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Abstract— This paper evaluates the energy efficiency of uplink
transmission in heterogeneous cellular networks (HetNets), where
fractional power control (FPC) is applied at user equip-
ments (UEs) subject to a maximum transmit power constraint.
We first consider an arbitrary deterministic HetNet and charac-
terize the properties of energy efficiency for UEs in different path
loss regimes, or different access regions. By introducing the notion
of transfer path loss, we reveal that, for UE whose path loss is
below the transfer path loss, its energy efficiency highly depends
on the value of power control coefficient adopted by FPC.
In contrast, for UE with path loss above the transfer path loss,
the uplink energy efficiency asymptotically decreases inversely
with path loss, independent of the adopted power control coef-
ficient. Based on these properties, we characterize the optimal
power control coefficients for maximizing the energy efficiency of
FPC in different access regions. Next, we extend the analysis to
stochastic HetNets where UEs and BSs are distributed as inde-
pendent Poisson point processes, and investigate the distribution
of transmit power for uplink UEs. Moreover, the probability of
truncation outage due to constrained maximal transmit power,
as well as the average energy efficiency of UEs are analytically
derived as functions of the BS and UE densities, power control
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coefficient, and receiver threshold. Simulation results validate
the analytical results, show the consistency between deterministic
and stochastic analyses, and suggest suitable power control coef-
ficient for achieving energy efficient uplink transmission by FPC
in HetNets.

Index Terms— Wireless heterogeneous networks, power
control, energy efficiency, uplink transmission.

I. INTRODUCTION

W ITH the rapid development of wireless communication
industry, the number of global mobile devices and

connections has grown to 7.9 billion by 2015 and will be
11.6 billion in 2020 [1]. The large number of user devices
have brought huge traffic demand and high energy consump-
tion [2]. To support the traffic demand ecologically, energy
efficiency analysis for wireless networks is crucial. In fact,
energy efficiency of point-to-point wireless links has been well
studied in the early literature. In particular, assuming an infi-
nite blocklength of transmission codewords, the information
theoretic analysis in [3] revealed that the energy efficiency
of additive white Gaussian noise (AWGN) channel decreases
monotonically with the channel capacity. However, the analy-
sis in [3] optimistically ignored the circuit power consumption.
In practice, when circuit power consumption is taken into
account, signal transmission over a long duration may no
longer be energy efficient since the total power consumption
will increase with the blocklength [4].

Different from point-to-point wireless links, energy effi-
ciency analysis for wireless networks is complicated due to
the presence of co-channel interference and the need to meet
network coverage requirements. Moreover, the spatial and
temporal variations of the traffic demands from user equip-
ments (UEs) are difficult to be identified [5]. In [6], the energy
efficiency for wireless networks employing advanced transmis-
sion techniques including orthogonal frequency division multi-
ple access (OFDMA), multiple-input multiple-output (MIMO),
and relay transmission, was investigated. In [7], the authors
identified four key trade-offs between energy efficiency and
other network performance metrics including deployment
efficiency, spectrum efficiency, bandwidth, and delay. Con-
sidering downlink multiuser orthogonal frequency division
multiplexing in distributed antenna systems (OFDM-DAS),
an energy-efficient resource (e.g., antenna, subcarrier, and
transmit power) allocation scheme was proposed in [8], which
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solves the resource allocation optimization problem based on
fractional programming techniques. Moreover, joint transmit-
ter and receiver optimization was proposed for maximization
of energy efficiency in OFDMA systems in [9]. Meanwhile,
energy efficiency analysis has been extended from single-
tier (homogeneous) cellular networks [6]–[9] to heterogeneous
cellular networks (HetNets) [10]–[12]. It was shown in [10]
that the energy efficiency of HetNets increases monotonically
with the deployment density of small cells. The energy effi-
ciency of HetNets by adopting energy harvesting small cell
base stations (BSs) and traffic load adaptation in different
tiers of HetNets was analyzed in [11]. Moreover, a low
complexity macrocell user selection method for spectrum-
power trading in multi-tier network was proposed in [12] to
increase the trading energy efficiency of the macrocell users.
However, the aforementioned works [5]–[12] usually assumed
a deterministic cellular topology, which prevents close-form
characterization for energy efficiency; hence, it is difficult to
extend their results to large scale HetNets.

In this paper, we focus on analyzing the energy efficiency
of large scale HetNets in the uplink. Improving the energy
efficiency of uplink transmission is crucial for reducing the
energy consumption network-wide and extending the operation
hours of UEs, which usually have limited battery storage. For
this purpose, uplink power control, e.g. via fractional power
control (FPC), is a well-known effective approach. Recently,
FPC has been adopted in 3GPP LTE-Advanced
standard to conserve energy at UEs and mitigate interference
in the network [13]. By FPC, the signal transmit power of UE
is adjusted using a network-wide power control coefficient to
meet the target signal-to-interference-and-noise ratio (SINR)
requirement while avoiding excess interference to other UEs.
However, as the transmission rate and the power consumption,
both dependent on the power control coefficient of FPC,
become coupled, energy efficiency analysis of FPC in the
uplink is complicated. The majority of the literature only
resort to Monte Carlo simulations to study FPC, which
are usually time consuming, especially for large scale
HetNets [14]–[17]. Moreover, when the maximal transmit
power constraint is considered due to the linearity requirement
of power amplifier as well as the battery storage limitation,
the energy efficiency of FPC will depend on the power control
coefficient and the receiver threshold jointly. In this case,
choosing a suitable power control coefficient is nontrivial.
To our knowledge, how to adjust the power control coefficient
within constrained maximal transmit power for maximizing
the energy efficiency of large scale HetNets has been rarely
investigated.

Recently, stochastic geometry method has been applied
to investigate the performance of large scale multi-tier
HetNets [18]. By modeling the cellular network topology as a
random point process, e.g. the Poisson point process (PPP),
statistics of system performance can be easily obtained in
closed form, without resorting to the time-consuming Monte
Carlo simulations. In particular, the PPP model has been
shown to be sufficiently accurate for modeling actual urban
cellular networks [19], [20]. For this reason, the PPP model
has been successfully applied for studying the downlink of

large scale HetNets [21]. However, direct extension of the
PPP model for analyzing FPC in the uplink is infeasible
since, different from the downlink, the spatial distribution
of interferers, i.e. interfering UEs, does not follow the PPP.
This is because, by FPC, the interference power caused by
the interfering UEs becomes correlated with their path losses
to the desired BS. Besides, when orthogonal multiple access
schemes, e.g., OFDMA, are adopted in the uplink, each
cell allows only one user to operate on the typical resource
block, which further enables a soft repulsion on the spatial
distribution of the co-channel interferers. For these reasons,
analytical results for performance analysis in the uplink are
rarely obtained. Although various generative models [23], [24]
have been proposed to approximate the spatial distribution
of interferers in OFDMA Poisson cellular networks, they
only apply in special cases such as single-tier (macro-only)
networks [23] or channel-inversion based power control [24].
On the other hand, there has also been growing interest in
studying various techniques such as offloading [25], spectrum
sharing [26], fractional frequency reuse [27], and multi-stream
carrier aggregation (MSCA) [28] for leveraging better trade-
offs between spectral and energy efficiencies in multi-tier
HetNets. However, joint consideration of these techniques and
FPC for large scale HetNets is rare due to the aforementioned
difficulties for analysis.

