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Abstract—Massive machine-type communication (mMTC) is
one of the most rewarding and at the same time challenging com-
ponents in the fifth-generation (5G) cellular solutions supporting
the Internet of things (IoT). The 5G mMTC is considering the
use of a combination of two key mMTC enabling technologies
—grant-free (GF) transmission and non-orthogonal multiple-
access (NOMA), called GF-NOMA, which can potentially exploit
the advantages of both schemes. A primary challenge in GF-
NOMA is to reduce the packet drop rate. Owing to the decen-
tralized nature of the GF schemes and the lack of control over
user equipment, only hybrid automatic repeat request (HARQ)
Type I has been employed for enhancing the reliability of GF-
NOMA so far. In this paper, uplink GF-NOMA transmission
schemes using HARQ Type III are proposed. Two types of packet
combining —a) chase combining and b) incremental redundancy
combining are considered. Moreover, we introduce a grant-
free single-transmission (GFST) scheme where all redundancy
versions of the packet are transmitted in one shot. We present a
comprehensive evaluation of both the GF and the conventional
grant-based methods in mMTC scenarios, and demonstrate the
superiority of our proposed methods over the existing ones.

Index Terms—Massive machine-type communication (mMTC),
Grant-free (GF) transmission, Non-orthogonal multiple access
(NOMA), Hybrid automatic repeat request (HARQ), Internet of
things (IoT)

I. INTRODUCTION

Massive connectivity is a critical requirement to support
massive machine-type communication (mMTC) applications
in future networks hosting the Internet of things (IoT). Typi-
cally, the mMTC devices are designed to stay dormant unless
there is an event to be reported, resulting in sporadic user
activity [1]. Moreover, multiple mMTC applications require
low data rate communications, where the transmitted packets
are assumed to be small (200 bytes) and the battery life of
the mMTC devices is expected to be between 10 and 15 years
[2]. However, the number of devices can reach up to 106 per
square kilometers [3].

In the fourth generation (4G) cellular systems, like long term
evolution (LTE) and LTE-advanced (LTE-A), user equipments
(UEs) use a random access (RA) procedure to connect to
the network and request time-frequency resources for data
transmission. While the RA process is contention-based, de-
vices retain their connection in a contention-free manner by
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Fig. 1: RA process of the LTE

following the scheduling information sent by the serving base
station. This scheme is called grant-based (GB) transmission.

The four-step RA process in GB transmission (referred to
as the conventional random access) includes physical ran-
dom access channel (PRACH) preamble transmission, ran-
dom access response (RAR), radio resource control (RRC)
connection request (MSG3) and the RRC connection setup
(MSG4) [4]. After completing the four-step RA process, a
UE is in “connected mode”, where it constantly receives
resource allocation information from the base station for data
transmission. Fig. 1 illustrates the four-step RA process from
a state transition viewpoint associated with uplink (UL) and
downlink (DL) messages. The current MTC standards, such
as, the narrowband-IoT (NB-IoT) and enhanced MTC (eMTC)
also adopt similar procedures for GB transmission.

Recently, in the fifth generation (5G) new radio (NR), a two-
step RA procedure is introduced in order to reduce the latency
resulting from the conventional four-step RA procedure [5].
In this method, preamble transmission and data transmission
from the conventional four-step RA procedure are combined
into one message called MSGA, which corresponds to the
first step. The second step corresponds to a combination of
the random access response and the data acknowledgment of
the four-step RA procedure, denoted as MSGB. The preamble
transmission is similar to the four-step RA (albeit different
preamble sequences and transmission occasions may be used).
That is, preambles from different users are transmitted in a
contention-based manner and occupy a predetermined set of
time-frequency resources. Therefore, in terms of probability
of preamble collision, its performance is similar to the con-
ventional four-step RA. A detailed analysis of this scheme is
presented in Section IV-B.

Although GB transmission was very useful in LTE/LTE-A,
its control mechanism is already not suitable for mMTC. This
is because the scheduling of a massive number of devices
incurs a considerable amount of signalling overhead, and
the back-and-forth controlling messages not only drain the
UEs’ battery, but also lead to increased latency [1], [6]. This
motivated academia [1], [6]–[20] and industry [21] (more
than 15 companies) to explore grant-free (GF) transmission
schemes for mMTC and ultra-reliable low-latency communi-
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TABLE I: Messages in GB and GF transmissions.

