𝑌 = 𝐴 ' has shape (3,)

𝐴 # = 𝑋
has shape (2,)

𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝑊[&]

mat
mul

𝐵[&]

+

𝑔( )

𝐴[&]

𝑍[']

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑍 % has shape (5,) 𝑍 & has shape (4,) 𝑍 ' has shape (3,)

𝑛 $ , 𝑛%

𝑛[$],

𝑛[$], 𝑚

𝑛[$], 𝑚

𝑛[$], 𝑚 𝑛[(], 𝑛[$]

𝑛[(],

𝑛[(], 𝑚

𝑛[(], 𝑚

𝑛[(], 𝑚
𝑛[)], 𝑛[(]

𝑛[)],

𝑛[)], 𝑚

𝑛[)], 𝑚

𝑛[)], 𝑚𝑛%, 𝑚
𝐿𝑜𝑠𝑠

𝑌

Training
Loss

𝐿

3,𝑚

𝑚,

𝐶𝑜𝑠𝑡

𝐽 =
1
𝑚1

+.%

5

𝐿(+)

𝐽
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Example: Matrix Multiplcation

𝑋

𝑊

mat
mul

𝑛7 , 𝑛!

𝑛7 , 𝑚

𝑛! , 𝑚

Example:
𝑛A = 3
𝑛a = 2
𝑚 = 4

2,3

3,4

2,4

𝑓
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4 2 −2 −2
8 −1 10 6 (𝑛3, 𝑚)

mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥
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3 2 −2 2
8 −1 10 6

𝜕𝐽
𝜕𝑓

𝜕𝐽
𝜕𝑤

=
𝜕𝑓
𝜕𝑤

𝜕𝐽
𝜕𝑓

(𝑛3, 𝑚)
mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

4 2 −2 −2
8 −1 10 6
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3 2 −2 2
8 −1 10 6

𝜕𝐽
𝜕𝑓

𝜕𝐽
𝜕𝑤

=
𝜕𝑓
𝜕𝑤

𝜕𝐽
𝜕𝑓

• Jacobian is shape 𝑛a , 𝑛A , 𝑛a , 𝑚

This can get big. For example:
• 𝑚 = 128
• 𝑛a = 𝑛A = 2048
• Full Jacobian is 

2048*2048*2048*128*4bytes = 1TeraByte! 

(𝑛3, 𝑚)
mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

4 2 −2 −2
8 −1 10 6
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3 2 −2 2
8 −1 10 6

𝜕𝐽
𝜕𝑓𝜕𝐽

𝜕𝑤

(𝑛3, 𝑚)

𝜕𝐽
𝜕𝑤%,%

𝜕𝐽
𝜕𝑤%,&

𝜕𝐽
𝜕𝑤%,'

𝜕𝐽
𝜕𝑤&,%

𝜕𝐽
𝜕𝑤&,&

𝜕𝐽
𝜕𝑤&,' • Let’s look at the Jacobian and see if we can 

avoid forming it

• Let’s start by computing gradients ?@
?b

• ?@
?b

will have the same shape as 𝑤
• Let’s look at each element separately
• Each element tells us how much the one 

weight 𝑤<,c affects 𝐽

mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

4 2 −2 −2
8 −1 10 6
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3 2 −2 2
8 −1 10 6

(𝑛3, 𝑚)

𝜕𝐽
𝜕𝑤D,D

=
𝜕𝑓
𝜕𝑤D,D

H
𝜕𝐽
𝜕𝑓

mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝐽
𝜕𝑓𝜕𝐽

𝜕𝑤

𝜕𝐽
𝜕𝑤%,%

𝜕𝐽
𝜕𝑤%,&

𝜕𝐽
𝜕𝑤%,'

𝜕𝐽
𝜕𝑤&,%

𝜕𝐽
𝜕𝑤&,&

𝜕𝐽
𝜕𝑤&,'

4 2 −2 −2
8 −1 10 6
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3 2 −2 2
8 −1 10 6

(𝑛3, 𝑚)

𝜕𝐽
𝜕𝑤D,D

=
𝜕𝑓
𝜕𝑤D,D

H
𝜕𝐽
𝜕𝑓

How does the one weight 𝑤D,D affect 𝐽? Slice of the Jacobian.
How does the one weight 𝑤D,D affect 𝑓?
Derivative of a matrix by a scalar 

mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝐽
𝜕𝑓𝜕𝐽

𝜕𝑤

𝜕𝐽
𝜕𝑤%,%

𝜕𝐽
𝜕𝑤%,&

𝜕𝐽
𝜕𝑤%,'

𝜕𝐽
𝜕𝑤&,%

𝜕𝐽
𝜕𝑤&,&

𝜕𝐽
𝜕𝑤&,'

4 2 −2 −2
8 −1 10 6
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Math – Derivative of a Matrix by a Scalar

• Consider a matrix output function 𝑓 with 
• Scalar input 𝑥
• Matrix output 𝐹 with shape (n, m) 

• How does a small change the input, 𝑥, affect each output?
• Derivative is same shape as the output matrix

𝜕𝐹
𝜕𝑥

=

𝜕𝑓$,$
𝜕𝑥

,
𝜕𝑓$,=
𝜕𝑥

, ⋯
𝜕𝑓$,d
𝜕𝑥

⋮ ⋱ ⋮
𝜕𝑓>,$
𝜕𝑥

,
𝜕𝑓>,=
𝜕𝑥

⋯
𝜕𝑓>,d
𝜕𝑥
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3 1 −1 4
−2 2 5 1

(𝑛3, 𝑚)

𝜕𝐽
𝜕𝑤D,D

=
𝜕𝑓
𝜕𝑤D,D

H
𝜕𝐽
𝜕𝑓

How does the one weight 𝑤D,D affect 𝐽? Slice of the Jacobian.
How does the one weight 𝑤D,D affect 𝑓?
Derivative of a matrix by a scalar 

mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝐽
𝜕𝑓𝜕𝐽

𝜕𝑤

𝜕𝐽
𝜕𝑤%,%

𝜕𝐽
𝜕𝑤%,&

𝜕𝐽
𝜕𝑤%,'

𝜕𝐽
𝜕𝑤&,%

𝜕𝐽
𝜕𝑤&,&

𝜕𝐽
𝜕𝑤&,'

4 2 −2 −2
8 −1 10 6
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝜕𝑓
𝜕𝑤$,$

=

𝜕𝑓$,$
𝜕𝑤$,$

𝜕𝑓$,"
𝜕𝑤$,$

𝜕𝑓$,/
𝜕𝑤$,$

𝜕𝑓$,5
𝜕𝑤$,$

𝜕𝑓",$
𝜕𝑤$,$

𝜕𝑓","
𝜕𝑤$,$

𝜕𝑓",/
𝜕𝑤$,$

𝜕𝑓",5
𝜕𝑤$,$

𝑊𝑥

𝜕𝐽
𝜕𝑤$,$

=
𝜕𝑓
𝜕𝑤$,$

g
𝜕𝐽
𝜕𝑓

Derivative of matrix by scalar. So this will be a matrix with same shape as 𝑓
Let’s compute the values

𝜕𝐽
𝜕𝑓𝜕𝐽

𝜕𝑤

𝜕𝐽
𝜕𝑤%,%

𝜕𝐽
𝜕𝑤%,&

𝜕𝐽
𝜕𝑤%,'

𝜕𝐽
𝜕𝑤&,%

𝜕𝐽
𝜕𝑤&,&

𝜕𝐽
𝜕𝑤&,'

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1
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𝜕𝑓
𝜕𝑤$,$

=

𝜕𝑓$,$
𝜕𝑤$,$

𝜕𝑓$,"
𝜕𝑤$,$

𝜕𝑓$,/
𝜕𝑤$,$

𝜕𝑓$,5
𝜕𝑤$,$

𝜕𝑓",$
𝜕𝑤$,$

𝜕𝑓","
𝜕𝑤$,$

𝜕𝑓",/
𝜕𝑤$,$

𝜕𝑓",5
𝜕𝑤$,$

mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑓$,$ = 𝑤$,$𝑥$,$ + 𝑤$,"𝑥",$ + 𝑤$,/𝑥/,$

𝑊𝑥

𝜕𝑓$,$
𝜕𝑤$,$

= 𝑥$,$ = 1

First we can write the equation for 𝑓%,%

𝜕𝐽
𝜕𝑓𝜕𝐽

𝜕𝑤

𝜕𝐽
𝜕𝑤%,%

𝜕𝐽
𝜕𝑤%,&

𝜕𝐽
𝜕𝑤%,'

𝜕𝐽
𝜕𝑤&,%

𝜕𝐽
𝜕𝑤&,&

𝜕𝐽
𝜕𝑤&,'

𝜕𝐽
𝜕𝑤$,$

=
𝜕𝑓
𝜕𝑤$,$

g
𝜕𝐽
𝜕𝑓

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1
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𝜕𝑓
𝜕𝑤$,$

=
1

𝜕𝑓$,"
𝜕𝑤$,$

𝜕𝑓$,/
𝜕𝑤$,$

𝜕𝑓$,5
𝜕𝑤$,$

𝜕𝑓",$
𝜕𝑤$,$

𝜕𝑓","
𝜕𝑤$,$

𝜕𝑓",/
𝜕𝑤$,$

𝜕𝑓",5
𝜕𝑤$,$

mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑓$,$ = 𝑤$,$𝑥$,$ + 𝑤$,"𝑥",$ + 𝑤$,/𝑥/,$