To address the above issues in this paper, we propose a
framework for modeling and optimizing the energy efficiency
of FPC in the uplink of large scale stochastic geometry
HetNets, where UEs have constrained maximal transmit
power. We evaluate the energy efficiency in both deterministic
and stochastic cell topologies for qualitative and quantitative
characterization purposes, respectively. First, for deterministic
cell topology, or for a realization of the stochastic geometry
HetNet where locations of BSs and UEs are fixed, we study the
correlation between uplink energy efficiency and power control
coefficient for UEs locating in different path loss regimes,
i.e., different access regions. Based on the analytical results,
we further characterize the optimal power control coefficient
for maximization of the energy efficiency in different access
regions. Next, taking into account the spatial distributions
of BSs and UEs in stochastic geometry HetNets, we extend the
deterministic analysis to evaluate the average energy efficiency
of UEs. To address the difficulties in modeling the inter-
ferer locations, the interferer’s propagation process is defined
for modeling the path loss distribution of interfering UEs.
We show that although the interferer’s propagation process
follows the Poisson-Voronoi perturbed lattice, it converges
to an inhomogeneous PPP when a sufficiently strong log-
normal shadowing effect is present. The convergence result
is inspired by [29] and [30], where similar techniques have
been applied to model the coverage and achievable rate in the
uplink [29] as well as to study orthogonal multiple access [30].
However, different from [29] and [30], the distribution of
transmission power and the truncation outage probability have
to be newly derived in this paper for characterizing the
average energy efficiency. Moreover, the deterministic analysis
and optimization of FPC for fixed UEs and BSs is neither
considered in [29] nor in [30].
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The main contributions of this paper are summarized as
follows:

1) We propose a comprehensive framework for modeling
and optimizing the energy efficiency of FPC under max-
imal transmit power constraint. For given locations of
BSs and UEs, we reveal that there exists a transfer path
loss, which splits the cell into two access regions. The
uplink energy efficiency of UE shows different proper-
ties in these access regions. We also derive the upper
and lower bounds for the transfer path loss. Moreover,
we investigate the optimal power control coefficient
for maximizing the uplink energy efficiency of UE in
different access regions. The bounds of path loss for
different values of optimal power control coefficients are
provided.

2) For randomly located BSs and UEs, we derive the
average energy efficiency under FPC, which is based on
characterizing the probability distribution of UE trans-
mission power and the probability of UE in outage
subject to the maximal transmit power constraint.

3) The analytical derivations are verified via Monte Carlo
simulation results. Both the analytical and simulation
results suggest that the maximal average energy effi-
ciency is achieved when the receiver threshold is close,
but not equal, to the maximal transmit power and the
power control coefficient is adjusted accordingly.

The rest of this paper is organized as follows. In Section II,
the system model of uplink power control scheme under
maximal transmit power constraint in HetNets is presented.
The transfer path loss for energy efficiency of UE and the
bounds of transfer path loss for deterministic HetNets are
described in Section III. Detailed properties for energy effi-
ciency in different region are also revealed in this section.
In Section IV, the distribution of transmit power, the truncation
outage probability, and the average energy efficiency of UEs
for stochastic HetNets are characterized. The derived results
are validated in Section V by simulation results, where the
impact of various system parameters on the uplink energy
efficiency is illustrated. Finally, Section VI concludes the
paper.

II. SYSTEM MODEL

As shown in Fig. 1, a K -tier HetNet system is deployed to
provide seamless access service over the whole R

2 plane. Let
m(k)

i denote the location of BS i in tier k ∈ {1, 2, · · · , K }.
The location of BSs in tier k is denoted by �k =
{m(k)

i ; i = 1, 2, 3 · · ·}, where the pilot transmit power of BSs
in tier k is Pp,k . We assume that �k follows an independent
homogeneous PPP with density λk , k ∈ {1, 2, · · · , K }. The
UEs obey a homogeneous PPP �u with density λu , which is
independent of �k . We assume that λu is large enough so that
each BS serves at least one associated UE per channel. That
is, the uplink channels are fully occupied as in high traffic
load conditions.

A. Path Loss and Association Policy

We consider both small- and large-scale propagation effects
in the channel model. In particular, given a transmitter at

Fig. 1. System model of a multi-tier HetNet.

x ∈ R
2, the receiving power at y ∈ R

2 is given by
Pd,x Ahx,y L−1 (x, y), where Pd,x is the transmit power. A is
a propagation constant. hx,y denotes the fading channel
power due to multi-path propagation from x to y. Moreover,
L (x, y) = Sx,y‖x − y‖α models the channel variations caused
by path loss ‖x − y‖α and shadowing effect Sx,y , where α is
the path loss exponent and ‖x − y‖ denotes the Euclidean
distance between x and y. We consider Rayleigh multipath
fading and log-normal shadowing, i.e., hx,y ∼ exp (1) is expo-
nentially distributed with unit mean power and log10

(
Sx,y/10

)

is a zero-mean Gaussian random variable. For deriving the
analytical results, the path loss exponent α is assumed to vary
rarely across different tiers.

Each UE associates to the BS that provides the maximum
average received power. For example, the UE located at
y is associated to the BS at x in tier k if and only if
Pp,k L−1 (x, y) ≥ Pp, j L−1

min, j (y) for j = 1, · · · , K . The
resulting association is stationary [35], i.e., the association
pattern is invariant under translation with any displacement.
Note that since Pp,k varies from tier to tier, the superposition
of BSs in all tiers of the HetNets, denoted as � = ⋃

k �k ,
generally forms a multiplicatively weighted Poisson Voronoi
tessellation [33]. According to the Palm theory [22], the ana-
lytical results of a typical cell C0 in tier k can be extended
to other cells Ci (i = 1, 2, · · ·) in the same tier. Therefore,
we only need to focus on the cell C0 for the analysis in the
remainder of this paper.

The UEs are equipped with single antenna and access the
network by using single-carrier FDMA (SC-FDMA) technique
to avoid intra-cell interference [34]. However, due to the
universal frequency reuse, the uplink transmission of UEs in
one cell suffers co-channel interference from UEs in other
cells. Let �u_o be the point process of co-channel interfer-
ing UEs. As only one UE is allowed to operate on the typical
frequency in each cell by SC-FDMA, �u_o is a Poisson-
Voronoi perturbed lattice process, which consists of a random
point in each Voronoi cell [35].

The BSs in tier k have a receiving sensitivity ρmin,k , where
the value of ρmin,k can vary across tiers. For successful
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data transmission, the UEs associated to the kth tier cells
should keep the average received power at their associated
BSs above ρmin,k . For this purpose, uplink power control is
usually applied at the UEs, to keep the average received power
at the BSs above the receiver threshold ρ0, where ρ0 > ρmin,k

for any tier k. Otherwise, the UEs will fall into a truncation
outage due to the insufficient received power at BS.

B. Uplink Power Control

The total power consumption of a UE for transmission in
the uplink is given by

P = Ps + Pd,t , (1)

where Ps is the static power consumed in base-band signal
processing and radio frequency (RF) circuits, independent
of Pd,t . In contrast, Pd,t denotes the dynamic power needed
for wireless transmission. The maximum dynamic power con-
sumption of UEs is limited by Pmax, i.e., Pd,t � Pmax,
due to the limited battery storage at UEs and the operation
requirement for power amplifiers in RF circuits.

In this paper, we consider distance-proportional FPC,
or simply FPC, which is an open-loop scheme widely adopted
in uplink transmission [13]. By FPC, the dynamic transmit
power for the UE is set as

Pd,t = Pu (ε) Lε (t, x), (2)

where ε ∈ [0, 1] is the power control coefficient. For problem
tractability, we assume that all uplink UEs in the network use
a uniform power control coefficient ε, whose value is to be
controlled network-wide.1 L (t, x) is the path loss from UE
at t to its associated BS at x . In (2), the path loss is partially
compensated in general as ε ∈ [0, 1]. Pu (ε) is the open-loop
power spectral density and is set as Pu (ε) = ρε

0 P1−ε
max [15].

Note that the FPC scheme includes two other schemes as
special cases: i) when ε = 0, FPC reduces to the constant
power control scheme, where all UEs in each cell transmit
with the maximum output power Pmax; ii) when ε = 1,
FPC becomes the power control scheme with complete channel
inversion, i.e., the dynamic power consumption fully compen-
sates the channel variations. Note that in the first case, there
is no channel inversion and the dynamic power consumption
is constant.

The maximal output power constraint is another realistic
mechanism for uplink UEs. If UEs located at cell edges
cannot overcome the path loss to their associated BS even
by transmitting at their maximal output power, they will be
truncated and fail to transmit signals. Therefore, the status of
the UEs are divided as active and inactive. Fig. 1 shows that
due to the limitation of maximal output power, some cell edge
UEs will be inactive.

By adopting the FPC and the maximal transmit power
constraint, the uplink UE becomes inactive when L(t, x) �
Pmax/ρ0. It is expected that the system with large Pmax and/or
small ρ0 will enable a large access region for the uplink.
Moreover, both Pmax and ρ0 can affect the transmit power,

1The general case of adopting non-uniform power control coefficients is
more difficult to analyze and will be left for the future work.