Message GB GF
UL: RACH Preamble 3 3
DL: RAR 3 7
UL: MSG3 = RRC CR 3 7
DL: MSG4 = RRC CS 3 7
UL: Scheduling Request 3 7
DL: DCI: UL grant 3 7
UL: RRC CS complete 3 7
UL: Data 3 3

preamble data

Fig. 2: Two-phase transmission scheme

cation (URLLC) in 5G. The UEs following the GF transmis-
sion scheme adopt a “transmit when data is ready” strategy,
without requesting a grant from the base station [6]. Table I
summarizes the messages involved in GB and GF transmission
methods. Moreover, GF transmission is being considered for
standardization in Release 16 of NB-IoT.

The main challenge in GF transmission is to handle colli-
sions resulting from the contention-based access. Traditionally,
this was handled by mechanisms, such as, tree algorithms and
successive interference cancellation assisted tree algorithms
introduced in ALOHA systems [22], [23]. Notwithstanding
the benefits of such mechanisms in a lightly loaded network,
they have been shown to be inefficient in mMTC scenarios
[24]. As an alternative, NOMA methods have been found
to support massive connectivity through the employment of
efficient multi-user detection strategies [10], [11], [14], [25].
They have also been shown to be better than the conventional
orthogonal multiple access (OMA) methods used in current
wireless networks [10]. Therefore, there has been a trend in
industry and academia to shift from OMA to NOMA in recent
years.

GF-NOMA, an integration of both GF transmission scheme
and NOMA, which can potentially combine the advantages of
both the schemes, is also being evaluated for 5G mMTC [1],
[7]–[9], [11], [12], [15], [17], [25]–[27]. The majority of GF-
NOMA schemes propose a two-phase transmission method
that includes a preamble transmission in the first phase,
followed by the data transmission in the second phase, as
illustrated in Fig. 2 [1], [7]–[9], [11], [12], [15], [25], [26]. The
preamble is used for activity detection, UL synchronization
and channel estimation. Preambles are generally assumed to be
non-orthogonal, so that the system can serve a massive number
of users. In addition, preambles are also used to identify
NOMA signatures through a predefined mapping [9], [11],
[15], [26] and it is assumed that users are free to randomly
choose their preambles. Other GF-NOMA schemes consider
joint user activity and data detection without the aid of the
preambles [17], [27]. While these schemes exploit the sparsity
of the user activity, the base station will have to blindly
decode the NOMA signals, which is computationally costly.
In this paper, we adopt the two-phase GF-NOMA transmission
method using a preamble.

A. Motivation

A primary problem in GF-NOMA is the high packet drop
rate, which is mainly caused by the interference introduced
by non-orthogonality of the different users’ signals and the
collisions introduced by unsupervised contention-based trans-
missions. As shown in conventional GB transmission schemes
such as LTE and LTE-A, hybrid automatic repeat request
(HARQ) is an effective means for enhancing the packet recep-
tion reliability. HARQ Type I, i.e., repetition of forward error
correction (FEC) coded packets, has already been employed
in GF-NOMA to improve transmission reliability [9], [28].

Further benefits can be expected from HARQ with packet
combining, i.e., chase combining (CC) or incremental redun-
dancy (IR) combining. For CC, i.e., maximum-ratio combining
(MRC) of repeated packets, the base station requires the UE
identifier (ID) or the data transaction ID. For IR combining,
the base station needs to know the redundancy version (RV) of
each received packet as well as the UE or the data transaction
ID. Each RV is a predefined subset of the FEC coded data. If
the packet cannot be decoded with one RV, the remaining RVs
are transmitted and IR combining is employed to improve the
probability of data decoding. If each RV is self-decodable, it
corresponds to HARQ Type III [29], otherwise, it corresponds
to HARQ Type II [30]. For example, the NB-IoT and eMTC
standards use HARQ Type III with turbo-coded data. The
coded data is divided into four RVs, where RV-0 is used for
the first transmission and the remaining RVs are used for re-
transmissions.

