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Learning Objectives

* Become able to apply backpropagation on any arbitrarily complex
computation graph using a systematic numerical approach

* Become familiar with backprop through common mathematical
operations
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History of Back Propagation

e “Learning Internal Representations by Error Propagation”, Rumelhart,
Hinton, Williams,1986, http://www.cs.toronto.edu/~hinton/absps/pdp8.pdf

* Popularized use of backpropagation for training neural networks in
1986 = Before this, people used adhoc rules for parameter search

* Now have a systematic framework to train deep networks

* Reinvigorated area of Neural Networks

* Many advances in ability to train deep networks due to understanding
backprop and changing things to work well with it.
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Training with Gradient Descent and Back Prop

e Question at each iteration:

Given the current parameter values, how should we change the them
to reduce the cost (loss)?

e Answer:

The partial derivative of the cost w.r.t. each parameter tells us how to
update each parameter
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Why the derivative?
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Why the derivative?
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Calculating Closed-form Partial Derivatives

* For a 3-layer neural network:
* 9(x) = o(WBltanh(W2ltanh(wtlx + B 4 pl2]) 4 pl3])

e Cost function:
sy s ) )

* Some of the partial derivatives for the weights
oL dL 0gs3 0f; 0g, 0f; 0g1 0f;

awi[;.] dgs 0fz g, 0f, 0g1 0f1 awi[;.]
dL dL 0g3 0f3 0g, Of,

awi[j.] dg3 0f3 0g, 0f; awl.[j.]
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Calculating Closed-form Partial Derivatives

* Becomes infeasible and error prone with
deep networks and many parameters

* If you want to try a different loss function or
make architectural changes like trying different
activation functions, need to derive again

—+=—_ ResNet152 CNN Arch
=" 152 Layers

- 60million parameters
* This is where Backpropagation really shines ===, ResNet34 shown here

* Let’s talk more about computation graphs

Deep Residual Learning for Image Recognition https://arxiv.org/pdf/1512.03385.pdf
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Don’t Frameworks handle this for us

* High-level frameworks such as Tensorflow and
PyTorch implement Automatic Differentiation

* So Yes, in practice, you will probably never have to

write any backpropagation code. But it is very
important to understand how it works

* It lets you understand how a lot of important things TENSORFLOW
work and why they work (e.g. activation functions) \ 7
)/
A

PYTORCH

* Without understanding backprop, you will always
only see the neural network training process as a

black-box
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Backprop on
Computation Graphs



Context

* For the context of this lecture, thinking of a single training sample.
i.e. one piece of data

* Therefore, we can talk about Loss and Cost interchangeably

* Next Tuesday, we will talk about Vectorized Backprop and talk about
multiple (training) samples
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Quick Note on terminology

* We will often use the terms gradient and partial derivative
interchangeably although they are technically not the same

* Let f(x,y) be a multi-variable function

of

0x

* Gradient of f is a vector of the partial derivatives of all inputs to f

of of
Vf ox’ 6y]

* Partial derivative of f with respect to x means —
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From Earlier:

* We introduced the concept of backprop using computation graphs

* Now let’s take a closer look to investigate some patterns from the
perspective of gradient flow
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Recall: Computation Graphs

* Directed graph where nodes are operations or variables

* Edges are flow of data
* Inputs to a node are variables or outputs of other operation nodes

O f
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Goal

Find the partial derivatives
of final output w.r.t. all

‘ graph inputs

of Of of
ox’ 0y 0z

*
—h

f=x*(y—2)
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Goal

Find the partial derivatives
of final output w.r.t. all

‘ graph inputs

of Of of
ox’ 0y 0z

*
—h
v

f=xx(y—2)

After this example, | will give you another one to try on your own first. If you want to give that one a try,

then you may want to pay extra attention here. Seems like a fitting exam question ...©
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At Graph Construction