TABLE I

LIST OF NOTATIONS USED IN THE PAPER

and hence, play an important role in the analysis of uplink
energy efficiency.

C. Energy Efficiency of Uplink UEs

We assume the BS in cell C0 (termed the typical BS) is
located at origin o and is denoted by BS0. When a randomly
chosen UE in cell C0 (termed the typical UE) transmits its
desired signal to BS0, the receiving SINR of BS0 is given by

SI N R = Pd,t Aht,o L−1
t

No + Io
, (3)

where Io = ∑
x∈�u_o

Pd,x Ahx,o L−1
x is the aggregate inter-

ference power received at BS0. ht,o and hx,o denote the
power gains of the fading channels from the typical UE
and the interfering UE at x ∈ �u_o to BS0, respectively.
No is the thermal noise power. Since BS0 is located at the
origin, we simply denote L (t, o) and L (x, o) as Lt and Lx ,
respectively.

Considering the FPC scheme, the SINR expression in (3)
can be obtained as

SI N R = ht,o Lε−1
t

SN R−1 + ∑

x∈�u_o

hx,o Lε (x, bx) L−1
x

, (4)

where SN R = Pu (ε)A
No

and bx is the location of the associated
BS for the interfering UE located at x ∈ �u_o. Moreover,
the achievable transmission rate of the desired uplink UE is

R = Blog2 (1 + SI N R), (5)

where B is the bandwidth allocated for the UE. Taking into
account the UE power consumption model in (1), the energy
efficiency of a UE in the uplink is then defined as the ratio of
the achievable rate to the power consumption, i.e.,

η = R

P
= Blog2 (1 + SI N R)

Ps + Pd,t
. (6)

The notations used in this paper are listed in Table I.

III. UPLINK ENERGY EFFICIENCY IN

DIFFERENT PATH LOSS REGIMES

In this section, we evaluate the uplink energy efficiency
of the typical UE, assuming that the locations of BSs and
UEs are fixed. This corresponds to a particular realization
of the stochastic geometry HetNets as studied in Section II.
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We reveal the properties of uplink energy efficiency for
different path loss regimes qualitatively. The optimal power
control coefficient for maximizing the uplink energy efficiency
of UEs is also obtained. For obtaining analytical insights,
we assume throughout this section that the receiver threshold
at BS is relative low compared to Pmax such that the maximal
transmit power constraint becomes inactive. We note that the
derivations in this section do not rely on the PPP assump-
tions, and hence, the results hold for arbitrarily distributed
�k and �u .

A. Transfer Path Loss and Energy Efficiency

In this subsection, we detail the energy efficiency analysis
for the proposed uplink model with FPC. We show several
interesting properties of uplink energy efficiency as the path
loss and the power control coefficient are varied.

The deterministic analysis in this section is motivated by
the asymptotic behavior of energy efficiency in the high path
loss regime, i.e., l → ∞. Let l be the path loss between
the typical UE and its associated BS. Substituting (2) and (4)
into (6), the energy efficiency of the UE is given by

η (l, ε) =
Blog2

⎛

⎝1 + ht,olε−1

S N R−1+ ∑

x∈�u_o
Lε(x,bx )hx,o L−1

x

⎞

⎠

Pu (ε) lε + Ps
. (7)

Note that, when the receiver threshold is low, l can be large
without causing truncation outage as Lmax ≤ Pmax/ρ0. In the
high path loss regime, the dynamic power consumption, which
scales with the path loss and the power control coefficient, will
dominate the total power consumption since Ps 	 Pu (ε) lε.
Therefore, the static power consumption Ps can be ignored
such that Pu (ε) lε + Ps ≈ Pu (ε) lε (this condition also holds
for ε = 0 since Pu (ε) = Pmax is typically around 1 W while
Ps is just tens of mW.). If ε ∈ [0, 1), ht,olε−1 is small such
that the energy efficiency η (ε, l) can be approximated as

lim
l→∞ η (l, ε) = Bht,ol−1 log2 e

Pu (ε) (SN R−1 + ∑

x∈�u_o

Lε (x, bx) hx,o L−1
x )

,

(8)

where ln (1 + x) ≈ x for x → 0. On the other hand, if ε = 1,
we have

η (l, ε) ≈ Bl−1

Pu (ε)
log2

⎛

⎜
⎝

ht,o

SN R−1 + ∑

x∈�u_o

L (x, bx) hx,o L−1
x

⎞

⎟
⎠.

Therefore, when uplink UE is far away from its associated BS,
the uplink energy efficiency always changes as O

(
l−1

)
for any

ε ∈ [0, 1]. Without loss of generality, we write lim
l→∞ η (l, ε) =

N(l)
D(ε) , where N(l) is set as the numerator of (8) and D(ε) is
chosen accordingly for specific value of ε.

In (8), we have set l → ∞ for mathematical tractability.
In the following, we will evaluate the energy efficiency in
the finite path loss regime and characterize the range of
path losses, i.e., how large should l be, such that (8) holds.

In particular, to study the impact of power control coefficient
on uplink energy efficiency of UEs using simplified notations,
the relative energy efficiency is applied, which is defined as
the ratio of η (l, ε) to η (l, 0), i.e.,

r_η (l, ε) = η (l, ε)

η (l, 0)
. (9)

Thereby, r_η (l, ε) gives the energy efficiency of adopting
power control coefficient ε at UEs relative to η (l, 0), which is
the energy efficiency of applying the constant power control
scheme. As a trivial result, r_η (l, ε) = 1 holds if ε = 0.

According to (8) and (9), we have r_η (l, ε) = D(0)
D(ε) as

l → ∞. That is, the relative energy efficiency remains constant
for given ε in the high path loss regime. The properties of the
relative energy efficiency are detailed below.

Property 1: For any 0 < ε ≤ 1, the intersection point

between r_η (l, ε) and D (0)
/

D (ε) is l∗ =
(

I (ε)
I (0)

)1/ε
, where

I (ε) = D (ε)

Pu (ε)
= SN R−1 +

∑

x∈�u,o

Lε (x, bx) hx,o L−1
x . (10)

Proof: The intersection point of r_η (l, ε) and
D (0)

/
D (ε) is obtained by solving the equation r_η (l, ε) =

D (0)
/

D (ε). According to (7) and (10), we obtain
[

log2
(
1 + ht,ol(ε−1)

/
I (ε)

)

Pu (ε) lε

]

/

[
log2

(
1 + ht,ol−1

/
I (0)

)

Pu (0)

]

= Pu (0) I (0)

Pu (ε) I (ε)
. (11)

That is, l−ε · log2
(
1 + ht,ol(ε−1)

/
I (ε)

) = I (0)
I (ε) ·

log2
(
1 + ht,ol−1

/
I (0)

)
.

According to Taylor’s theorem, for |x | < 1, log2 (1 + x) ≈
log2 e

(
x + x2

2 + O
(
x2
))

. Since the path loss of UE l is

large enough such that ho,b0l(ε−1)
/

I (ε) < 1, (11) reduces
to l(ε−1) I (0) = I (ε) l−1, whose solution is given by l∗ =(

I (ε)
I (0)

)1/ε
. This completes the proof.

We refer to l∗, which is the intersection of relative energy
efficiency and D (0)

/
D (ε), as the transfer path loss. In the

sequel, the transfer path loss defines a critical point for
inspecting the uplink energy efficiency of UEs, based on
which the typical cell can divided into two access regions with
different behaviors in terms of energy efficiency. Before that,
an upper bound and a lower bound of l∗ are readily available.

Theorem 1: When the noise power is negligible com-
pared to the interference power, the transfer path loss l∗ is
bounded by

∑

x∈�u_o

ho,x L−1
x

∑

x∈�u_o

L−ε (x, bx) ho,x L−1
x

≤ (
l∗
)ε ≤ E

[
Lε (x, bx)

]
.