𝑊𝑥

𝜕𝑓$,$
𝜕𝑤$,$

= 𝑥$,$ = 1

𝜕𝐽
𝜕𝑓𝜕𝐽

𝜕𝑤

𝜕𝐽
𝜕𝑤%,%

𝜕𝐽
𝜕𝑤%,&

𝜕𝐽
𝜕𝑤%,'

𝜕𝐽
𝜕𝑤&,%

𝜕𝐽
𝜕𝑤&,&

𝜕𝐽
𝜕𝑤&,'

𝜕𝐽
𝜕𝑤$,$

=
𝜕𝑓
𝜕𝑤$,$

g
𝜕𝐽
𝜕𝑓

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤$,$

=
1

𝜕𝑓$,"
𝜕𝑤$,$

𝜕𝑓$,/
𝜕𝑤$,$

𝜕𝑓$,5
𝜕𝑤$,$

𝜕𝑓",$
𝜕𝑤$,$

𝜕𝑓","
𝜕𝑤$,$

𝜕𝑓",/
𝜕𝑤$,$

𝜕𝑓",5
𝜕𝑤$,$

𝑓$," = 𝑤$,$𝑥$," + 𝑤$,"𝑥"," + 𝑤$,/𝑥/,"

𝜕𝑓$,"
𝜕𝑤$,$

= 𝑥$," = −2

𝜕𝐽
𝜕𝑓𝜕𝐽

𝜕𝑤

𝜕𝐽
𝜕𝑤%,%

𝜕𝐽
𝜕𝑤%,&

𝜕𝐽
𝜕𝑤%,'

𝜕𝐽
𝜕𝑤&,%

𝜕𝐽
𝜕𝑤&,&

𝜕𝐽
𝜕𝑤&,'

𝜕𝐽
𝜕𝑤$,$

=
𝜕𝑓
𝜕𝑤$,$

g
𝜕𝐽
𝜕𝑓

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤$,$

=
1 −2

𝜕𝑓$,/
𝜕𝑤$,$

𝜕𝑓$,5
𝜕𝑤$,$

𝜕𝑓",$
𝜕𝑤$,$

𝜕𝑓","
𝜕𝑤$,$

𝜕𝑓",/
𝜕𝑤$,$

𝜕𝑓",5
𝜕𝑤$,$

𝑓$," = 𝑤$,$𝑥$," + 𝑤$,"𝑥"," + 𝑤$,/𝑥/,"

𝜕𝑓$,"
𝜕𝑤$,$

= 𝑥$," = −2

𝜕𝐽
𝜕𝑓𝜕𝐽

𝜕𝑤

𝜕𝐽
𝜕𝑤%,%

𝜕𝐽
𝜕𝑤%,&

𝜕𝐽
𝜕𝑤%,'

𝜕𝐽
𝜕𝑤&,%

𝜕𝐽
𝜕𝑤&,&

𝜕𝐽
𝜕𝑤&,'

𝜕𝐽
𝜕𝑤$,$

=
𝜕𝑓
𝜕𝑤$,$

g
𝜕𝐽
𝜕𝑓

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤$,$

=
1 −2

𝜕𝑓$,/
𝜕𝑤$,$

𝜕𝑓$,5
𝜕𝑤$,$

𝜕𝑓",$
𝜕𝑤$,$

𝜕𝑓","
𝜕𝑤$,$

𝜕𝑓",/
𝜕𝑤$,$

𝜕𝑓",5
𝜕𝑤$,$

𝑓$,/ = 𝑤$,$𝑥$,/ + 𝑤$,"𝑥",/ + 𝑤$,/𝑥/,/

𝜕𝑓$,/
𝜕𝑤$,$

= 𝑥$,/ = 3

𝜕𝐽
𝜕𝑓𝜕𝐽

𝜕𝑤

𝜕𝐽
𝜕𝑤%,%

𝜕𝐽
𝜕𝑤%,&

𝜕𝐽
𝜕𝑤%,'

𝜕𝐽
𝜕𝑤&,%

𝜕𝐽
𝜕𝑤&,&

𝜕𝐽
𝜕𝑤&,'

𝜕𝐽
𝜕𝑤$,$

=
𝜕𝑓
𝜕𝑤$,$

g
𝜕𝐽
𝜕𝑓

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤$,$

=
1 −2 3

𝜕𝑓$,5
𝜕𝑤$,$

𝜕𝑓",$
𝜕𝑤$,$

𝜕𝑓","
𝜕𝑤$,$

𝜕𝑓",/
𝜕𝑤$,$

𝜕𝑓",5
𝜕𝑤$,$

𝑓$,/ = 𝑤$,$𝑥$,/ + 𝑤$,"𝑥",/ + 𝑤$,/𝑥/,/

𝜕𝑓$,/
𝜕𝑤$,$

= 𝑥$,/ = 3

𝜕𝐽
𝜕𝑓𝜕𝐽

𝜕𝑤

𝜕𝐽
𝜕𝑤%,%

𝜕𝐽
𝜕𝑤%,&

𝜕𝐽
𝜕𝑤%,'

𝜕𝐽
𝜕𝑤&,%

𝜕𝐽
𝜕𝑤&,&

𝜕𝐽
𝜕𝑤&,'

𝜕𝐽
𝜕𝑤$,$

=
𝜕𝑓
𝜕𝑤$,$

g
𝜕𝐽
𝜕𝑓

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤$,$

=
1 −2 3 2

𝜕𝑓",$
𝜕𝑤$,$

𝜕𝑓","
𝜕𝑤$,$

𝜕𝑓",/
𝜕𝑤$,$

𝜕𝑓",5
𝜕𝑤$,$

𝑓$,5 = 𝑤$,$𝑥$,5 + 𝑤$,"𝑥",5 + 𝑤$,/𝑥/,5

𝜕𝑓$,5
𝜕𝑤$,$

= 𝑥$,5 = 2

𝜕𝐽
𝜕𝑓𝜕𝐽

𝜕𝑤

𝜕𝐽
𝜕𝑤%,%

𝜕𝐽
𝜕𝑤%,&

𝜕𝐽
𝜕𝑤%,'

𝜕𝐽
𝜕𝑤&,%

𝜕𝐽
𝜕𝑤&,&

𝜕𝐽
𝜕𝑤&,'

𝜕𝐽
𝜕𝑤$,$

=
𝜕𝑓
𝜕𝑤$,$

g
𝜕𝐽
𝜕𝑓

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤$,$

=
1 −2 3 2

𝜕𝑓",$
𝜕𝑤$,$

𝜕𝑓","
𝜕𝑤$,$

𝜕𝑓",/
𝜕𝑤$,$

𝜕𝑓",5
𝜕𝑤$,$

𝑓",$ = 𝑤",$𝑥$,$ + 𝑤","𝑥",$ + 𝑤",/𝑥/,$

𝜕𝑓",$
𝜕𝑤$,$

= 0

𝜕𝐽
𝜕𝑓𝜕𝐽

𝜕𝑤

𝜕𝐽
𝜕𝑤%,%

𝜕𝐽
𝜕𝑤%,&

𝜕𝐽
𝜕𝑤%,'

𝜕𝐽
𝜕𝑤&,%

𝜕𝐽
𝜕𝑤&,&

𝜕𝐽
𝜕𝑤&,'

𝜕𝐽
𝜕𝑤$,$

=
𝜕𝑓
𝜕𝑤$,$

g
𝜕𝐽
𝜕𝑓

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤$,$

=
1 −2 3 2

0
𝜕𝑓","
𝜕𝑤$,$

𝜕𝑓",/
𝜕𝑤$,$

𝜕𝑓",5
𝜕𝑤$,$

𝑓",$ = 𝑤",$𝑥$,$ + 𝑤","𝑥",$ + 𝑤",/𝑥/,$

𝜕𝑓",$
𝜕𝑤$,$

= 0

𝜕𝐽
𝜕𝑓𝜕𝐽

𝜕𝑤

𝜕𝐽
𝜕𝑤%,%

𝜕𝐽
𝜕𝑤%,&

𝜕𝐽
𝜕𝑤%,'

𝜕𝐽
𝜕𝑤&,%

𝜕𝐽
𝜕𝑤&,&

𝜕𝐽
𝜕𝑤&,'

𝜕𝐽
𝜕𝑤$,$

=
𝜕𝑓
𝜕𝑤$,$

g
𝜕𝐽
𝜕𝑓

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1



slide 158/234 Brad Quinton, Scott Chinslide 158

mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤$,$

=
1 −2 3 2

0
𝜕𝑓","
𝜕𝑤$,$

𝜕𝑓",/
𝜕𝑤$,$

𝜕𝑓",5
𝜕𝑤$,$

𝑓"," = 𝑤",$𝑥$," + 𝑤","𝑥"," + 𝑤",/𝑥/,"

𝜕𝑓","
𝜕𝑤$,$

= 0

𝜕𝐽
𝜕𝑓𝜕𝐽

𝜕𝑤

𝜕𝐽
𝜕𝑤%,%

𝜕𝐽
𝜕𝑤%,&

𝜕𝐽
𝜕𝑤%,'

𝜕𝐽
𝜕𝑤&,%

𝜕𝐽
𝜕𝑤&,&

𝜕𝐽
𝜕𝑤&,'