*
—h
v

f=xx(y—2)
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At Graph Construction

f 1. Assign variable names
0 * > to each intermediate

‘ node’s output
Vv
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At Graph Construction

f 1. Assign variable names
0 * > to each intermediate

‘ node’s output
Vv

2. Re-express each node as
a function of its

immediate inputs
f = X %D vV=Yy—<Z2
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[f=x=*v V=y—2Z
of __ of ov_ v _
ox  ov dy oz
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At Graph Construction

1. Assign variable names
to each intermediate
node’s output

2. Re-express each node as
a function of its
immediate inputs

3. Derive "local” gradients
of each node’s output
w.r.t. its immediate
inputs. These should be
simple derivations.
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At Graph Construction

[f=x=*v V=y—2Z
of __ of ov_ v _
ox  ov dy oz
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* No data yet.

 We’'ve only defined the
operations of the
network

* Analogous to hardware
design, and writing the
RTL (i.e. defining the
structure of a digital
circuit).

* Much of writing
TensorFlow/PyTorch code
is defining the structure
of you’re network.

Brad Quinton, Scott Chin



Aside: Compute Graph Representation

* The same function can be represented in different ways.
* Each operation node can be as simple or complex as you want.

* For backprop, choose a representation where the local gradients of
each node are easy to derive and compute

Example: Two representations for Sigmoid function

nOx
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Forward Propagation

V=Yy—7Z

av_

ax v oy 1oz 1

slide 23

Brad Quinton, Scott Chin



Forward Propagation

f=xx*v V=Y —Z
of  of ov_ v _
ox  ov dy oz

x=-=-2,y=7,z=4
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1. Values are supplied to
input variables

Brad Quinton, Scott Chin



Forward Propagation

1. Values are supplied to
input variables

2. For each node that has
values for all of its
inputs, compute output
and propagate forward
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Forward Propagation

1. Values are supplied to
input variables

2. For each node that has
values for all of its
inputs, compute output
and propagate forward

3. Repeat until all node
outputs computed

indelZf:x*v:_2*3:_6
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Want to df w.r.t. all graph inputs (x, vy, z)

Backward Propagation

X =—2
f=xx*xv vV=y—2Z y=7
z=4
of of v 0v v = 3
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9 Want to df w.r.t. all graph inputs (x, vy, z)

Backward Propagation

X =—2
f=x*v v=y-—2z y=7
0 0 0 0 S
_f:v,_f:x v _ ,_v__l v=23
0x ov dy 0z f=-6

0
—f=v=3
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1. Compute input gradient
on the output node(s)
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f=xx*v
af af
—:v)—:
ax ov
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Want to df w.r.t. all graph inputs (x, vy, z)

Backward Propagation

X = —2
v=y—2z y=17
5 5 z=4
_vzl,_vz_l v=3
dy 0z f=-6
of
— =v =3,

%
— =x=-2

1. Compute input gradient
on the output node(s)
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f=xx*v
af af
—:v)—:
ax ov
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Want to df w.r.t. all graph inputs (x, vy, z)

Backward Propagation

X = —2
v=y—2z y=17
5 5 z=4
_vzl,_vz_l v=3
dy 0z f=-6
of
— =v =3,

%
— =x=-2

1. Compute input gradient
on the output node(s)
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9 Want to df w.r.t. all graph inputs (x, vy, z)

Backward Propagation

6 1. Compute input gradient
> on the output node(s)

X =—2
f=x*v v=y-—2z y=7
0 0 0 0 S
_f:v,_f:x v _ ,_v=_1 v=23
0x ov dy 0z f=-6

0 0
f_ of __,
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9 Want to df w.r.t. all graph inputs (x, vy, z)

Backward Propagation

X =—2

f=x*v v=y-—2z y=7

0 0 S
i, i, _
_f:v,_f:x _v=1,_v=_1 v=23
ox ov dy 0z f=-6

of of

—_— = —:—2

0x 3'017
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1. Compute input gradient
on the output node(s)