Proof: By ignoring the noise in I (ε), I (ε)
/

I (0) is given
as

I (ε)

I (0)
=
∑

x∈�u_o
Lε (x, bx) ho,x L−1

x
∑

x∈�u_o
ho,x L−1

x
. (12)
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I (ε)

I (0)
= exp

⎡

⎣ln

⎛

⎝
∑

x∈�u_o

Lε (x, bx) ho,x L−1
x

⎞

⎠− ln

⎛

⎝
∑

x∈�u_o

ho,x L−1
x

⎞

⎠

⎤

⎦ (13)

For 0 ≤ ε ≤ 1 and x > 0, a (x) = xε is a mono-increasing
function of x , and b (x) = x−1 is a mono-decreasing
function of x . According to the Chebyshev’s sum inequal-
ity [35], for any ak > 0, bk > 0 and sequences {ak}, {bk}
have different monotonicity properties, then 1

n

∑n
k=1 akbk �( 1

n

∑n
k=1 ak

) ( 1
n

∑n
k=1 bk

)
.

Hence, I (ε)
I (0) � 1

n

∑
x∈�u_o

Lε (x, bx), where n is the num-
ber of interfering UEs. According to Property 1, (l∗)ε =
I (ε)

/
I (0). Therefore, the upper bound is obtained as (l∗)ε ≤

1
n

∑
x∈�u_o

Lε(x, bx) = E [Lε (x, bx)].
To derive the lower bound, we first observe (13), shown at

the top of this page. Since ln x is a concave function of x ,
it can be obtained as

ln

⎛

⎝
∑

x∈�u_o

Lε (x, bx) ho,x L−1
x

⎞

⎠− ln

⎛

⎝
∑

x∈�u_o

ho,x L−1
x

⎞

⎠

> ln

⎛

⎝
∑

x∈�u_o

ho,x L−1
x

⎞

⎠− ln

⎛

⎝
∑

x∈�u_o

L−ε (x, bx) ho,x L−1
x

⎞

⎠.

(14)

which leads to inequality I (ε)
I (0) >

∑
x∈�u_o ho,x L−1

x
∑

x∈�u_o L−ε(x,bx)ho,x L−1
x

.

Therefore, the lower bound of (l∗)ε is given by∑
x∈�u_o ho,x L−1

x
∑

x∈�u_o L−ε(x,bx )ho,x L−1
x

. This completes the proof.

The lower and upper bounds in Theorem 1 also reveal the
impact of interfering UEs on the transfer path loss. Note that
the upper bound of (l∗)ε gives the expected εth moment of
L (x, bx), while the lower bound of (l∗)ε is the inverse of the
generalized abstracted mean value of moment Lε (x, bx) [38].
That is, the transfer path loss of l∗ is fundamentally deter-
mined by the moment of L (x, bx). This is because, by FPC,
the path loss between an interfering UE and its associated BS,
i.e., L (x, bx), determines the average interference power,
cf. (4). Since UEs in the regime of high path loss usually locate
far from their associated BS, the uplink energy efficiency of
these UEs is sensitive to the interference power.

The transfer path loss provides an interesting starting point
for energy efficiency analysis. In particular, as revealed in
Properties 2 and 3, the energy efficiency exhibits adverse
behaviors in different access regions divided according to the
transfer path loss.

Property 2: In the access region of l > l∗, η (l, ε)
is closely approximated by N (l)

/
D (ε), where the maxi-

mal gap between η (l, ε) and N (l)
/

D (ε) is bounded by
N (l∗) P−1

u (ε) I−2 (ε) · ht,ol∗(ε−1).
Proof: Please refer to Appendix A.

Remark 1: Based on Property 2, if the path loss of UE
satisfies l > l∗, the uplink energy efficiency of UE scales
with l as O

(
l−1

)
approximately. This implies that l > l∗ is

sufficiently large for (8) to hold. Specifically, even though in

the finite path loss regime of l∗ < l < ∞, the system is
interference limited, and the SINR of the desired UE is low
such that the approximation ln (1 + x) ≈ x in (8) is valid.
Hence, the uplink energy efficiency scales with path loss in the
order of O

(
l−1

)
. Note that for l > l∗, D (ε) is a monotonically

increasing function of ε, and a small ε always leads to a high
uplink energy efficiency for given path loss l, independent of
the value of path loss. Hence, for l > l∗, the optimal power
control coefficient will always be zero. This is expected as, if a
UE is far away from its serving BS, its desired signals will be
mainly degraded by the aggregate interference power from co-
channel UEs in other cells. By decreasing the value of power
control coefficient, the co-channel interference power reduces,
and the energy efficiency of desired uplink UEs is improved.

Property 3: In the access region of l < l∗, η (l, ε) is a
mono-decreasing function of l and ∂η(l,ε)

∂l is a mono-increasing
function of ε.

Proof: Please refer to Appendix B.
Remark 2: Property 3 is due to the fact that when UEs

are close to the BS, the impact of interfering UEs on the
desired uplink UEs becomes sufficiently weak, whereas the
uplink energy efficiency in this region is critically determined
by the power consumption of UE. In particular, the desired
uplink UE can transmit its desired signal with a high data
rate while consuming a small amount of power. The closer
to its associated BS the desired UE is, the less dynamic
transmit power is consumed. Therefore, the uplink energy
efficiency decreases with path loss. Meanwhile, according
to (2), the power consumption of UE decreases fast with large
power control coefficient for given path loss. As a result,
the uplink energy efficiency can increase with the power
control coefficient at an increasing rate.

To verify the derivations above and, at the same time,
to study the impact of path loss and power control coefficient
on energy efficiency of uplink UE, Monte Carlo simulation
results and analytical results are compared for different values
of ε in Fig. 2. The same simulation parameters as in Table II
of Section V are adopted here. Both analytical and simulation
results show the existence of the transfer path loss for uplink
energy efficiency. This is because, when UEs are located
further than l∗, their energy efficiency curves for given ε
become approximately parallel to the curve η (l, 0), i.e., they
decrease inversely with the path loss, which is consistent with
Property 2. On the other hand, when l < l∗, both power control
coefficient and path loss can affect the uplink energy efficiency
as established in Property 3.

Fig. 2 also provides insights into the impact of the co-
channel interference on the uplink energy efficiency. In the
region l > l∗, due to the influence from interfering UEs in
other cells, the desired signal power and the interference power
change in pace as O(lε−1) and O(lε) for different values of ε,
respectively. Therefore, the resulting uplink energy efficiency
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TABLE II

PARAMETERS SETTING FOR SIMULATIONS

Fig. 2. The analysis and numerical results of uplink energy efficiency
changing with path loss for different power control coefficients. For l∗ ,
the derived upper and lower bounds are also shown in the figure.

decreases asymptotically as O
(
l−1

)
for given ε ∈ [0, 1]. In the

region of l < l∗, however, interference power is relatively
small since the desired UE is close to its associated BS. As a
result, the uplink energy efficiency is mainly affected by the
desired signal power. And UEs with small path loss and large
power control coefficient will obtain a high uplink energy
efficiency as the desired signal power is reduced.

B. Optimal Power Control Coefficient

Now we study the optimal power control coefficient for
UEs in different access regions. Property 2 reveals that the
uplink energy efficiency decreases with ε when path loss of
UE satisfies l > l∗. Moreover, based on Property 3, the uplink
energy efficiency increases rapidly with l in the region l < l∗
for large ε. Therefore, the optimal power control coefficient ε∗
for maximizing uplink energy efficiency is ε∗ = 0 when UEs
is located in l > l∗. However, in the region of l < l∗,
ε∗ depends on the location of uplink UEs, which is further
studied here. Without loss of generality, the uplink energy
efficiency optimization problem can be formulated as

max
ε

η (ε, l)

s.t. 0 � ε � 1. (15)

For given path loss l, the optimal ε∗ in (15) can be obtained
via one-dimensional search [39]. For example, given the path
loss l, a simple uniform search can be applied, where the initial

Fig. 3. The optimal power control coefficient for maximization of uplink
energy efficiency under different path losses.

interval of I0 = [0, 1] is equally divided into n small subin-
tervals and the energy efficiency at grid points ε0,k = k/n,
k = 0, . . . , n, are evaluated. Let ε∗

0 be the grid point achieving
the largest value of η

(
ε0,k, l

)
, it follows that the maximum of

η (ε, l) will lie in the interval I1 = [
ε∗

0 − 1/n, ε∗
0 + 1/n

]
[33].