𝜕𝐽
𝜕𝑤$,$

=
𝜕𝑓
𝜕𝑤$,$

g
𝜕𝐽
𝜕𝑓

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤$,$

=
1 −2 3 2

0 0
𝜕𝑓",/
𝜕𝑤$,$

𝜕𝑓",5
𝜕𝑤$,$

𝑓"," = 𝑤",$𝑥$," + 𝑤","𝑥"," + 𝑤",/𝑥/,"

𝜕𝑓","
𝜕𝑤$,$

= 0

𝜕𝐽
𝜕𝑓𝜕𝐽

𝜕𝑤

𝜕𝐽
𝜕𝑤%,%

𝜕𝐽
𝜕𝑤%,&

𝜕𝐽
𝜕𝑤%,'

𝜕𝐽
𝜕𝑤&,%

𝜕𝐽
𝜕𝑤&,&

𝜕𝐽
𝜕𝑤&,'

𝜕𝐽
𝜕𝑤$,$

=
𝜕𝑓
𝜕𝑤$,$

g
𝜕𝐽
𝜕𝑓

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤$,$

=
1 −2 3 2

0 0
𝜕𝑓",/
𝜕𝑤$,$

𝜕𝑓",5
𝜕𝑤$,$

𝑓",/ = 𝑤",$𝑥$,/ + 𝑤","𝑥",/ + 𝑤",/𝑥/,/

𝜕𝑓",/
𝜕𝑤$,$

= 0

𝜕𝐽
𝜕𝑓𝜕𝐽

𝜕𝑤

𝜕𝐽
𝜕𝑤%,%

𝜕𝐽
𝜕𝑤%,&

𝜕𝐽
𝜕𝑤%,'

𝜕𝐽
𝜕𝑤&,%

𝜕𝐽
𝜕𝑤&,&

𝜕𝐽
𝜕𝑤&,'

𝜕𝐽
𝜕𝑤$,$

=
𝜕𝑓
𝜕𝑤$,$

g
𝜕𝐽
𝜕𝑓

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤$,$

=
1 −2 3 2

0 0 0
𝜕𝑓",5
𝜕𝑤$,$

𝑓",/ = 𝑤",$𝑥$,/ + 𝑤","𝑥",/ + 𝑤",/𝑥/,/

𝜕𝑓",/
𝜕𝑤$,$

= 0

𝜕𝐽
𝜕𝑓𝜕𝐽

𝜕𝑤

𝜕𝐽
𝜕𝑤%,%

𝜕𝐽
𝜕𝑤%,&

𝜕𝐽
𝜕𝑤%,'

𝜕𝐽
𝜕𝑤&,%

𝜕𝐽
𝜕𝑤&,&

𝜕𝐽
𝜕𝑤&,'

𝜕𝐽
𝜕𝑤$,$

=
𝜕𝑓
𝜕𝑤$,$

g
𝜕𝐽
𝜕𝑓

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤$,$

=
1 −2 3 2

0 0 0
𝜕𝑓",5
𝜕𝑤$,$

𝑓",5 = 𝑤",$𝑥$,5 + 𝑤","𝑥",5 + 𝑤",/𝑥/,5

𝜕𝑓",5
𝜕𝑤$,$

= 0

𝜕𝐽
𝜕𝑓𝜕𝐽

𝜕𝑤

𝜕𝐽
𝜕𝑤%,%

𝜕𝐽
𝜕𝑤%,&

𝜕𝐽
𝜕𝑤%,'

𝜕𝐽
𝜕𝑤&,%

𝜕𝐽
𝜕𝑤&,&

𝜕𝐽
𝜕𝑤&,'

𝜕𝐽
𝜕𝑤$,$

=
𝜕𝑓
𝜕𝑤$,$

g
𝜕𝐽
𝜕𝑓

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤$,$

= 1 −2 3 2
0 0 0 0

Reminder:
This is part of the full Jacobian ILIS

𝜕𝐽
𝜕𝑓𝜕𝐽

𝜕𝑤

𝜕𝐽
𝜕𝑤%,%

𝜕𝐽
𝜕𝑤%,&

𝜕𝐽
𝜕𝑤%,'

𝜕𝐽
𝜕𝑤&,%

𝜕𝐽
𝜕𝑤&,&

𝜕𝐽
𝜕𝑤&,'

𝜕𝐽
𝜕𝑤$,$

=
𝜕𝑓
𝜕𝑤$,$

g
𝜕𝐽
𝜕𝑓

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤$,$

= 1 −2 3 2
0 0 0 0

Now we can compute this 

𝜕𝐽
𝜕𝑓𝜕𝐽

𝜕𝑤

𝜕𝐽
𝜕𝑤%,%

𝜕𝐽
𝜕𝑤%,&

𝜕𝐽
𝜕𝑤%,'

𝜕𝐽
𝜕𝑤&,%

𝜕𝐽
𝜕𝑤&,&

𝜕𝐽
𝜕𝑤&,'

𝜕𝐽
𝜕𝑤$,$

=
𝜕𝑓
𝜕𝑤$,$

g
𝜕𝐽
𝜕𝑓

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝐽
𝜕𝑤$,$

= 1 ∗ 3 + −2 ∗ 1 + 3 ∗ −1 + 2 ∗ 4 + 0 ∗ (−2) + 0 ∗ 2 + 0 ∗ 5 + 0 ∗ 1 = 6

𝜕𝑓
𝜕𝑤$,$

= 1 −2 3 2
0 0 0 0

Remember:
The full operation is a 4D-Tensor Jacobian
multiply with a 2D-Tensor.  We are only 
looking at one part of this operation.

Inner product 
(i.e. sum of elementwise multiply)

𝜕𝐽
𝜕𝑓𝜕𝐽

𝜕𝑤

𝜕𝐽
𝜕𝑤%,%

𝜕𝐽
𝜕𝑤%,&

𝜕𝐽
𝜕𝑤%,'

𝜕𝐽
𝜕𝑤&,%

𝜕𝐽
𝜕𝑤&,&

𝜕𝐽
𝜕𝑤&,'

𝜕𝐽
𝜕𝑤$,$

=
𝜕𝑓
𝜕𝑤$,$

g
𝜕𝐽
𝜕𝑓

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

6
𝜕𝐿
𝜕𝑤%,&

𝜕𝐿
𝜕𝑤%,'

𝜕𝐿
𝜕𝑤&,%

𝜕𝐿
𝜕𝑤&,&

𝜕𝐿
𝜕𝑤&,'

𝑊𝑥

𝜕𝑓
𝜕𝑤$,$

= 1 −2 3 2
0 0 0 0

Weight 𝑤D,G has a -3 “impact” on Cost

𝜕𝐽
𝜕𝑓𝜕𝐽

𝜕𝑤

𝜕𝐽
𝜕𝑤$,$

=
𝜕𝑓
𝜕𝑤$,$

g
𝜕𝐽
𝜕𝑓

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1

𝜕𝐽
𝜕𝑤$,$

= 1 ∗ 3 + −2 ∗ 1 + 3 ∗ −1 + 2 ∗ 4 + 0 ∗ (−2) + 0 ∗ 2 + 0 ∗ 5 + 0 ∗ 1 = 6
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

6
𝜕𝐽

𝜕𝑤%,&
𝜕𝐽

𝜕𝑤%,'
𝜕𝐽

𝜕𝑤&,%
𝜕𝐽

𝜕𝑤&,&
𝜕𝐽

𝜕𝑤&,'

𝑊𝑥

=

𝜕𝑓
𝜕𝑤%,%

T
𝜕𝐽
𝜕𝑓

𝜕𝑓
𝜕𝑤%,&

T
𝜕𝐽
𝜕𝑓

𝜕𝑓
𝜕𝑤%,'

T
𝜕𝐽
𝜕𝑓

𝜕𝑓
𝜕𝑤&,%

T
𝜕𝐽
𝜕𝑓

𝜕𝑓
𝜕𝑤&,&

T
𝜕𝐽
𝜕𝑓

𝜕𝑓
𝜕𝑤&,'

T
𝜕𝐽
𝜕𝑓

Summary so far:
• We looked at how to compute one element of 

the multiplication between the full Jacobian 
Tensor with the upstream gradient matrix.

• Each element of the result depends on a slice 
of the full 4D Jacobian Tensor.

• We looked at how to find a slice of the 4D 
Jacobian Tensor

𝜕𝐽
𝜕𝑓𝜕𝐽

𝜕𝑤

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1
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mat
mul 𝑓𝑤

𝑥
3 1 −1 4
−2 2 5 1

𝜕𝐽
𝜕𝑓

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤%,%

= 1 −2 3 2
0 0 0 0

𝜕𝑓
𝜕𝑤%,'

= 2 2 −1 −1
0 0 0 0

𝜕𝑓
𝜕𝑤%,&

= 3 1 2 1
0 0 0 0

𝜕𝑓
𝜕𝑤&,%

= 0 0 0 0
1 −2 3 2

𝜕𝑓
𝜕𝑤&,'

= 0 0 0 0
2 2 −1 −1

𝜕𝑓
𝜕𝑤&,&

= 0 0 0 0
3 1 2 1

Shape: (𝑛U, 𝑛K, 𝑛U, 𝑚) can also think of it as 𝑛U, 𝑛K , 𝑛U, 𝑚

For this example: shape is 2,3,2,4 and it’s easy to compute the whole thing

Remember this is not practical for any moderate deep neural network

𝜕𝑓
𝜕𝑤 =

𝜕𝑓
𝜕𝑤%,%

𝜕𝑓
𝜕𝑤%,&

𝜕𝑓
𝜕𝑤%,'

𝜕𝑓
𝜕𝑤&,%

𝜕𝑓
𝜕𝑤&,&

𝜕𝑓
𝜕𝑤&,'

The Full 4D Jacobian Tensor:

4 2 −2 −2
8 −1 10 6
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

Notice any patterns to this Jacobian?