Prior works in HARQ for conventional NOMA (grant-based
power-domain NOMA) analyze the performance of various
HARQ schemes for a system with two users [31]–[33] in the
downlink. For instance, [31] determines an upper bound for
outage probability of an IR based HARQ scheme along with
the power allocation. A similar scenario is considered in [32],
where closed-form expressions of the outage probability and
diversity gain are derived for a CC based HARQ mechanism.
In [33], the diversity order (asymptotic scaling law of the
outage probability with respect to the transmit power) is
analyzed for HARQ Type I, CC-HARQ and IR-HARQ with
IR. However, due to the lack of DL control channels for
carrying the HARQ meta-data (e.g. UE ID, RV information)
in GF scenarios, implementing Type II and III CC-HARQ
and IR-HARQ for GF-NOMA is challenging. To the best of
our knowledge, such schemes have not been proposed for GF
systems yet (especially in a multi-user uplink scenario). In this
paper, we propose decentralized GF HARQ Type III schemes,
where the HARQ meta-data of a UE is embedded in its UL
preamble through predefined mappings.

B. Main Contributions

The contributions of this paper are summarized as follows.
• We propose a physical layer solution for encoding the

HARQ meta-data in UL preambles and enable Type III
CC-HARQ and Type III IR-HARQ in the GF-NOMA
systems.

• We introduce a GF single transmission (GFST) method,
where all the RVs are transmitted in one shot. We
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quantitatively show that this method is the most energy-
efficient one in scenarios with high channel code rate or
high network load.

• We present probability-based models facilitating the anal-
ysis of the conventional GB IR HARQ mechanism and
the proposed GF HARQ schemes, and adopt the same to
analyze the probability of successful packet reception.

• Using the probability of successful packet reception, we
analyze the key performance indicators (KPIs) of the
system, including the UE energy efficiency, DL overhead
and packet delay. We show that practical aspects, such as,
the network load and channel code rate play significant
roles in determining the most energy-efficient method in
different scenarios.

C. Organization

The rest of this paper is organized as follows. Section II
describes the system model. The proposed and the benchmark
HARQ schemes are introduced in Section III and their ana-
lytical models are presented in Section IV. Section V presents
the analysis of the probability of successful packet reception
and Section VI is dedicated to the analytical characterization
of the KPIs of the system. Section VII provides the numerical
results, both from analytical expressions and system simula-
tions. Finally, conclusions are drawn in Section VIII.

D. Notation

Scalars are denoted by both lower-case and upper-case italic
letters, and vectors are denoted by bold-face letters. The letter
T in the sub-script or super-script of the variables denotes the
term “total” and (.)H stands for matrix Hermitian operation.
The complex Normal distribution with mean µ and variance σ2

is denoted by CN (µ, σ2). Bernoulli(X, ε) denotes a Bernoulli
distribution of rate ε and Binomial(X,M, ε) denotes a Bi-
nomial distribution of rate ε, number of components M and
random variable X . Also, expected values are denoted by (̄.)
and logical not by (̃.).

II. SYSTEM MODEL

Consider a network consisting of NUE users1, that are
randomly distributed within a circle of radius R, as shown
in Fig. 3. Assume that each user transmits a new, fixed-size
packet in a grant-free manner with probability ε. After trans-
mission, UEs wait for an acknowledgement (ACK) message
from the base station (gNB). If a UE does not receive an
ACK2, it re-transmits the packet. The maximum number of
transmissions allowed is denoted by nHARQ. If a packet is
not decoded successfully after nHARQ transmissions, it will
be considered dropped.

In a conventional grant-based NOMA in the uplink, either
open loop or closed loop power control can be adopted for
data transmission. Typically, closed loop power control is used

1We use the terms user, device and UE synonymously to refer to mMTC
entities participating in the UL of the system model.

2Negative acknowledgment (NACK) messages are not considered in this
GF scheme, since they mitigate the efficiency of the system.

Fig. 3: System model of mMTC

after the users have successfully obtained access to the gNB
and want to transmit data. Then, the gNB conveys the transmit
power for each user along with the time-frequency resource
grant for data transmission through the downlink control chan-
nels. However, in GF-NOMA, there are no dedicated grants
of resources for each user’s data transmission and the data of
different users are transmitted in a contention-based manner
along with their random access preambles. Hence, open-loop
power control is more suitable for GF-NOMA scenarios and
thus adopted in this paper (consistent with the power control
mechanism used in [9], [12], [34]). Specifically, users regularly
listen to the primary synchronization signal (PSS) transmitted
by the gNB for downlink synchronization in order to determine
their transmit power. We assume perfect time and frequency
synchronization, accurate power control and an ideal ACK
reception in the DL for simplicity.