2. For each node that has a

value for its output
gradient, compute each
input gradient using
chain rule and
propagate backwards
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9 Want to df w.r.t. all graph inputs (x, vy, z)

Backward Propagation

X =—2
f=x*v v=y-—2z y=7
5 5 z=4
0 0 _
_f:v,_f:x _v=1,_v=_1 v=3
ox ov dy 0z f=-6
of of
—_— = —:—2
0x 3'017
0 df Jv
f— f =—2-1=-2

dy ov dy

slide 33

1. Compute input gradient
on the output node(s)

2. For each node that has a

value for its output
gradient, compute each
input gradient using
chain rule and
propagate backwards
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9 Want to df w.r.t. all graph inputs (x, vy, z)

Backward Propagation

6 1. Compute input gradient
> on the output node(s)

2. For each node that has a
value for its output

X = =2 gradient, compute each
f=x*v v=y-—z y =Z input gradient using
Z = .
R A A =3 chain rule and
ax Vv X ey VazT Tl =6 propagate backwards
of _ of 3. Repeat until all
—~ =3, =-2 .
0x v gradients computed
af Jdf oJv af Jf oJv
= . =—2-1=-2 — = . =—-2-(—1) =2
dy OJv dy dz Jdv 0z (=1)
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9 Want to df w.r.t. all graph inputs (x, vy, z)

Backward Propagation

X =—2
f=xx*v vV=y—2Z y=7
d d 0 2=

0 _
_f:v,_f:x _v=1,_v=_1 v=23
ox ov dy 0z f=-6

af af
—_— = —:—2
0x 3'017
d d
of _ L0 _,
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1.

Compute input gradient
on the output node(s)

For each node that has a
value for its output
gradient, compute each
input gradient using
chain rule and
propagate backwards

Repeat until all
gradients computed
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From Each Node’s Perspective

Local Gradients:

of of  of

0xq1 0x, dxy
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From Each Node’s Perspective

X1
X, ¢ Forward Propagation
X3 "+ When all input values arrive
x:  Compute output value
N

* Compute local gradient values

Local Gradients:

of of  of

0xq1 0x, dxy
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From Each Node’s Perspective

X
x; ¢ Forward Propagation
X3 "+ When all input values arrive
x * Compute output value
N * Compute local gradient values
oL dL Of oL ,
ox; = of ox, of Backward Propagation
* When upstream gradient
Local Gradients: arrives on output
af odf of * Using Chain Rule, compute

0x, 0x,” " 0xy downstream gradient on inputs
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Key Take-Aways for Compute Graph Backprop

* Backprop is a very local process

* Computations for both forward and backward propagation can be
performed on a per-node basis as values arrive

* On inputs during forward prop
* On output during backward prop

* Local gradients can be computed during forward propagation!
e Use chain rule to “flow” gradient back through a node
* If it helps, you can think of it as a circuit, message passing, pipes, etc.
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Another Example — Take 5 min to try solving

L = 3 * (max(x,y) — y?)

1. Compute the output of
each node (forward prop)

L 2. Compute the local
gradient of each node

3. Backprop: Compute input

v gradient on the output
x=2, y=3 node(s)
L L 4. Chain gradient back by
Answer: = 0 oy —15 multiplying each local

gradient with node’s
output gradient
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L =3 * (max(x,y) —y?%) x=2,y=3

oL oL
L Answer: Pl 0 'y —15
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L = 3 * (max(x,y) —y?) X=2,y=3

oL oL
L Answer: Pl 0 'y —15
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Working Towards

* Model neural network as a compute graph
* Model loss/cost function as another operation at the end
* Backprop on compute graph to find dL w.r.t. each parameter
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Compute Graph Nodes