𝜕𝑓
𝜕𝑤 =

𝜕𝑓
𝜕𝑤%,%

𝜕𝑓
𝜕𝑤%,&

𝜕𝑓
𝜕𝑤%,'

𝜕𝑓
𝜕𝑤&,%

𝜕𝑓
𝜕𝑤&,&

𝜕𝑓
𝜕𝑤&,'

The Full 4D Jacobian Tensor:
𝜕𝑓
𝜕𝑤%,%

= 1 −2 3 2
0 0 0 0

𝜕𝑓
𝜕𝑤%,'

= 2 2 −1 −1
0 0 0 0

𝜕𝑓
𝜕𝑤%,&

= 3 1 2 1
0 0 0 0

𝜕𝑓
𝜕𝑤&,%

= 0 0 0 0
1 −2 3 2

𝜕𝑓
𝜕𝑤&,'

= 0 0 0 0
2 2 −1 −1

𝜕𝑓
𝜕𝑤&,&

= 0 0 0 0
3 1 2 1

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1

𝜕𝐽
𝜕𝑓
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

Each slice of the Jacobian is a copy of a row 
from the other operand, 𝑥, and 0’s otherwise!

𝜕𝑓
𝜕𝑤 =

𝜕𝑓
𝜕𝑤%,%

𝜕𝑓
𝜕𝑤%,&

𝜕𝑓
𝜕𝑤%,'

𝜕𝑓
𝜕𝑤&,%

𝜕𝑓
𝜕𝑤&,&

𝜕𝑓
𝜕𝑤&,'

The Full 4D Jacobian Tensor:
𝜕𝑓
𝜕𝑤%,%

= 1 −2 3 2
0 0 0 0

𝜕𝑓
𝜕𝑤%,'

= 2 2 −1 −1
0 0 0 0

𝜕𝑓
𝜕𝑤%,&

= 3 1 2 1
0 0 0 0

𝜕𝑓
𝜕𝑤&,%

= 0 0 0 0
1 −2 3 2

𝜕𝑓
𝜕𝑤&,'

= 0 0 0 0
2 2 −1 −1

𝜕𝑓
𝜕𝑤&,&

= 0 0 0 0
3 1 2 1

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1

𝜕𝐽
𝜕𝑓
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤 =

𝜕𝑓
𝜕𝑤%,%

𝜕𝑓
𝜕𝑤%,&

𝜕𝑓
𝜕𝑤%,'

𝜕𝑓
𝜕𝑤&,%

𝜕𝑓
𝜕𝑤&,&

𝜕𝑓
𝜕𝑤&,'

The Full 4D Jacobian Tensor:

𝜕𝐽
𝜕𝑤 =

𝜕𝐽
𝜕𝑤%,%

𝜕𝐽
𝜕𝑤%,&

𝜕𝐽
𝜕𝑤%,'

𝜕𝐽
𝜕𝑤&,%

𝜕𝐽
𝜕𝑤&,&

𝜕𝐽
𝜕𝑤&,'

𝜕𝐽
𝜕𝑤$,$

=
𝜕𝑓
𝜕𝑤$,$

g
𝜕𝐽
𝜕𝑓

Recall: each element of downstream gradient is inner product between slice of Jacobian 
and upstream gradient.  

𝜕𝑓
𝜕𝑤%,%

= 1 −2 3 2
0 0 0 0

𝜕𝑓
𝜕𝑤%,'

= 2 2 −1 −1
0 0 0 0

𝜕𝑓
𝜕𝑤%,&

= 3 1 2 1
0 0 0 0

𝜕𝑓
𝜕𝑤&,%

= 0 0 0 0
1 −2 3 2

𝜕𝑓
𝜕𝑤&,'

= 0 0 0 0
2 2 −1 −1

𝜕𝑓
𝜕𝑤&,&

= 0 0 0 0
3 1 2 1

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1

𝜕𝐽
𝜕𝑓
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤 =

𝜕𝑓
𝜕𝑤%,%

𝜕𝑓
𝜕𝑤%,&

𝜕𝑓
𝜕𝑤%,'

𝜕𝑓
𝜕𝑤&,%

𝜕𝑓
𝜕𝑤&,&

𝜕𝑓
𝜕𝑤&,'

The Full 4D Jacobian Tensor:

Recall: each element of downstream gradient is inner product between slice of Jacobian 
and upstream gradient.  But only one non-zero row! 

𝜕𝑓
𝜕𝑤%,%

= 1 −2 3 2
0 0 0 0

𝜕𝑓
𝜕𝑤%,'

= 2 2 −1 −1
0 0 0 0

𝜕𝑓
𝜕𝑤%,&

= 3 1 2 1
0 0 0 0

𝜕𝑓
𝜕𝑤&,%

= 0 0 0 0
1 −2 3 2

𝜕𝑓
𝜕𝑤&,'

= 0 0 0 0
2 2 −1 −1

𝜕𝑓
𝜕𝑤&,&

= 0 0 0 0
3 1 2 1

𝜕𝐽
𝜕𝑤$,$

=
𝜕𝑓
𝜕𝑤$,$

g
𝜕𝐽
𝜕𝑓

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1

𝜕𝐽
𝜕𝑓

𝜕𝐽
𝜕𝑤 = 6 12 5

11 7 −6
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤 =

𝜕𝑓
𝜕𝑤%,%

𝜕𝑓
𝜕𝑤%,&

𝜕𝑓
𝜕𝑤%,'

𝜕𝑓
𝜕𝑤&,%

𝜕𝑓
𝜕𝑤&,&

𝜕𝑓
𝜕𝑤&,'

The Full 4D Jacobian Tensor:

𝜕𝐽
𝜕𝑤$,"

=
𝜕𝑓
𝜕𝑤$,"

g
𝜕𝐽
𝜕𝑓

Recall: each element of downstream gradient is inner product between slice of Jacobian 
and upstream gradient.  But only one non-zero row! 

𝜕𝑓
𝜕𝑤%,%

= 1 −2 3 2
0 0 0 0

𝜕𝑓
𝜕𝑤%,'

= 2 2 −1 −1
0 0 0 0

𝜕𝑓
𝜕𝑤%,&

= 3 1 2 1
0 0 0 0

𝜕𝑓
𝜕𝑤&,%

= 0 0 0 0
1 −2 3 2

𝜕𝑓
𝜕𝑤&,'

= 0 0 0 0
2 2 −1 −1

𝜕𝑓
𝜕𝑤&,&

= 0 0 0 0
3 1 2 1

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1

𝜕𝐽
𝜕𝑓

𝜕𝐽
𝜕𝑤 = 6 12 5

11 7 −6
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤 =

𝜕𝑓
𝜕𝑤%,%

𝜕𝑓
𝜕𝑤%,&

𝜕𝑓
𝜕𝑤%,'

𝜕𝑓
𝜕𝑤&,%

𝜕𝑓
𝜕𝑤&,&

𝜕𝑓
𝜕𝑤&,'

The Full 4D Jacobian Tensor:

𝜕𝐽
𝜕𝑤$,/

=
𝜕𝑓
𝜕𝑤$,/

g
𝜕𝐽
𝜕𝑓

Recall: each element of downstream gradient is inner product between slice of Jacobian 
and upstream gradient.  But only one non-zero row! 

𝜕𝑓
𝜕𝑤%,%

= 1 −2 3 2
0 0 0 0

𝜕𝑓
𝜕𝑤%,'

= 2 2 −1 −1
0 0 0 0

𝜕𝑓
𝜕𝑤%,&

= 3 1 2 1
0 0 0 0

𝜕𝑓
𝜕𝑤&,%

= 0 0 0 0
1 −2 3 2

𝜕𝑓
𝜕𝑤&,'

= 0 0 0 0
2 2 −1 −1

𝜕𝑓
𝜕𝑤&,&

= 0 0 0 0
3 1 2 1

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1

𝜕𝐽
𝜕𝑓

𝜕𝐽
𝜕𝑤 = 6 12 5

11 7 −6
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤 =

𝜕𝑓
𝜕𝑤%,%

𝜕𝑓
𝜕𝑤%,&

𝜕𝑓
𝜕𝑤%,'

𝜕𝑓
𝜕𝑤&,%

𝜕𝑓
𝜕𝑤&,&

𝜕𝑓
𝜕𝑤&,'

The Full 4D Jacobian Tensor:

𝜕𝐽
𝜕𝑤",$

=
𝜕𝑓
𝜕𝑤",$

g
𝜕𝐽
𝜕𝑓

Recall: each element of downstream gradient is inner product between slice of Jacobian 
and upstream gradient.  But only one non-zero row! 