Following the notations of LTE, we refer to the smallest
block of time in which a UE can transmit as the transmission
time interval (TTI) and assume that the channel coherence time
is larger than the TTI. Accordingly, we consider a block-fading
channel model, where each coherence interval is considered
as a separate block and channel realizations are independent
across blocks [7]. In each block, we can write the complex-
valued channel coefficient of the uth user as

h′u =
√
βuhu, (1)

where βu denotes the path-loss component, and hu denotes the
small-scale fading coefficient assumed to be complex Gaussian
distributed, i.e., Rayleigh fading.

Using the open-loop power control mechanism, each UE
first estimates βu from the received PSS and then compensates
for it by adjusting the transmit power to a certain level so that
the received power of all users be the same at gNB. At each
TTI, active users transmit a preamble of length Lp followed
by a NOMA-coded data signal that is spread over orthog-
onal resources using non-orthogonal Zadoff-Chu sequences
of length Ls

3. We consider one-to-one mapping between the
preamble and NOMA spreading sequence. We assume that,
after applying the adjustment of the power control mechanism,
the average received signal powers of the preamble sequence
and symbols of data are the same for all users and denoted
by ρp and ρd, respectively. After detecting preambles and UL
synchronization, the gNB estimates the channel and learns the
NOMA sequence used for data spreading owing to the unique

3We consider the case where Ls is a prime number, since it limits the
maximum correlation between two Zadoff-Chu sequences to 1√

Ls
[10].
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mapping between the preambles and the NOMA spreading
sequences. The gNB then de-spreads and decodes the data.

Following previous works in massive connectivity scenarios
[7], [8], we adopt randomly generated preambles and the ap-
proximate message passing (AMP) algorithm for user activity
detection and channel estimation. Accordingly, the preamble
pu = [p1

u, p
2
u, ..., p

Lp
u ] selected by user uth is modelled as a

sequence of complex Gaussian random variables. Denoting the
set of active users by K, the received preamble sequence of
the uth user at the gNB is given by

yp
u = hupu +

∑
n∈K,n6=u

hnpn + np. (2)

In (2), np = [n1
p, n

2
p, ..., n

Lp
p ] denotes the additive white

Gaussian noise (AWGN) vector (i.e., nkp
i.i.d∼ CN (0, σ2

p))
affecting the preamble part. The preamble is used to ob-
tain the channel estimation ĥu with the estimation error
∆hu = hu − ĥu. According to [8], ĥu

i.i.d∼ CN (0, σ2
F) and

∆hu
i.i.d∼ CN (0, σ2

E), where σ2
F denotes the variance of the

fading channel gain and σ2
E denotes the variance of the channel

estimation error of a minimum mean-squared error (MMSE)-
based AMP receiver after convergence of the algorithm:

σ2
E =

τ2
t→∞

1 + τ2
t→∞

, (3)

with
τ2
t→∞ =

1

γp(1− κµ)
. (4)

In equation (4), γp =
ρp
σ2
p

denotes the signal-to-noise ratio
(SNR) of the preamble, κ and µ are determined using

κ =
Np

Lp
, µ =

Na

NUE
. (5)

where Np and Na denote the total number of preambles and
the number of active users, respectively.

For the data part, let du and su denote a complex-valued
transmit symbol and the NOMA spreading sequence of the
user u, respectively. We can write the received sample after
de-spreading as

(6)

yd
u = hudus

H
u su +

∑
m∈K,m6=u

hmdmsH
u sm + nd

= ĥudu + ∆hudu +
∑

m∈K,m6=u
hmdmsH

u sm + nd,

where, nd ∼ CN (0, σ2
d) is the AWGN affecting the data part.

Next, we introduce the GF-NOMA HARQ schemes covered
in this paper.