The process repeats by setting I0 = I1 before the desired
accuracy is reached. The optimal power control coefficient for
maximizing the uplink energy efficiency with different path
losses is illustrated in Fig. 3. From Fig. 3 it can be observed
that, when the path loss is small, the optimal power control
coefficient is ε∗ = 1, that is, the complete channel inversion
power control will achieve the highest uplink energy efficiency.
This result is consistent with Property 3. On the other hand,
when the path loss of UE increases, so does the dynamic
power consumption under complete channel inversion power
control, which decreases the uplink energy efficiency. In this
case, decreasing the power control coefficient can improve the
energy efficiency for uplink UEs. When UE is far enough from
its associated BS and the energy efficiency becomes mainly
affected by the aggregate interference power, ε∗ = 0 leads
to the minimal interference power and therefore obtains the
maximal uplink energy efficiency.

As analytical expressions of the optimal power control
coefficient for solving (15) are generally difficult to obtain,2

we will characterize l∗ (ε) alternatively. Herein, l∗ (ε) defines
the path loss when the optimal uplink energy efficiency in (15)
is achieved by employing power control coefficient ε. The
upper bound of l∗ (0) and the lower bound of l∗ (1) are
provided in Theorem 2. The derived results enable the power
control policy to be adjusted in a convenient way for energy
efficient uplink transmission.

Theorem 2: In the region l < l∗ (1), the optimal power
control coefficient is ε∗ = 1 and the lower bound of l∗ (1) is

2The approximation technique in [32] for deriving approximate optimal
transmission capacity of FPC does not apply here as the energy efficiency
optimization involves solving a fractional program, which is non-convex and
hard to solve.
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exp

((
ho,b0 I (1)

ln
(
1+ho,b0 I (1)

) − 1

)−1

· I ′(1)
I (1)

)

. In the region l > l∗ (0),

the optimal power control coefficient is ε∗ = 0 and the upper

bound of l∗ (0) is ht,o I−1(0)

ln(1+ht,o I−1(0))
.

Proof: Please refer to Appendix C.

IV. AVERAGE UPLINK ENERGY EFFICIENCY UNDER

MAXIMAL POWER CONSTRAINT

When the maximal transmit power constraint is taken into
account, the uplink energy efficiency becomes dependent on
the receiver threshold. For example, if the BSs have a large
receiver threshold, although the energy efficiency of the active
UEs can be high, the number of active UEs will decrease,
i.e., more UEs will suffer truncation outage. On the other
hand, if the receiver threshold of BS is small so that more
associated UEs are active, then UEs with bad channels and
thus low energy efficiency will deteriorate the average uplink
energy efficiency in the HetNets. Therefore, under the maximal
transmit power constraint, the average uplink energy efficiency
of all UEs has to be investigated. Different from the deter-
ministic analysis in Section III, the spatial distributions of
BSs and UEs (following independent PPPs, cf. Section II),
are considered for a quantitative evaluation of the average
energy efficiency. With the aid of stochastic geometric theory,
we first characterize the probability distributions of transmit
power and the truncation outage probability. Based on these
results, we could then derive the average energy efficiency in
the uplink.

A. Distribution of Path Loss

We define the propagation process from the typical UE to
its serving BS in tier k as Uc � {L (o, t)}o∈�k

. The process Uc

can be interpreted as an inhomogeneous Poisson point process
with intensity measure 
k (t) = πλkE

[
S2/α

k

]
t2/α [29], which

varies with tier index k. Then, based on Uc, we characterize
in Proposition 1 the distribution of the path loss between UEs
and their associated BSs.

Proposition 1: Under maximum transmission power con-
straint, the probability density function (PDF) of the path
loss between a typical active UE and its serving BS is
given by

fL≤Lmax (l) = δlδ−1
K∑

j=1

πλ j E

[
Sδ

j

]
· exp

(−G jlδ
)

1 − exp
(−G j Lδ

max

) , (16)

for 0 ≤ l ≤ Lmax, where δ = 2
/
α and Gk =

∑K
j=1 πλ j E

[
Sδ

j

] (
Pp, j

/
Pp,k

)δ denotes the superposition

intensity of BSs.
Proof: Define Ak = P (K = k) as the probability of

selecting tier k during UE and BS association, where K is
a random variable to denote the associated tier of the typical
UE. We have [33]

Ak = λkE
[
Sδ

k

]
Pδ

p,k
∑

j∈K λ j E

[
Sδ

j

]
Pδ

p, j

. (17)

The PDF of path loss between the typical UE and
its associated BS in tier k is obtained by the derivative
of 
k (t) [29] as

fL ( l| K = k) = δGklδ−1 exp
(−Gklδ

)
. (18)

Under the maximal transmit power constraint, the path loss
of the active UE is limited by Lmax = Pmax

/
ρ0. Therefore,

under maximum output power constraint, the conditional path
loss distribution for the desired uplink UE that associates to
tier k is

fL≤Lmax ( l| K = k) = fL ( l| K = k)

P (l ≤ Lmax)

= δGklδ−1 · exp
(−Gklδ

)

∫ Lmax
0 δGkr δ−1 · exp

(−Gkr δ
)

dr

= δGklδ−1 · exp
(−Gklδ

)

1 − exp
(−Gk Lδ

max

) . (19)

Based on (17) and (19), the path loss distribution for the
desired uplink can be obtained based on the total probability
formula as

fL≤Lmax (l) =
K∑

j=1

A j
δG j lδ−1 · exp

(−G jlδ
)

1 − exp
(−G j Lδ

max

)

= δlδ−1
K∑

j=1

πλ j E

[
Sδ

j

]
· exp

(−G jlδ
)

1 − exp
(−G j Lδ

max

) .

Corollary 1: Assume that the typical UE is associated to
tier k, i.e., K = k. Let random variable KI denote the associ-
ated tier for a subset of interfering UEs, e.g., KI = j denotes
interfering UEs in tier j . The path loss between an interfering
UE at x and the typical BS is given as L (x, o) = y. Then,
under the maximal transmit power constraint, the conditional
PDF of the path loss between the interfering UE and its
associated BS in tier j , denoted by L (x, bx), is given as

fL I ≤Lmax ( lI | KI = j, K = k, L (x, o) = y)

= δG jl
δ−1
I · exp

(−G jlδI
)

(
1 − exp

(−G j Lδ
max

)) (
1 − exp

(−Gk yδ
)) . (20)

Proof: According to the association rule, the interfering
UE cannot associate with tier k and its path loss is bounded
as L (x, bx) ≤ Pp, j

Pp,k
L (x, b0). According to the definition

of Gk , we can obtain Gk = G j

(
Pp, j
Pp,k

)δ
. Then the path loss

distribution for interfering UEs associated with BSs in tier j is

fL I ≤Lmax ( lI | KI = j, K = k, L (x, b0) = y)

= fL ( lI | KI = j, K = k)

P

(
lI ≤ Pj y

Pk

)

= δG jl
δ−1
I · exp

(−G jlδI
)

(
1 − exp

(−G j Lδ
max

)) (
1 − exp

(−Gk yδ
)) . (21)

Based on (19) and (21) we observe that, if the path loss
between an interfering UE at x and the typical BS in tier k
at o is L (x, o), then the interfering UE associates to its
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serving BS in tier k with probability exp
(−Gk Lδ (x, o)

)

while it associates to the BS in other tiers with probability[
1 − exp

(−Gk Lδ (x, o)
)]

. A similar property was also found
in [30]; however, here we show it for uplink power control
with constrained transmit power. Based on this property, when
the typical BS is located in tier k, the propagation process of
interfering UEs in tier j to the location of the typical BS can
be approximated by a PPP. Corollary 1 also implies that the
path loss distribution of the interfering UEs in tier k is thinned
from the parent path loss distribution of the desired UEs
in (16) or (19) with probability

[
1 − exp (−Gk L (x, o))

]
. This

thinning property regarding the point process of interfering
UEs is also described in [31] by applying an exponent approx-
imation method. Although the approximation method in [31]
achieves a high accuracy, the complexity is very high for
multi-tier HetNets. Hence, for low computational complexity,
we only use the general thinning factor in this paper.

B. Distribution of Transmit Power

Based on Proposition 1, we can further obtain the PDF of
transmit power.