𝜕𝑓
𝜕𝑤%,%

= 1 −2 3 2
0 0 0 0

𝜕𝑓
𝜕𝑤%,'

= 2 2 −1 −1
0 0 0 0

𝜕𝑓
𝜕𝑤%,&

= 3 1 2 1
0 0 0 0

𝜕𝑓
𝜕𝑤&,%

= 0 0 0 0
1 −2 3 2

𝜕𝑓
𝜕𝑤&,'

= 0 0 0 0
2 2 −1 −1

𝜕𝑓
𝜕𝑤&,&

= 0 0 0 0
3 1 2 1

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1

𝜕𝐽
𝜕𝑓

𝜕𝐽
𝜕𝑤 = 6 12 5

11 7 −6
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤 =

𝜕𝑓
𝜕𝑤%,%

𝜕𝑓
𝜕𝑤%,&

𝜕𝑓
𝜕𝑤%,'

𝜕𝑓
𝜕𝑤&,%

𝜕𝑓
𝜕𝑤&,&

𝜕𝑓
𝜕𝑤&,'

The Full 4D Jacobian Tensor:

𝜕𝐽
𝜕𝑤","

=
𝜕𝑓
𝜕𝑤","

g
𝜕𝐽
𝜕𝑓

Recall: each element of downstream gradient is inner product between slice of Jacobian 
and upstream gradient.  But only one non-zero row! 

𝜕𝑓
𝜕𝑤%,%

= 1 −2 3 2
0 0 0 0

𝜕𝑓
𝜕𝑤%,'

= 2 2 −1 −1
0 0 0 0

𝜕𝑓
𝜕𝑤%,&

= 3 1 2 1
0 0 0 0

𝜕𝑓
𝜕𝑤&,%

= 0 0 0 0
1 −2 3 2

𝜕𝑓
𝜕𝑤&,'

= 0 0 0 0
2 2 −1 −1

𝜕𝑓
𝜕𝑤&,&

= 0 0 0 0
3 1 2 1

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1

𝜕𝐽
𝜕𝑓

𝜕𝐽
𝜕𝑤 = 6 12 5

11 7 −6
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤 =

𝜕𝑓
𝜕𝑤%,%

𝜕𝑓
𝜕𝑤%,&

𝜕𝑓
𝜕𝑤%,'

𝜕𝑓
𝜕𝑤&,%

𝜕𝑓
𝜕𝑤&,&

𝜕𝑓
𝜕𝑤&,'

The Full 4D Jacobian Tensor:

𝜕𝐽
𝜕𝑤",/

=
𝜕𝑓
𝜕𝑤",/

g
𝜕𝐽
𝜕𝑓

Recall: each element of downstream gradient is inner product between slice of Jacobian 
and upstream gradient.  But only one non-zero row! 

𝜕𝑓
𝜕𝑤%,%

= 1 −2 3 2
0 0 0 0

𝜕𝑓
𝜕𝑤%,'

= 2 2 −1 −1
0 0 0 0

𝜕𝑓
𝜕𝑤%,&

= 3 1 2 1
0 0 0 0

𝜕𝑓
𝜕𝑤&,%

= 0 0 0 0
1 −2 3 2

𝜕𝑓
𝜕𝑤&,'

= 0 0 0 0
2 2 −1 −1

𝜕𝑓
𝜕𝑤&,&

= 0 0 0 0
3 1 2 1

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1

𝜕𝐽
𝜕𝑓

𝜕𝐽
𝜕𝑤 = 6 12 5

11 7 −6
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𝜕𝑓
𝜕𝑤%,%

= 1 −2 3 2
0 0 0 0

𝜕𝑓
𝜕𝑤%,'

= 2 2 −1 −1
0 0 0 0

𝜕𝑓
𝜕𝑤%,&

= 3 1 2 1
0 0 0 0

𝜕𝑓
𝜕𝑤&,%

= 0 0 0 0
1 −2 3 2

𝜕𝑓
𝜕𝑤&,'

= 0 0 0 0
2 2 −1 −1

𝜕𝑓
𝜕𝑤&,&

= 0 0 0 0
3 1 2 1

mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤 =

𝜕𝑓
𝜕𝑤%,%

𝜕𝑓
𝜕𝑤%,&

𝜕𝑓
𝜕𝑤%,'

𝜕𝑓
𝜕𝑤&,%

𝜕𝑓
𝜕𝑤&,&

𝜕𝑓
𝜕𝑤&,'

The Full 4D Jacobian Tensor:

Recall: each element of downstream gradient is inner product between slice of Jacobian 
and upstream gradient.  But only one non-zero row! 

Furthermore, recall, Jacobian slices are just copies of rows 
from 𝑥.  

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1

𝜕𝐽
𝜕𝑓

𝜕𝐽
𝜕𝑤 = 6 12 5

11 7 −6
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤 =

𝜕𝑓
𝜕𝑤%,%

𝜕𝑓
𝜕𝑤%,&

𝜕𝑓
𝜕𝑤%,'

𝜕𝑓
𝜕𝑤&,%

𝜕𝑓
𝜕𝑤&,&

𝜕𝑓
𝜕𝑤&,'

The Full 4D Jacobian Tensor:

Recall: each element of downstream gradient is inner product between slice of Jacobian 
and upstream gradient.  But only one non-zero row! 

𝜕𝑓
𝜕𝑤%,%

= 1 −2 3 2
0 0 0 0

𝜕𝑓
𝜕𝑤%,'

= 2 2 −1 −1
0 0 0 0

𝜕𝑓
𝜕𝑤%,&

= 3 1 2 1
0 0 0 0

𝜕𝑓
𝜕𝑤&,%

= 0 0 0 0
1 −2 3 2

𝜕𝑓
𝜕𝑤&,'

= 0 0 0 0
2 2 −1 −1

𝜕𝑓
𝜕𝑤&,&

= 0 0 0 0
3 1 2 1

Furthermore, recall, Jacobian slices are just copies of rows 
from 𝑥.  Therefore, don’t need Jacobian at all! Just look at 𝑥!

Don’t Need Jacobian Tensor at all

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1

𝜕𝐽
𝜕𝑓

𝜕𝐽
𝜕𝑤 = 6 12 5

11 7 −6
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤 =

𝜕𝑓
𝜕𝑤%,%

𝜕𝑓
𝜕𝑤%,&

𝜕𝑓
𝜕𝑤%,'

𝜕𝑓
𝜕𝑤&,%

𝜕𝑓
𝜕𝑤&,&

𝜕𝑓
𝜕𝑤&,'

The Full 4D Jacobian Tensor:

Recall: each element of downstream gradient is inner product between slice of Jacobian 
and upstream gradient.  But only one non-zero row! 

𝜕𝑓
𝜕𝑤%,%

= 1 −2 3 2
0 0 0 0

𝜕𝑓
𝜕𝑤%,'

= 2 2 −1 −1
0 0 0 0

𝜕𝑓
𝜕𝑤%,&

= 3 1 2 1
0 0 0 0

𝜕𝑓
𝜕𝑤&,%

= 0 0 0 0
1 −2 3 2

𝜕𝑓
𝜕𝑤&,'

= 0 0 0 0
2 2 −1 −1

𝜕𝑓
𝜕𝑤&,&

= 0 0 0 0
3 1 2 1

Furthermore, recall, Jacobian slices are just copies of rows 
from 𝑥.  Therefore, don’t need Jacobian at all! Just look at 𝑥!

Don’t Need Jacobian Tensor at all

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1

𝜕𝐽
𝜕𝑓

𝜕𝐽
𝜕𝑤 = 6 12 5

11 7 −6
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤 =

𝜕𝑓
𝜕𝑤%,%

𝜕𝑓
𝜕𝑤%,&

𝜕𝑓
𝜕𝑤%,'

𝜕𝑓
𝜕𝑤&,%

𝜕𝑓
𝜕𝑤&,&

𝜕𝑓
𝜕𝑤&,'

The Full 4D Jacobian Tensor:

Recall: each element of downstream gradient is inner product between slice of Jacobian 
and upstream gradient.  But only one non-zero row! 

𝜕𝑓
𝜕𝑤%,%

= 1 −2 3 2
0 0 0 0

𝜕𝑓
𝜕𝑤%,'

= 2 2 −1 −1
0 0 0 0

𝜕𝑓
𝜕𝑤%,&

= 3 1 2 1
0 0 0 0

𝜕𝑓
𝜕𝑤&,%

= 0 0 0 0
1 −2 3 2

𝜕𝑓
𝜕𝑤&,'

= 0 0 0 0
2 2 −1 −1

𝜕𝑓
𝜕𝑤&,&

= 0 0 0 0
3 1 2 1

Furthermore, recall, Jacobian slices are just copies of rows 
from 𝑥.  Therefore, don’t need Jacobian at all! Just look at 𝑥!

Don’t Need Jacobian Tensor at all

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1

𝜕𝐽
𝜕𝑓

𝜕𝐽
𝜕𝑤 = 6 12 5

11 7 −6
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤 =

𝜕𝑓
𝜕𝑤%,%

𝜕𝑓
𝜕𝑤%,&

𝜕𝑓
𝜕𝑤%,'

𝜕𝑓
𝜕𝑤&,%

𝜕𝑓
𝜕𝑤&,&

𝜕𝑓
𝜕𝑤&,'

The Full 4D Jacobian Tensor:

Recall: each element of downstream gradient is inner product between slice of Jacobian 
and upstream gradient.  But only one non-zero row! 