* Let’s review the common operation nodes we’ve seen so far and
analyze how gradients flow back through them
* Add
Subtract
Multiply
Equality
Branch
Max()
Sigmoid()
* Tanh()
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Addition

oL

of
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Addition — Annotated

oL

of

e Upstream gradient is distributed to all inputs
* Intuition: A change on any input independently changes the output
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Subtraction

oL

of
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Subtraction — Annotated

oL

of

e Upstream gradient passed onto variable being subtracted from
* Negative of upstream gradient passed onto variable being subtracted

slide 48 Brad Quinton, Scott Chin



Multiplication

oL

of
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Multiplication — Annotated

f
,O_ L
oL

of

e Upstream multiplied with all other input values

* Intuition: A change on an input is scaled by the value of the other inputs to
affect a change in the output
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Equality (Linear)

f

@ :@- see AO- I_
oL
af
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Equality (Linear) — Annotated

f

@ :@- see AO- I_
oL
af

* Pass Through
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Branch

oL
ON
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* What do you think happens here?

. 0L
e What is —?
ot
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e Sum gradients from branches
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0L _ OL dx | 0L dy
at 9dx ot = dy at

e Sum gradients from branches
* Mathematically, this is the Multivariable Chain Rule
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Multivariable Chain Rule

* Consider a multivariable function f(x(t), y(t))
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Multivariable Chain Rule

* Consider a multivariable function f(x(t), y(t))

T, y©) =35+ 22 O

dt dt dy Ot ‘ @
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Multivariable Chain Rule

* Consider a multivariable function f(x(t), y(t))

df 0x

o (@,y0) =55+ O

dy Ot
Change in f due to @

influence of t on x
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Multivariable Chain Rule

* Consider a multivariable function f(x(t), y(t))

d __0fdx  Of 0y @
dtf(x(t),y(t)) At dt = dy ot
e N O (=
Change in f due to Changein f due to @

influence of t on x influenceof tony
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Max

dL
(2 7
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Max

() ;
@~

oL

(v 37

* Upstream gradient is routed to larger variable
* Intuition: Only one input can affect the output at any time
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O—@=-0O rw-r

T ra-p

of
202020
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Tanh

f X —X
e —e
X » tanh cee L X —
@)= - ro=5=
L
of

slide 64 Brad Quinton, Scott Chin



Example with
Training Neural Network
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Second to Final Layer

Last Layer
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_ L@, y) = —(ylog®) + (1 = y)log(1 - )
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Second to Final Layer

Last Layer



- L@, y) = —(ylog®) + (1 = y)log(1 - )

|
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|
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pl0
@ Why did we model the loss as a single node?

Final Layer

Second to
Last Layer
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We could have modelled L more explicitly: L(y,y) = —(ylog(f/) + (1 —y)log(1 — 37))
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We could have modelled L more explicitly: L(y,y) = —(ylog(f/) + (1 —y)log(1 — 37))
oL y 1—y

0y ¥y 1-9
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_ L@, y) = —(ylog®) + (1 = y)log(1 - )
! oLy 1-y
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Second to Final Layer

Last Layer



- L@, y) = —(ylog®) + (1 = y)log(1 - )
! oLy 1-y

(e, o W 9 1-3

Q
N
-
Q
<
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L@, y) = —(ylog®) + (1 — y)log(1 — M)

<

oL
0y

Y

1—-y

y

1-y
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L@, y) = —(ylog®) + (1 — y)log(1 — M)
oL

0y

2_

@J

Y

1—-y

y

0.1

1-y
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Backprop at Input Layer

oL

I
| * No need to compute —
| 0x;
I
|
I
|
I
I

since we aren’t interested
@ in how to change the input
Q 6 e data to minimize Loss

; * But later, we will look at

: g how this can help visualize
| @ what the network has

| learned

|

Input Layer First Layer
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Learning Objectives

* Become able to apply backpropagation on any arbitrarily complex
computation graph using a systematic numerical approach

* Become familiar with backprop through common mathematical
operations
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