Proposition 2: Under maximal transmit power constraint,
the PDF of the transmit power for an active UE in tier k is

fPd,k≤Pmax ( x | K = k) =
δGk xδ/ε−1 exp

(
−Gk

(
x

Pu (ε)

)δ/ε
)

εPδ/ε
u (ε)

(
1 − exp

(−Gk Lδ
max

)) ,

(22)

for 0 ≤ x ≤ Pmax.
Proof: For an active UE in tier k, the transmit power

is given by Pd,k = Pu (ε) Lε
t,k , where Lt,k has the Rayleigh

distribution as shown in (18). The PDF of Pd,k is then given by

fPd,k≤Pmax ( x | K = k)

=
δGk xδ/ε−1 · exp

(
−Gk

(
x
/

Pu (ε)
)δ/ε

)

εPδ/ε
u (ε)

∫ Pmax
0 δGktδ/ε−1 · exp

(
−Gk

(
t
/

Pu (ε)
)δ/ε

)
dt

=
δGk xδ/ε−1 · exp

(
−Gk

(
x
/

Pu (ε)
)δ/ε

)

εPδ/ε
u (ε)

(
1 − exp

(−Gk Lδ
max

)) . (23)

This completes the proof. However, as a byproduct of the
proof, we obtain the μth moment of Pd,k as E

[
Pμ

d,k

]
=

∫ Pmax
0 xμ fPd,k (x) dx , and

E

[
Pμ

d,k

]
=
∫ Pmax

0

δGk xδ/ε+μ−1 exp

(
−Gk

(
x

Pu (ε)

)δ/ε
)

εPδ/ε
u (ε)

(
1 − exp

(−Gk Lδ
max

)) dx

= Pμ
u (ε) γ

(
με
/
δ + 1, Gk Lδ

max

)

Gμε/δ
k

(
1 − exp

(−Gk Lδ
max

)) , (24)

which will enable us to explain the simulation results in
Section V.

Based on Proposition 2, for given power control coef-
ficient ε, the average transmit power of UEs decreases
with Lmax. This is because a large Lmax allows the
uplink UEs to transmit at a high power level. Meanwhile,

Proposition 2 shows that the average transmission power
of uplink UEs decreases with the superposition intensity
of BSs Gk . This is reasonable since the average path loss
between a UE and its associated BS decreases with Gk . Thus
the UE only requires a lower transmit power to overcome the
path loss attenuation.

C. Truncation Outage Probability

The typical UE associated to BSs in tier k possibly suffer
truncation outage due to the maximal transmit power con-
straint. The truncation outage probability, defined as Pout �∑K

j=1 A j · Pout (K = k), is characterized in the following
proposition.

Proposition 3: The truncation outage probability Pout of
uplink UEs associated with multi-tier cellular networks is

Pout =
K∑

j=1

A j exp
(
−G j

(
Pmax

/
ρ0
)δ)

. (25)

Proof: According to the path loss distribution given in
Proposition 1, the truncation outage probability of uplink UEs
associated to tier k is obtained as

Pout (K = k) � P

{
Lt ≥ Pmax

ρ0

}
= exp

(
−Gk

(
Pmax

/
ρ0
)δ)

.

Then, by applying the total probability formula and the prob-
ability of tier selection, (25) is readily available.
From Proposition 3 we can observe that the truncation outage
probability increases with ρ0. This is due to the fact that
the smaller the receiver threshold is, the more uplink UEs
will become active, which can reduce the truncation outage
probability. However, the active UEs with bad channels may
deteriorate the uplink energy efficiency in HetNets. Hence
ρ0 leverages a trade-off between the average uplink energy
efficiency and the truncation outage probability in the K -tier
HetNets, which will be investigated in the sequel.

D. Average Uplink Energy Efficiency

Assume that the spectrum bandwidth is equally allocated
among the UEs associated to the typical BS, the average uplink
energy efficiency in the HetNets is then given by

E [η] = E

[
W

N
· log (1 + SI N R)

(
Ps + Pd,t

)

]

, (26)

where W is the total bandwidth of spectrum, N is the total
number of uplink UEs sharing the spectrum resource. The
average uplink energy efficiency of the HetNets is character-
ized by the following theorem.

Theorem 3: The average uplink energy efficiency of active
UEs with power control coefficient ε under maximum trans-
mit power constraint is given by (27), shown at the bot-
tom of the next page, where τ = 2ηn(Ps+Pd,t)

/
W − 1,

P (N = n) = 3.53.5

(n−1)!
�(n+3.5)
�(3.5)

(
λu Ak
λk

)n−1(
3.5 + λu Ak

λk

)−(n+3.5)
,

2 F1 (·) denotes the Gauss hypergeometric function [40], and
EL I |K =k [x] is given in Corollary 1.
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Proof: According to the total probability formula,
the average uplink energy efficiency of UEs in K -tier HetNets
is given by

E [η] =
K∑

k=1

AkEk [η |K = k ], (28)

where Ak is the probability that uplink UEs are associated with
BSs in tier k. E [η |K = k ] is the average energy efficiency
given that the uplink UEs are associated with BSs in tier k.
From (17), we have (29), shown at the bottom of this page,
where P (N = n) is the probability mass function (PMF) for
the random number of uplink UEs associated to tier k [41].

Substituting (4) into (29), we have (30), shown at the
bottom of this page, where (a) is due to Rayleigh fading
ht,o ∼ exp (1). Ir = ∑

x∈�u_o
hx,o Lε (x, bx) L−1

x is the
uplink interference at the BS0. Finally, LIr |kBS=k,N=n (s) is
the Laplace transform of the interference when the serving
BS is located in tier k and the load number is n.

Considering the maximal transmit power for the active UE,
we have

E

[
exp

(
−τ L1−ε

x SN R−1
)]

=
∫ Lmax

0
exp

(
−τ l1−ε SN R−1

)
fL ( l| K = k) dl, (31)

where fL ( l| K = k) is given in (18). Moreover,
the Laplace transform of interference LIr |kBS=k (s) under an

inhomogeneous PPP model can be obtain from [30] as (32),
shown at the bottom of the this page.

Finally, (27) can be obtained by substituting (30), (31),
and (32) into (29). This completes the proof.

V. PERFORMANCE EVALUATION

In this section, the derived analytical results are validated
via Monte Carlo simulation and the impact of power control
coefficient, dynamic power consumption and density of BS
on the system performance is also evaluated. We consider a
two-tier HetNet, which consist of macro and pico cells. The
simulation parameters are set according to a typical two-tier
HetNet evaluated in [41], which are summarized in Table II
unless otherwise stated. Moreover, the density of UEs is
λu = 50λ2 to ensure that the saturation condition is satisfied
with high probability.

For Monte Carlo simulation, different realizations of the
locations of UEs and BSs are generated according to the
PPPs with the respective point densities. For each realization
and receiver threshold, the path losses between UEs and their
associated BSs are calculated according to the channel model;
moreover, by applying FPC with given power control coef-
ficient across the network, the transmit power consumption,
achievable data rate, as well as truncation outage events are
obtained for evaluating the average energy efficiency. Note
that the association results are updated whenever the value of
receiver threshold changes. The final results are gathered by
averaging over 104 realizations.