𝜕𝑓
𝜕𝑤%,%

= 1 −2 3 2
0 0 0 0

𝜕𝑓
𝜕𝑤%,'

= 2 2 −1 −1
0 0 0 0

𝜕𝑓
𝜕𝑤%,&

= 3 1 2 1
0 0 0 0

𝜕𝑓
𝜕𝑤&,%

= 0 0 0 0
1 −2 3 2

𝜕𝑓
𝜕𝑤&,'

= 0 0 0 0
2 2 −1 −1

𝜕𝑓
𝜕𝑤&,&

= 0 0 0 0
3 1 2 1

Furthermore, recall, Jacobian slices are just copies of rows 
from 𝑥.  Therefore, don’t need Jacobian at all! Just look at 𝑥!

Don’t Need Jacobian Tensor at all

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1

𝜕𝐽
𝜕𝑓

𝜕𝐽
𝜕𝑤 = 6 12 5

11 7 −6
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𝜕𝑓
𝜕𝑤%,%

= 1 −2 3 2
0 0 0 0

𝜕𝑓
𝜕𝑤%,'

= 2 2 −1 −1
0 0 0 0

𝜕𝑓
𝜕𝑤%,&

= 3 1 2 1
0 0 0 0

𝜕𝑓
𝜕𝑤&,%

= 0 0 0 0
1 −2 3 2

𝜕𝑓
𝜕𝑤&,'

= 0 0 0 0
2 2 −1 −1

𝜕𝑓
𝜕𝑤&,&

= 0 0 0 0
3 1 2 1

mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤 =

𝜕𝑓
𝜕𝑤%,%

𝜕𝑓
𝜕𝑤%,&

𝜕𝑓
𝜕𝑤%,'

𝜕𝑓
𝜕𝑤&,%

𝜕𝑓
𝜕𝑤&,&

𝜕𝑓
𝜕𝑤&,'

The Full 4D Jacobian Tensor:

Recall: each element of downstream gradient is inner product between slice of Jacobian 
and upstream gradient.  But only one non-zero row! 

Furthermore, recall, Jacobian slices are just copies of rows 
from 𝑥.  Therefore, don’t need Jacobian at all! Just look at 𝑥!

Don’t Need Jacobian Tensor at all

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1

𝜕𝐽
𝜕𝑓

𝜕𝐽
𝜕𝑤 = 6 12 5

11 7 −6
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝑓
𝜕𝑤 =

𝜕𝑓
𝜕𝑤%,%

𝜕𝑓
𝜕𝑤%,&

𝜕𝑓
𝜕𝑤%,'

𝜕𝑓
𝜕𝑤&,%

𝜕𝑓
𝜕𝑤&,&

𝜕𝑓
𝜕𝑤&,'

The Full 4D Jacobian Tensor:

Recall: each element of downstream gradient is inner product between slice of Jacobian 
and upstream gradient.  But only one non-zero row! 

𝜕𝑓
𝜕𝑤&,'

= 0 0 0 0
2 2 −1 −1

𝜕𝑓
𝜕𝑤%,%

= 1 −2 3 2
0 0 0 0

𝜕𝑓
𝜕𝑤%,'

= 2 2 −1 −1
0 0 0 0

𝜕𝑓
𝜕𝑤%,&

= 3 1 2 1
0 0 0 0

𝜕𝑓
𝜕𝑤&,%

= 0 0 0 0
1 −2 3 2

𝜕𝑓
𝜕𝑤&,&

= 0 0 0 0
3 1 2 1

Furthermore, recall, Jacobian slices are just copies of rows 
from 𝑥.  Therefore, don’t need Jacobian at all! Just look at 𝑥!

Don’t Need Jacobian Tensor at all

4 2 −2 −2
8 −1 10 6

𝜕𝐽
𝜕𝑤 = 6 12 5

11 7 −6

3 1 −1 4
−2 2 5 1

𝜕𝐽
𝜕𝑓
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝐽
𝜕𝑤

=
𝜕𝐽
𝜕𝑓
𝑋i

(𝑛U, 𝑛K)à 𝑛U , 𝑚 (𝑚, 𝑛K)

• No Jacobian require at all!
• This matrix multiply yields same result as 

doing the full 4D-Tensor Jacobian and 
upstream gradient matrix multiply!

• Similar intuition as scalar multiply 
à gradient is depending on value of 
other operand

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1

𝜕𝐽
𝜕𝑓
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝐽
𝜕𝑤

=
𝜕𝐽
𝜕𝑓
𝑋i

(𝑛U, 𝑛K)à 𝑛U , 𝑚 (𝑚, 𝑛K)

• No Jacobian require at all!
• This matrix multiply yields same result as 

doing the full 4D-Tensor Jacobian and 
upstream gradient matrix multiply!

• Similar intuition as scalar multiply 
à gradient is depending on value of 
other operand

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1

𝜕𝐽
𝜕𝑓
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

𝜕𝐽
𝜕𝑤

=
𝜕𝐽
𝜕𝑓
𝑋i

(𝑛U, 𝑛K)à 𝑛U , 𝑚 (𝑚, 𝑛K)

• No Jacobian require at all!
• This matrix multiply yields same result as 

doing the full 4D-Tensor Jacobian and 
upstream gradient matrix multiply!

• Similar intuition as scalar multiply 
à gradient is depending on value of 
other operand

• This is what you used in Assignment 2 and 
saw in Lecture 6𝑑𝑊[$] =

1
𝑚
𝑑𝑍[$]𝑋%

𝑑𝑊["] =
1
𝑚
𝑑𝑍["]𝐴 $ %

From Assignment 2 and Lecture 6

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1

𝜕𝐽
𝜕𝑓
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mat
mul 𝑓𝑤

𝑥

2 −2 4
1 3 −1(𝑛3, 𝑛,)

(𝑛3, 𝑚)1 −2 3 2
3 1 2 1
2 2 −1 −1

(𝑛,, 𝑚)

𝑊𝑥

• No Jacobian require at all!
• This matrix multiply yields same result as 

doing the full 4D-Tensor Jacobian and 
upstream gradient matrix multiply!

• Similar intuition as scalar multiply 
à gradient is depending on value of 
other operand

• This is what you used in Assignment 2 and 
saw in Lecture 6

𝜕𝐽
𝜕𝑤

=
𝜕𝐽
𝜕𝑓
𝑋i

(𝑛U, 𝑛K)à 𝑛U , 𝑚 (𝑚, 𝑛K)

𝜕𝐽
𝜕𝑥

= 𝑤i 𝜕𝐽
𝜕𝑓

(𝑛K, 𝑚)à 𝑛K , 𝑛U (𝑛U, 𝑚)

4 2 −2 −2
8 −1 10 6

3 1 −1 4
−2 2 5 1

𝜕𝐽
𝜕𝑓
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𝑤%,% 𝑤%,& 𝑤%,'

𝑤&,% 𝑤&,& 𝑤&,'

𝑓%,% 𝑓%,& 𝑓%,'

𝑓&,% 𝑓&,& 𝑓&,'

𝑓%,)

𝑓&,)

𝑥%,% 𝑥%,& 𝑥%,'

𝑥&,% 𝑥&,& 𝑥&,'

𝑥',% 𝑥',& 𝑥','

𝑥%,)

𝑥&,)

𝑥',)

Analyzing With a Scalar View

𝜕𝐿
𝜕𝑤$,$

= 𝑥$,$ g
𝜕𝐿
𝜕𝑓$,$

+ 𝑥%,& T
𝜕𝐿
𝜕𝑓%,&

+ 𝑥%,' T
𝜕𝐿
𝜕𝑓%,'

+ 𝑥%,) T
𝜕𝐿
𝜕𝑓%,)

∗

∗

∗

+
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Cost Function Revisited
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𝑛! = 𝑛[#] = 2
Layer 0 (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

𝑛[%] = 5 𝑛[&] = 4 𝑛['] = 3

𝑊 % has shape (5, 2) 𝑊 & has shape (4, 5) 𝑊 ' has shape (3, 4)

𝐵 % has shape (5,) 𝐵 & has shape (4,) 𝐵 ' has shape (3,)

𝐴 % has shape (5,) 𝐴 & has shape (4,) -𝑌 = 𝐴 ' has shape (3,)

𝐴 # = 𝑋
has shape (2,)

𝑊[$]

𝑋
mat
mul

𝐵[$]

+

𝑔( )

𝐴[$]

𝑍[$]

𝑊[&]

mat
mul

𝐵[&]

+

𝑔( )

𝐴[&]

𝑍[']

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑍 % has shape (5,) 𝑍 & has shape (4,) 𝑍 ' has shape (3,)

𝑛 $ , 𝑛%

𝑛[$],

𝑛[$], 𝑚

𝑛[$], 𝑚

𝑛[$], 𝑚 𝑛[(], 𝑛[$]

𝑛[(],

𝑛[(], 𝑚

𝑛[(], 𝑚

𝑛[(], 𝑚
𝑛[)], 𝑛[(]

𝑛[)],

𝑛[)], 𝑚

𝑛[)], 𝑚

𝑛[)], 𝑚𝑛%, 𝑚
𝐿𝑜𝑠𝑠

𝑌

Training
Loss

𝐿

𝑛[)], 𝑚

𝑚,

𝐶𝑜𝑠𝑡

𝐽 =
1
𝑚1

+.%

5

𝐿(+)