III. GF-NOMA HARQ SCHEMES

We propose and analyze three new UL transmission meth-
ods for GF-NOMA in this work, which are described in the
following. We will compare these methods with four existing
schemes as benchmarks, which we explain first.
• Conventional GB IR-HARQ: This corresponds to the

HARQ Type III method followed in the current 4G stan-
dards (LTE/NB-IoT/eMTC), where each re-transmission

corresponds to a different RV and the gNB employs the
IR combining technique to decode the packets.

• Two-step RA: This corresponds to the GF transmission
method proposed in 3GPP Release 16 for 5G new radio
(NR) [5], where data transmission can be done in a
contention-based manner through the two-step RA pro-
cedure.

• GF-NOMA HARQ Type I (GF HARQ-I): This corre-
sponds to the state-of-the-art method used in GF uplink
[9], [28]. In this method, users transmit a preamble
followed by data transmission and wait a certain amount
of time for an ACK message in DL. In case a UE does
not receive an ACK, it re-transmits the same preamble
and the same RV. The gNB decodes each transmission
independently and does not combine the packets before
decoding (HARQ Type-I).

• Randomized GF HARQ-I: This corresponds to a modified
version of the GF HARQ-I in which each user is autho-
rized to change its preamble during the HARQ process
to prevent consecutive preamble collisions.

• GF-NOMA single transmission (GFST): In this first pro-
posed method, each user transmits all RVs in one shot.
The gNB combines the RVs using IR combining in order
to decode the data. Essentially, this method does not have
ARQ and the IoT devices need not keep track of the
ACK message for every RV, thereby resulting in a low-
complexity GF transmission mechanism.4

• GF-NOMA HARQ Type III with chase combining (GF
CC-HARQ): In our second proposed method, the trans-
mission (and re-transmission) procedure is similar to that
of GF HARQ-I, but the received packets get combined at
the gNB using MRC. This process continues until either
the gNB decodes the combined packet or the number
of re-transmissions surpasses the maximum number of
attempts allowed.

• GF-NOMA HARQ Type III with incremental redundancy
(GF IR-HARQ): The third proposed method is similar
to GF CC-HARQ, but each re-transmission from a user
corresponds to a different RV. The gNB combines multi-
ple RVs in the bit domain using IR combining and tries
to decode the packet at a lower code rate, in order to
improve the probability of successful decoding.

In a centralized network, the base station is in charge of
allocating the physical and virtual resources, such as physical
resource blocks (PRBs), NOMA signatures, RV indices of
the HARQ, etc. However, in mMTC scenarios, a centralized
structure with one management entity is infeasible owing to
the large overhead, increased UE power consumption and large
packet delay. To this end, we introduce a de-centralized system
for the proposed GF-NOMA HARQ schemes, where UEs are
free to choose their resources (preamble, NOMA sequence,
RV index) based on predefined mappings.

4We note that the error-rate performance of GFST is similar to that of the
conventional GF-NOMA scheme without HARQ, which transmits only one
RV (say RV-0), if the coding rate of RV-0 is chosen to be the same as the net
coding rate of the four RVs in the proposed GFST.
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Fig. 4: Illustration of preamble to preamble and preamble to
NOMA signature mappings for the case of nHARQ = 4 RVs.

A. GF-NOMA HARQ Process Design

Let us consider the GF IR-HARQ scheme with a maximum
of nHARQ transmissions. We construct an HARQ process
as {RV-0’s (preamble, NOMA sequence), RV-1’s (preamble,
NOMA sequence),..., RV-(nHARQ − 1)’s (preamble, NOMA
sequence)}. Basically, the HARQ process determines the
preamble and the associated NOMA sequence that the UE
must use if it has to re-transmit. For example, consider
a GF IR-HARQ process for nHARQ = 4, denoted by
{(P1, S1), (P5, S5), (P9, S9), (P13, S13)}. This means that if
the UE uses (P1, S1) for its initial transmission, it is bound to
use (P5, S5) for the first re-transmission, (P9, S9) for the next
re-transmission and (P13, S13) for the last re-transmission.
Note that the RV index can be determined by identifying the
preamble. Such a process can be designed by partitioning the

pool of preambles and the associated NOMA sequences across
different RVs. We propose two types of HARQ processes for
GF IR-HARQ based on the number of preambles per RV
—i) equal size preamble groups and ii) variable size preamble
groups.