E [η] =
K∑

k=1

Ak

∑

n>0

P (N = n)

∫ ∞

0
P {SI N R > τ |K = k, N = n } dη,

P {SI N R > τ |K = k, N = n }

= δGk

1 − exp
(−Gk Lδ

max

)
∫ Lmax

0
lδ−1 exp

⎛

⎝−Gklδ − τ l1−ε

SN R
− δL1−ε

x τ

1 − δ

K∑

j=1

(
Pj

∑K
k=1 Pk

)1−δ

A j G j

× E L I ≤Lmax|K =k

[

lδ−(1−ε)
I 2 F1

(

1, 1−δ, 2 − δ,− L1−ε
x τ Pj

l1−ε
I

∑K
k=1 Pk

)])

dl (27)

Ek [η |K = k ] =
∫ ∞

0
P

[
W

N
· log 2 (1 + SI N R)

Ps + Pd,t
> η |K = k

]
dη

=
∑

n>0

P [N = n]
∫ ∞

0
P

[
SI N R > 2

ηn(Ps +Pd,t)
W − 1 |K = k, N = n

]
dη (29)

∫ ∞

0
P{SI N R > τ |K = k, N = n } dη =

∫ ∞

0
P

{
ht,o Lε−1

t

SN R−1 +∑
x∈�u_o

hx,o Lε (x, bx) L−1
x

> τ |K = k, N = n

}

dη

=
∫ ∞

0
P

⎧
⎨

⎩
ht,o Lε−1

t > τ(SN R−1 +
∑

x∈�u_o

hx,o Lε (x, bx) L−1
x ) | K = k, N = n

⎫
⎬

⎭
dη

(a)=
∫ ∞

0
E

[
exp

(
−τ L1−ε

x SN R−1
)]

· LIr |kBS=k

[
L1−ε

x τ
]

dη (30)

LIr |kBS=k (s) = exp

⎛

⎝− δs

1 − δ

K∑

j=1

(
Pj

∑K
k=1 Pk

)1−δ

A j G j × E L I ≤Lmax|K =k

[

lδ−(1−ε)
I 2 F1

(

1, 1 − δ, 2 − δ,− s Pj

l1−ε
I

∑K
k=1 Pk

)])

(32)
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Fig. 4. Average transmit power for different power control coefficients.

Fig. 5. Average transmit power for different BS densities.

A. Average Transmit Power of UE

Fig. 4 shows the analytical and simulation results for the
average transmit power of the uplink UEs under different
power control coefficients. We observe that the analytical and
simulation results are highly consistent. Meanwhile, the aver-
age transmit power increases with the receiver sensitivity ρ0
for given power control coefficient. Interestingly, the average
transmit power increases at a high rate in the low regime of ρ0,
since the uplink UEs require a higher transmit power as the
received threshold at their associated BSs increases. However,
in the high regime of ρ0, the average transmit power of
uplink UEs saturates due to constrained maximal output power.
According to the distance-proportional FPC, the saturation
level of average transmit power decreases with power control
coefficient for given ρ0, which is also shown in Fig. 4.

In Fig. 5, we evaluate the average transmit power for
different BS densities under ε = 0.5 and ε = 0.7, respectively.
As shown in Fig. 5, the average transmit power increases
with both the received threshold ρ0 and the BS density for
given ε. Meanwhile, in the high regime of ρ0, the average
transmit power saturates to a constant level whose value is

Fig. 6. Truncation outage probability for different BS densities.

independent of BS densities. Similar results have also been
observed in [24]. However, we can further show herein that
the saturate value is given by lim

ρ0→∞ E [Pk ] = δ
δ+ε Pmax, based

on (24). Recall that when ρ0 is high, the uplink UEs at cell
edges whose required transmit power exceeds Pmax will be
truncated. Therefore, the average transmit power of active UEs
cannot exceed δ

δ+ε Pmax, which decreases with ε.

B. Truncation Outage Probability of UE

Fig. 6 shows the analytical and simulation results for the
truncation outage probability of the two-tier HetNets under
different BS densities. We observe that, as expected, the trun-
cation outage probability decreases with the BS densities.
In particular, because the average distance between a UE
and its associated BS increases as the BS density decreases,
the transmit power becomes insufficient to compensate the
path loss due to ceiling at the maximal transmit power. Hence,
the likelihood of the uplink UE suffering truncation outage
is increased while accessing the network. By contrast, for
a high BS density, the uplink UE can access the HetNet
easily for being close to the BSs. As is consistent with
Proposition 3, when receiver threshold ρ0 is close to maximal
output power Pmax, the truncation outage probability of HetNet
will saturate. In this case, large number of UEs will fail in
uplink communication, which can deteriorate average uplink
energy efficiency in the HetNets.

C. Energy Efficiency of Uplink UEs and Impact
of Truncation Outage

1) Average Energy Efficiency Without Truncation Outage:
Fig. 7 shows the average uplink energy efficiency for different
power control coefficients, where the static power consumption
is Ps = 4 mW. In Fig. 7, we set the truncation outage proba-
bility to be zero. It can be observed that large power control
coefficient is always better in this figure. This is because
with zero truncation outage probability, UE with small power
consumption will achieve a higher uplink energy efficiency.
We also find that the average uplink energy efficiency increases
with ρ0 in the low and medium regimes of ρ0. This is because
when ρ0 is small, UEs with large path loss can still access
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Fig. 7. Average energy efficiency for different power control coefficients
without truncation outage.

the network, which deteriorates the average energy efficiency.
Interestingly, for given ε, there exists an optimal value of
average uplink energy efficiency in the high regime of ρ0.
To explain this result, we note that, when ρ0 is equal to Pmax,
only uplink UEs whose dynamic power consumption is Pmax
can transmit signals. In this case, the average uplink energy
efficiency will converge to the same value lim

ρ0→∞ E [η] =
R

Pmax+Ps
irrespective of the adopted value of ε. On the other

hand, when ρ0 is close to Pmax, we already know that the
average transmit power is δ

δ+ε Pmax, cf. Fig. 5; in this case,
since δ

δ+ε < 1, the average uplink energy efficiency can be
approximated as E [η] ≈ R

δ
δ+ε Pmax+Ps

and thus decreases with

ρ0 before approaching Pmax. Therefore, the maximum value
of average uplink energy efficiency will appear in the high
regime of ρ0. Moreover, the maximum average uplink energy
efficiency increases with power control coefficient since δ

δ+ε
decreases with ε. This result also matches our study of the
optimal power control coefficient in Fig. 3, where a higher
power control coefficient achieves a higher uplink energy
efficiency when UEs have a small path loss.

Fig. 8 illustrates the average uplink energy efficiency for
different BS densities under ε = 0.8. We observe that the
average uplink energy efficiency increases quickly as the BS
density λ2 is increased from 2λ1 to 20λ1, while it tends to
saturate as λ2 is increased from 20λ1 to 200λ1. The result
suggests that we could not enhance the average uplink energy
efficiency by only increasing the density of BSs. Interestingly,
the optimal receiver threshold for maximizing average uplink
energy efficiency decreases with λ2. This is because, as shown
in Fig. 2, the path loss for maximizing uplink energy efficiency
decreases with the density of BSs. Note also that, in contrast to
Fig. 7, the average uplink energy efficiency curves for different
densities of BS in Fig. 8 do not converge as ρ0 approaches
Pmax. This is because although the saturated average transmit
power δ

δ+ε Pmax is independent of λ2, the average load of
cell N still depends on the BS density. Nevertheless, the
average uplink energy efficiency decreases with ρ0 with the
same slope as ρ0 approaches Pmax.

Fig. 8. Average energy efficiency for different BS densities without truncation
outage.

Fig. 9. Effective energy efficiency for different BS densities with truncation
outage.

2) Effective Average Energy Efficiency With Truncation
Outage: Finally, to show the impact of truncation outage
under maximal transmit power constraint, the effective uplink
energy efficiency, defined as (1 − Pout ) E [η], is evaluated for
different BS densities in Fig. 9. The effective uplink energy
efficiency characterizes the average uplink energy efficiency
for active UEs. From Fig. 9 we observe that the effective
uplink energy efficiency strictly increases with the BS density,
since a higher BS density leads to a smaller access distance
and thus a lower truncation outage probability. Note that when
the density of BSs or the maximal transmit power is large
enough, the truncation outage probability becomes small and
negligible. In this case, the effective uplink energy efficiency
will reduce to average uplink energy efficiency as evaluated
in Fig. 7 and Fig. 8. Meanwhile, there exists an optimal
receiver threshold for maximization of the effective uplink
energy efficiency, implying an interesting trade-off between
truncation outage probability and transmission power lever-
aged by the receiver threshold. In particular, a higher receiver
threshold results in a higher truncation outage probability,
i.e., more inactive UEs. Therefore, optimal receiver threshold
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for maximizing the effective uplink energy efficiency is less
than the receiver threshold for maximizing the average uplink
energy efficiency.

In fact, Figs. 6–9 also reveal an interesting interplay between
truncation outage, power control, and energy efficiency. Recall
from Fig. 6 that, when the ρ0 is larger than 0 dBm, the
value of 1 − Pout , i.e., the probability of no truncation outage,
is about 10−2 ∼ 10−3 for λ2 = 2λ1. However, since UEs
locate close to their serving BS for λ2 = 2λ1, according to
Fig. 7, the average EE is as high as 106 bps/W by FPC. As a
result, the effective uplink EE does not go to zero but reaches
about 103 ∼ 104 bps/W in Fig. 9.