𝐽
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Layer 3 (Output Layer)
𝑛['] = 3

𝑊 ' has shape (3, 4)

𝐵 ' has shape (3,)

-𝑌 = 𝐴 ' has shape (3,)

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑍 ' has shape (3,)

𝑛[)], 𝑛[(]

𝑛[)],

𝑛[)], 𝑚

𝑛[)], 𝑚

𝑛[)], 𝑚
𝐿𝑜𝑠𝑠

𝑌

Training
Loss

𝐿

𝑛[)], 𝑚

𝑚,

𝐶𝑜𝑠𝑡

𝐽 =
1
𝑚1

+.%

5

𝐿(+)

𝐽
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Layer 3 (Output Layer)

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑛[)], 𝑛[(]

𝑛[)],

𝑛[)], 𝑚

𝑛[)], 𝑚

𝑛[)], 𝑚
𝐿𝑜𝑠𝑠

𝑌

Training
Loss

𝐿

𝑛[)], 𝑚

𝑚,

𝑐𝑜𝑠𝑡

𝐽 =
1
𝑚
M
HXD

F

𝐿(H)

𝐽
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Layer 3 (Output Layer)

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑛[)], 𝑛[(]

𝑛[)],

𝑛[)], 𝑚

𝑛[)], 𝑚

𝑛[)], 𝑚
𝐿𝑜𝑠𝑠

𝑌

Training
Loss

𝐿

𝑛[)], 𝑚

𝑚,

Σ

𝐽 =
1
𝑚
M
HXD

F

𝐿(H)

𝐽

1
𝑚
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Layer 3 (Output Layer)

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑛[)], 𝑛[(]

𝑛[)],

𝑛[)], 𝑚

𝑛[)], 𝑚

𝑛[)], 𝑚
𝐿𝑜𝑠𝑠

𝑌

Training
Loss

𝐿

𝑛[)], 𝑚

𝑚,

Σ

𝐽

1
𝑚

𝑓

𝐽 =
1
𝑚
𝑓

𝑓 =M
HXD

F

𝐿(H)
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Layer 3 (Output Layer)

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑛[)], 𝑛[(]

𝑛[)],

𝑛[)], 𝑚

𝑛[)], 𝑚

𝑛[)], 𝑚
𝐿𝑜𝑠𝑠

𝑌

Training
Loss

𝐿

𝑛[)], 𝑚

𝑚,

Σ

𝐽

1
𝑚

𝑓

? ? ?

𝜕𝐽
𝜕𝑓 =? ? ?

𝐽 =
1
𝑚
𝑓

𝑓 =M
HXD

F

𝐿(H)
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Layer 3 (Output Layer)

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑛[)], 𝑛[(]

𝑛[)],

𝑛[)], 𝑚

𝑛[)], 𝑚

𝑛[)], 𝑚
𝐿𝑜𝑠𝑠

𝑌

Training
Loss

𝐿

𝑛[)], 𝑚

𝑚,

Σ

𝐽

1
𝑚

𝑓

𝜕𝐽
𝜕𝑓 =

1
𝑚

1
𝑚

𝐽 =
1
𝑚
𝑓

𝑓 =M
HXD

F

𝐿(H)
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Layer 3 (Output Layer)

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑛[)], 𝑛[(]

𝑛[)],

𝑛[)], 𝑚

𝑛[)], 𝑚

𝑛[)], 𝑚
𝐿𝑜𝑠𝑠

𝑌

Training
Loss

𝐿

𝑛[)], 𝑚

𝑚,

Σ

𝐽

1
𝑚

𝑓

𝜕𝐽
𝜕𝑓 =

1
𝑚

1
𝑚

𝐽 =
1
𝑚
𝑓

𝑓 =M
HXD

F

𝐿(H)

? ? ?

𝜕𝐽
𝜕𝐿

=
𝜕𝑓
𝜕𝐿

𝜕𝐽
𝜕𝑓
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Layer 3 (Output Layer)

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑛[)], 𝑛[(]

𝑛[)],

𝑛[)], 𝑚

𝑛[)], 𝑚

𝑛[)], 𝑚
𝐿𝑜𝑠𝑠

𝑌

Training
Loss

𝐿

𝑛[)], 𝑚

𝑚,

Σ

𝐽

1
𝑚

𝑓

𝜕𝐽
𝜕𝑓 =

1
𝑚

1
𝑚

𝐽 =
1
𝑚
𝑓

𝑓 =M
HXD

F

𝐿(H)

? ? ?

𝜕𝐽
𝜕𝐿

=
𝜕𝑓
𝜕𝐿

𝜕𝐽
𝜕𝑓

𝜕𝑓
𝜕𝐿

=? ? ?
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Σ𝐿 𝑓
Shape (𝑚, ) Scalar

𝑓 =M
HXD

F

𝐿(H)

Summation is just addition
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Σ𝐿 𝑓
Shape (𝑚, ) Scalar

𝑓 =M
HXD

F

𝐿(H)

+

𝐿(D)

𝐿(G)

𝐿(F)

𝑓
⋮

𝑓 = 𝐿(D) + 𝐿(G) +⋯+ 𝐿(F)
Summation is just addition
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Σ𝐿 𝑓
Shape (𝑚, ) Scalar

𝑓 =M
HXD

F

𝐿(H)

+

𝐿(D)

𝐿(G)

𝐿(F)

𝑓
⋮

𝑓 = 𝐿(D) + 𝐿(G) +⋯+ 𝐿(F)
Summation is just addition

𝜕𝐽
𝜕𝑓
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Σ𝐿 𝑓
Shape (𝑚, ) Scalar

𝑓 =M
HXD

F

𝐿(H)

+

𝐿(D)

𝐿(G)

𝐿(F)

𝑓
⋮

𝑓 = 𝐿(D) + 𝐿(G) +⋯+ 𝐿(F)
Summation is just addition

𝜕𝐽
𝜕𝑓

𝜕𝐽
𝜕𝑓
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Layer 3 (Output Layer)

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑛[)], 𝑛[(]

𝑛[)],

𝑛[)], 𝑚

𝑛[)], 𝑚

𝑛[)], 𝑚
𝐿𝑜𝑠𝑠

𝑌

Training
Loss

𝐿

𝑛[)], 𝑚

𝑚,

Σ

𝐽

1
𝑚

𝑓

𝜕𝐽
𝜕𝑓 =

1
𝑚

1
𝑚

𝐽 =
1
𝑚
𝑓

𝑓 =M
HXD

F

𝐿(H)

? ? ?



slide 205/234 Brad Quinton, Scott Chin

Layer 3 (Output Layer)

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑛[)], 𝑛[(]

𝑛[)],

𝑛[)], 𝑚

𝑛[)], 𝑚

𝑛[)], 𝑚
𝐿𝑜𝑠𝑠

𝑌

Training
Loss

𝐿

𝑛[)], 𝑚

𝑚,

Σ

𝐽

1
𝑚

𝑓

𝜕𝐽
𝜕𝑓 =

1
𝑚

1
𝑚

𝐽 =
1
𝑚
𝑓

𝑓 =M
HXD

F

𝐿(H)
𝜕𝐽
𝜕𝐿

=

1
𝑚
⋮
1
𝑚

Shape (m,)

1
𝑚
⋮
1
𝑚
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Layer 3 (Output Layer)

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑛[)], 𝑛[(]

𝑛[)],

𝑛[)], 𝑚

𝑛[)], 𝑚

𝑛[)], 𝑚
𝐿𝑜𝑠𝑠

𝑌

Training
Loss

𝐿

𝑛[)], 𝑚

𝑚,

Σ

𝐽

1
𝑚

𝑓

𝜕𝐽
𝜕𝑓 =

1
𝑚

1
𝑚

𝐽 =
1
𝑚
𝑓

𝑓 =M
HXD

F

𝐿(H)
𝜕𝐽
𝜕𝐿

=

1
𝑚
⋮
1
𝑚

Shape (m,)

1
𝑚
⋮
1
𝑚

• Downstream gradients will be 
scaled by 1/ 𝑚

• Each sample is only making a 1/ 𝑚
contribution to the final cost
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Layer 3 (Output Layer)

𝑊[']

mat
mul

𝐵[']

+

𝑔( )

0𝑌

𝑍[']

𝑛[)], 𝑛[(]

𝑛[)],

𝑛[)], 𝑚

𝑛[)], 𝑚

𝑛[)], 𝑚
𝐿𝑜𝑠𝑠

𝑌

Training
Loss

𝐿

𝑛[)], 𝑚

𝑚,

Σ

𝐽

1
𝑚

𝑓

𝜕𝐽
𝜕𝑓 =

1
𝑚

1
𝑚

𝐽 =
1
𝑚
𝑓

𝑓 =M
HXD

F

𝐿(H)
𝜕𝐽
𝜕𝐿

=

1
𝑚
⋮
1
𝑚

Shape (m,)

1
𝑚
⋮
1
𝑚

• Downstream gradients will be 
scaled by 1/ 𝑚

• Each sample is only making a 1/ 𝑚
contribution to the final cost

𝑑𝑊[$] =
1
𝑚
𝑑𝑍[$]𝑋%

𝑑𝑊["] =
1
𝑚𝑑𝑍["]𝐴 $ %

From Assignment 2 and Lecture 6
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Broadcasting
(Addition of the Bias)
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𝑊[,]