1) Equal-size preamble groups: In this case, each group
contains the same number of preambles. As illustrated in
Fig. 4a, each preamble (indexed by {1, 2, · · · , 16}) is uniquely
mapped to a NOMA spreading sequence. Considering four
RVs, the sixteen preambles are partitioned into groups of four
preambles, with each group indicating a different RV index.
For example, the preamble indices {1, 2, 3, 4} correspond to
RV-0. Also, each (preamble, NOMA-sequence) pair in a group
is mapped to exactly one (preamble, NOMA-sequence) pair
in the next group. The set of ordered (preamble, NOMA-
sequence) pairs that are connected through this mapping
form an HARQ process. For example, the set {1, 5, 9, 13} is
associated with one HARQ process.

It is intuitive that evenly distributing preambles between
RV indices is not optimal. The reason is that all UEs use
the preambles of the first group (RV-0) for their new packet
transmissions, while the preambles of the RV-1, RV-2 and RV-
3 groups are used only in cases of re-transmissions. Since the
number of packets in re-transmission stages is less than the
initial stage, equal-size groups cause congestion for earlier
stages and under-utilization for later stages of the HARQ
process.

2) Variable-size preamble groups: Here, we propose to
unequally divide the set of preambles, such that the number of
preambles assigned to the earlier stages are more than those
assigned to the later stages. To this end, we define HARQ
processes with many-to-one mappings between the (pream-
ble, NOMA-sequence) pairs of consecutive groups. Fig. 4b
illustrates the structure of this process. This design distributes
the collisions between all the re-transmission stages, thereby
alleviating the high collision rate in the early stages. In
Section VII-B, we show that the overall successful packet
reception rate (which strongly depends on the collision rate)
can be improved by carefully choosing the size of the preamble
groups.

We conclude this section by noting the preamble partition-
ing is required only for GF IR-HARQ, since it employs multi-
ple RVs. The GF HARQ-I and the GF CC-HARQ schemes use
one RV and grouping of preambles per RV is not necessary.
Therefore, the HARQ process for these schemes contains one
set of (preamble, NOMA sequence) pairs only. The same holds
for the GFST scheme, since all the RVs are transmitted in a
single shot.

In the following, we present the analytical models for the
aforementioned UL transmission schemes.

IV. ANALYTICAL MODELS FOR THE GB HARQ,
TWO-STEP RA, AND THE GF-NOMA HARQ SCHEMES

In this section, we describe the probability-based models
used to analyze the GB HARQ (Section IV-A), two-step RA
(Section IV-B), and the GF-NOMA HARQ (Section IV-C)
schemes. For the modelling, it is useful to define the following
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random events for any active user at the rth re-transmission
stage of the GB/GF-NOMA HARQ process:

Er1 = {no preamble collision at stage r},
Er2 = {successful preamble detection at stage r},
Er,k3 = {successful data decoding after combining

k packets at stage r},

where 1 ≤ k ≤ r and 1 ≤ r ≤ nHARQ, and r = 1 is
the first packet transmission. Accordingly, we can express
the probabilities of successful and failed packet reception,
respectively, after combining k packets for the rth stage and
the probability of missed-detection of the preamble as

P s
r,k = Pr(Er1 , E

r
2 , E

r,k
3 ), (7)

P f
r,k = Pr(Er1 , E

r
2 , Ẽ

r,k
3 ), (8)

Pm
r = Pr(Er1 , Ẽ

r
2), (9)

respectively.

A. Modelling the Conventional GB IR-HARQ Scheme

As mentioned in Section I, the GB transmission method is
a two-stage routine, applying four-step RA in the first stage,
followed by data transmission in the second stage. Note that
a collision occurs at the RA stage when two or more users
pick the same preamble. In the case of a collision, each user
backs off for a random duration of time before attempting
the next RA. If there is no collision, the gNB detects the
preambles transmitted by the users. Upon successful preamble
detection, it grants the time-frequency resources for uplink
data transmission. The users then transmit their data through
a HARQ process, which is decoded by the gNB.