VI. CONCLUSIONS

In this paper, a tractable model was introduced to analyze
the energy efficiency of uplink power control in multi-tier
HetNet systems. The practical constraint of maximal transmit
power at UEs was considered and the impacts of power
control coefficient, density of BSs, and receiver threshold on
the uplink energy efficiency were investigated. We show the
existence of a transfer path loss, by which the access area can
be divided into two regions of different properties in terms of
energy efficiency. These properties show that the interference
from other cells play different roles on the uplink energy
efficiency of UEs for different path losses.

The analysis of uplink energy efficiency of UEs was
extended to study the average uplink energy efficiency in
HetNets. We find that the average transmit power of UEs will
be a constant when receiver threshold is high enough. Our
results also suggest that the optimal average uplink energy
efficiency is obtained when that receiver threshold is close but
not equal to the maximal transmit power due to an interesting
trade-off between truncation outage and transmission power
leveraged by the receiver threshold. Meanwhile, the maximal
effective uplink energy efficiency in HetNets can be improved
by increasing the density of BS and balancing the values of
receiver threshold and power control coefficient.

APPENDIX A
PROOF OF PROPERTY 2

If the path loss l is large enough, the noise can be ignored
and the uplink energy efficiency η (l, ε) can be expanded

through Taylor’s theorem for l > l∗ as (A.1), shown at the
bottom of the this page.

Then
∣
∣η (l, ε) − N (l)

/
D (ε)

∣
∣ � N (l) P−1

u (ε) I−2 (ε)
ht,olε−1.

For ε ∈ [0, 1], ε − 1 � 0, such that both N (l) and lε−1

are mono-decreasing function for l > l∗. The gap between
η (l, ε) and N (l)

/
D (ε) will be close to zero as the path loss

of UE increasing. We can get N (l) P−1
u (ε) I−2 (ε) ht,olε−1 �

N (l∗) P−1
u (ε) I−2 (ε) ht,ol∗(ε−1), where the equality holds

with ε = 1.

APPENDIX B
PROOF OF PROPERTY 3

In the region of l < l∗, we have (B.1), shown at the
bottom of this page. Since ε − 1 < 0, it is easy to verify
that ∂η(l,ε)

∂l < 0, i.e., η (l, ε) is decreasing with l.
According to ax

1+ax < ln (1 + ax) for x > −1, we get

ln
(

1 + ht,ol(ε−1) I−1 (ε)
)

>
ht,ol(ε−1) I−1 (ε)

1 + ht,ol(ε−1) I−1 (ε)
. (B.2)

Substituting (B.2) into (B.1), we obtain the inequalities
in (B.3), shown at the top of the next page. Therefore, we have

− log2 e

Pu (ε) lε+1 ln
(

1 + ht,ol(ε−1) I−1 (ε)
)

<
∂η (l, ε)

∂l

< − log2 e

Pu (ε) lε+1

ht,ol(ε−1) I−1 (ε)

1 + ht,ol(ε−1) I−1 (ε)
. (B.4)

Since both l(ε−1) and I−1 (ε) are decreasing with ε, such

that ln
(
1 + ht,ol(ε−1) I−1 (ε)

)
and ht,ol(ε−1) I−1(ε)

1+ht,ol(ε−1) I−1(ε)
is decreas-

ing with ε. Meanwhile, l−(ε+1) are decreasing with ε, such that
both left and right hand sides of (B.4) increase with ε. Then
according to the Squeeze Theorem, ∂η(l,ε)

∂l is mono-increasing
with ε.

APPENDIX C
PROOF OF THEOREM 2

For given path loss l, there always exists a power control
coefficient ε = 1, such that the uplink energy efficiency
satisfies ηs (ε, l) > ηs (1, l), or equivalently,

log2
(
1 + ht,ol(ε−1) I−1(ε)

)

Pu(ε)lε
>

log2
(
1 + ht,o I−1(1)

)

Pu(ε)l
. (C.1)

η (l, ε)

N (l)
/

D (ε)
= Blog2

(
1 + ht,ol(ε−1) I−1 (ε)

)

Pu (ε) lε
D (ε)

N (l)

=

(
ht,ol(ε−1) I−1 (ε) +

(
ht,ol(ε−1) I−1(ε)

)2

2! + O
((

ht,ol(ε−1) I−1 (ε)
)2
))

ht,ol(ε−1) I−1 (ε)

≤
(

1 + ht,ol(ε−1) I−1 (ε)
)

(A.1)

∂η (l, ε)

∂l
= log2 e

Pu (ε) l2ε

(
(ε − 1) ht,ol(2ε−2) I−1 (ε)

1 + ht,ol(ε−1) I−1 (ε)
− ε ln

(
1 + ht,ol(ε−1) I−1 (ε)

)
l(ε−1)

)
(B.1)
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log2 e

Pu (ε) lε+1

(
(ε − 1) ln

(
1 + ht,ol(ε−1) I−1 (ε)

)
− ε ln

(
1 + ht,ol(ε−1) I−1 (ε)

))

<
∂η (l, ε)

∂l
<

log2 e

Pu (ε) lε+1

(
(ε − 1) ht,ol(ε−1) I−1 (ε)

1 + ht,ol(ε−1) I−1 (ε)
− εht,ol(ε−1) I−1 (ε)

1 + ht,ol(ε−1) I−1 (ε)

)
(B.3)

By simplifying (C.1), we get

l1−ε ln
(

1 + ht,ol(ε−1) I−1(ε)
)

> ln
(

1 + ht,o I−1(1)
)
. (C.2)

Since inequality ax
1+ax < ln (1 + ax) < ax holds for ax >

−1 and x = 0, we have

l1−ε ln
(

1 + ht,ol(ε−1) I−1(ε)
)

>
ht,o I−1(ε)

1 + ht,ol(ε−1) I−1(ε)
.

(C.3)

Substituting (C.3) into (C.2), we have ht,o I−1(ε)

1+ht,ol(ε−1) I−1(ε)
>

ln
(
1 + ht,o I−1 (1)

)
, whose solution is

l >

(
1

ln
(
1 + ht,o I−1 (1)

) − 1

ht,o I−1 (ε)

) 1
ε−1

. (C.4)

Therefore, for any ε ∈ (0, 1), path loss should

be smaller than lim
ε→1

(
1

ln(1+ht,o I−1(1))
− 1

ht,o I−1(ε)

) 1
ε−1 =

exp

((
ht,o I (1)

ln(1+ht,o I (1))
− 1

)−1 · I ′(1)
I (1)

)
such that complete chan-

nel inversion power control η (1, l) have better uplink energy
efficiency than η (ε, l).

If constant power control (ε = 0) have better energy effi-
ciency than any other ε, that is

log2
(
1 + ht,ol(ε−1) I−1 (ε)

)

Pu (ε) lε
<

log2
(
1 + ht,o I−1 (0)

)

Pu (ε)
. (C.5)

(C.5) can be rewritten as

l−ε ln
(

1 + ht,ol(ε−1) I−1 (ε)
)

< ln
(

1 + ht,o I−1 (0)
)
. (C.6)

According to inequality ax
1+ax < ln (1 + ax) < ax ,

we obtain

l−ε ln
(

1 + ht,ol(ε−1) I−1 (ε)
)

< ht,ol−1 I−1 (ε) . (C.7)

That is if ln
(
1 + ht,o I−1 (0)

)
> ht,ol−1 I−1 (ε), i.e. l >

ht,o I−1(ε)

ln(1+ht,o I−1(0))
, constant power control (ε = 0) have better

energy efficiency than η (ε, l).
According to Property 3, the path loss l is decreasing

for optimal power control coefficient ε∗. We can obtain that

when l >
ht,o I−1(0)

ln(1+ht,o I−1(0))
, constant power control (ε = 0)

have the highest uplink energy efficiency for any ε and when

l < exp

((
ht,o I (1)

ln(1+ht,o I (1))
− 1

)−1 · I ′(1)
I (1)

)
, complete channel

inversion power control (ε = 1) have the highest uplink energy
efficiency for any ε.
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