𝑔( )
mat
mul

𝐵[,]

+ 𝑔( )

𝐴[*+$]

𝑛 * , 𝑛 *+$

𝑛 *+$ , 𝑚

𝑛 * , 𝑚
𝐴[*]

𝑛 * , 𝑚 𝑛 * , 𝑚
𝑍[*]

(𝑛 * , )

One Layer Vectorized Over m Training Samples
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𝑊[,]

𝑔( )
mat
mul

𝐵[,]

+ 𝑔( )

𝐴[*+$]

𝑛 * , 𝑛 *+$

𝑛 *+$ , 𝑚

𝑛 * , 𝑚
𝐴[*]

𝑛 * , 𝑚 𝑛 * , 𝑚
𝑍[*]

𝜕𝐽
𝜕𝑍
𝑛 * , 𝑚(𝑛 * , )

One Layer Vectorized Over m Training Samples
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𝑊[,]

𝑔( )
mat
mul

𝐵[,]

+ 𝑔( )

𝐴[*+$]

𝑛 * , 𝑛 *+$

𝑛 *+$ , 𝑚

𝑛 * , 𝑚
𝐴[*]

𝑛 * , 𝑚 𝑛 * , 𝑚
𝑍[*]

𝜕𝐽
𝜕𝑍
𝑛 * , 𝑚(𝑛 * , )

One Layer Vectorized Over m Training Samples

𝜕𝐽
𝜕𝑍

𝑛 * , 𝑚
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𝑊[,]

𝑔( )
mat
mul

𝐵[,]

+ 𝑔( )

𝐴[*+$]

𝑛 * , 𝑛 *+$

𝑛 *+$ , 𝑚

𝑛 * , 𝑚
𝐴[*]

𝑛 * , 𝑚 𝑛 * , 𝑚
𝑍[*]

𝜕𝐽
𝜕𝑍
𝑛 * , 𝑚(𝑛 * , )

𝜕𝐽
𝜕𝑍

𝑛 * , 𝑚

One Layer Vectorized Over m Training Samples
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𝑊[,]

𝑔( )
mat
mul

𝐵[,]

+ 𝑔( )

𝐴[*+$]

𝑛 * , 𝑛 *+$

𝑛 *+$ , 𝑚

𝑛 * , 𝑚
𝐴[*]

𝑛 * , 𝑚 𝑛 * , 𝑚
𝑍[*]

𝜕𝐽
𝜕𝑍
𝑛 * , 𝑚

𝜕𝐽
𝜕𝐵[]]

=
𝜕𝐽
𝜕𝑍

But, 𝐵["] is shape (𝑛 " , )
and ?@

?k
is shape 𝑛 " , 𝑚

(𝑛 * , )
𝜕𝐽
𝜕𝑍

𝑛 * , 𝑚

One Layer Vectorized Over m Training Samples
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𝑊[,]

𝑔( )
mat
mul

𝐵[,]

+ 𝑔( )

𝐴[*+$]

𝑛 * , 𝑛 *+$

𝑛 *+$ , 𝑚

𝑛 * , 𝑚
𝐴[*]

𝑛 * , 𝑚 𝑛 * , 𝑚
𝑍[*]

𝜕𝐽
𝜕𝑍
𝑛 * , 𝑚

How did we add a 𝑛 " , 𝑚 tensor with a 
(𝑛 " , ) tensor to get a 𝑛 " , 𝑚 tensor?!

(𝑛 * , )
𝜕𝐽
𝜕𝑍

𝑛 * , 𝑚

One Layer Vectorized Over m Training Samples
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𝑊[,]

𝑔( )
mat
mul

𝐵[,]

+ 𝑔( )

𝐴[*+$]

𝑛 * , 𝑛 *+$

𝑛 *+$ , 𝑚

𝑛 * , 𝑚
𝐴[*]

𝑛 * , 𝑚 𝑛 * , 𝑚
𝑍[*]

𝜕𝐽
𝜕𝑍
𝑛 * , 𝑚

# In NumPy
Z2 = np.matmul(W2, A1) + B2

Broadcasting!

(𝑛 * , )
𝜕𝐽
𝜕𝑍

𝑛 * , 𝑚

One Layer Vectorized Over m Training Samples

How did we add a 𝑛 " , 𝑚 tensor with a 
(𝑛 " , ) tensor to get a 𝑛 " , 𝑚 tensor?!
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𝐵 ] =

𝑏D
]

𝑏G
]

⋮
𝑏E[4]
[]]

𝐵 ] 𝐵 ] … 𝐵 ] =

𝑏D
]

𝑏G
]

⋮
𝑏E[4]
[]]

𝑏D
]

𝑏G
]

⋮
𝑏E[4]
[]]

…

𝑏D
]

𝑏G
]

⋮
𝑏E[4]
[]]

(𝑛 " , ) 𝑛 " , 𝑚

Replicated 𝑚 times

Broadcasting/Replicating

• So now all operands of the addition are shape 𝑛 " , 𝑚
• Intuition: When calculating activations on the layer, the same 

parameters are used for each of the 𝑚 sample



slide 217/234 Brad Quinton, Scott Chin

𝐵 ] =

𝑏D
]

𝑏G
]

⋮
𝑏E[4]
[]]

𝐵 ] 𝐵 ] … 𝐵 ] =

𝑏D
]

𝑏G
]

⋮
𝑏E[4]
[]]

𝑏D
]

𝑏G
]

⋮
𝑏E[4]
[]]

…

𝑏D
]

𝑏G
]

⋮
𝑏E[4]
[]]

(𝑛 " , ) 𝑛 " , 𝑚

Replicated 𝑚 times

Broadcasting/Replicating

𝑍 % = 𝑚𝑎𝑡𝑚𝑢𝑙 𝑊 % , 𝑋 + 𝐵 %

=

𝑤%,%
[%] 𝑤%,&

[%]

𝑤&,%
[%] 𝑤&,&

[%]

𝑤',%
[%] 𝑤',&

[%]

𝑤),%
[%] 𝑤),&

[%]

𝑤*,%
[%] 𝑤*,&

[%]

𝑥%
(%) 𝑥%

(&)

𝑥&
(%) 𝑥&

(&) +

𝑏%
[%]

𝑏&
[%]

𝑏'
[%]

𝑏)
[%]

𝑏*
[%]

𝑏%
[%]

𝑏&
[%]

𝑏'
[%]

𝑏)
[%]

𝑏*
[%]

Recall from slide 51
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𝑊[,]

𝑔( )
mat
mul

Broad
cast

+ 𝑔( )

𝐴[*+$]

(𝑛 * , 𝑚)

𝑛 * , 𝑛 *+$

𝑛 *+$ , 𝑚

𝑛 * , 𝑚
𝐴[*]

𝑛 * , 𝑚 𝑛 * , 𝑚
𝑍[*]

𝜕𝐽
𝜕𝑧
𝑛 * , 𝑚

𝐵[,]

(𝑛 * , ) 𝜕𝐽
𝜕𝑧

𝑛 * , 𝑚

One Layer Vectorized Over m Training Samples

Modifying the compute graph to be a bit 
more explicit in what is happening
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𝑊[,]

𝑔( )
mat
mul

Broad
cast

+ 𝑔( )

𝐴[*+$]

(𝑛 * , 𝑚)

𝑛 * , 𝑛 *+$

𝑛 *+$ , 𝑚

𝑛 * , 𝑚
𝐴[*]

𝑛 * , 𝑚 𝑛 * , 𝑚
𝑍[*]

𝜕𝐽
𝜕𝑧
𝑛 * , 𝑚

𝜕𝐽
𝜕𝑧

𝑛 * , 𝑚𝐵[,]

(𝑛 * , )

? ? ?

One Layer Vectorized Over m Training Samples
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Broad
cast

(𝑛 * , 𝑚)

𝐵[,]

(𝑛 * , )
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Broad
cast

(𝑛 * , 𝑚)

𝐵[,]

(𝑛 * , )

𝑏%
,

…

⋮

Replicated 𝑚 times

𝑏&
,

…

𝑏/ "
,

…

Broadcast
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Broad
cast

(𝑛 * , 𝑚)

𝐵[,]

(𝑛 * , )

𝜕𝐽
𝜕𝑍 =

𝜕𝐽

𝜕𝑧!
6

(!)

𝜕𝐽

𝜕𝑧%
6

(!)

⋮
𝜕𝐽

𝜕𝑧7[)]
6

(!)

𝜕𝐽

𝜕𝑧!
6

(%)

𝜕𝐽

𝜕𝑧%
6

(%)

⋮
𝜕𝐽

𝜕𝑧7[)]
6

(%)

…

𝜕𝐽

𝜕𝑧!
6

(8)

𝜕𝐽

𝜕𝑧%
6

(8)

⋮
𝜕𝐽

𝜕𝑧7[)]
6

(8)

𝜕𝐽
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1
𝑚
5
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1
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𝑑𝑍[$]

From Lecture 5
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From Lecture 5

Side Note: 
• This highlights why average loss is more 

practical than total loss.
• It provides the 1/m term.  Without it, the 

gradients on our parameters would increase 
as m increases, and cause numerical 
overflow issues.
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Learning Objectives
• Extend our understanding of backpropagation to vectorized 

operations