For modelling the GB scheme, we assume an ideal four-
step RA procedure, which means that the RA procedure is
collision-free and all the back-and-forth messages of this
procedure are delivered free of error. Hence, one RA attempt
is enough for attaching UEs to the network. Then, k = r at
the rth HARQ stage and the probabilities in (7)-(9) simplify
to

P s
r,r = Pr(Er,r3 ), (10)

P f
r,r = Pr(Ẽr,r3 ) = 1− Pr(Er,r3 ), (11)

Pm
r = 0. (12)

Hence, we only need to consider the event Er,r3 to model the
HARQ process. This idealistic assumption for RA means that
gains attained by the proposed GF methods against the GB
scheme are conservative estimates.

Furthermore, in line with mMTC scenarios, we consider that
the number of available orthogonal resources in the system is
always less than the total number of active users at any given
time. Thus, only a part of the access requests can be granted,
and we denote the probability of receiving an access grant by
PAG. Then, using (10) and (11), the probability of successful
packet reception in the rth stage is given by

Ωr = PAG

r−1∏
k=1

P f
k,kP

s
r,r, (13)

and the probability of successful decoding within a maximum
of nHARQ HARQ transmissions can be calculated as

ΨnHARQ =
nHARQ∑
r=1

Ωr. (14)

B. Modelling the Two-step RA Scheme

Assume that the number of PRACH preambles mapped to a
PRB is NPRACH and that the probability of no data (payload)
collision is PNDC. There are three possible outcomes.

1) The base station successfully detects the preamble upon
reception of MSGA and decodes the payload accom-
panying it through the physical uplink shared channel
(PUSCH). In this case, the base station transmits a
success message via RAR to the UE containing the con-
tention resolution ID of MSGA. If the success message
is detected free of error, the two-step RACH procedure
ends.

2) The base station detects MSGA preamble successfully,
but the data on PUSCH is not decoded. In this sit-
uation, the base station transmits a fallback message
via RAR to the UE with the random-access preamble
ID and an uplink grant for the MSGA PUSCH re-
transmission. Upon receiving the RAR, the UE resorts to
the four-step RACH, starting with MSG3 transmission
(re-transmission of the MSGA PUSCH).

3) The base station cannot detect the RACH preamble and
hence does not send any feedback. The UE resorts to
the conventional four-step RA procedure.

Similar to our analysis of the conventional four-step RA
procedure, for simplicity, we assume ideal collision-free trans-
mission and ideal detection for PRACH preambles. Therefore,
Scenario 3 is not considered. The probability of occurrence of
Scenario 1 is

Ω1 = PNDCPr(E1,1
3 ), (15)

where PNDC , Pr(no data collision). The probability that
Scenario 2 occurs is 1 − Ω1, in which case the UE re-
transmits MSGA in a grant-based manner. Therefore, ideally
there should be no data collision. However, since the number
of available PRBs is limited, the re-transmission of MSGA
cannot be granted for all users in Scenario 2. Let PAG denote
the probability that gNB grants a MSGA re-transmission.
Thus, assuming that the re-transmitted MSGA can be IR-
combined with the initial MSGA, the probability of successful
reception in Scenario 2 is

Ω2 = (1− Ω1)PAGPr(E2,2
3 ), (16)

and the overall probability of successful packet reception is
Ψ = Ω1 + Ω2.

C. Modelling the GF-NOMA HARQ Methods

In GF scenarios, the gNB combines packets based on the
detected preamble IDs. Consider a scenario where UE-1 has
picked preamble-1 and is transmitting a packet. Another user,
UE-2 picks the same preamble and starts transmitting its
packet before UE-1’s HARQ process has been completed.
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Pr(Sr,t,i,j) =


Pr(Sr−1,t−1,i,j)P

c
r + Pr(Sr−1,t,i−1,j)P

m
r + Pr(Sr−1,t,i,j−1)P f

r,j t+ i+ j = r

Pr(Sr−1,t,i,j)P
s
r,j+1 t+ i+ j = r − 1

0 else

(17)

Then, the gNB may combine UE-1’s packet with UE-2’s
packet, since they had the same preamble ID, resulting in a
decoding failure. This is termed as packet combining con-
fusion, which occurs due to the random delay between re-
transmissions. To avoid such scenarios, the delay between
re-transmissions is set to a fixed value. This way, the gNB
does not combine any two packets unless the time difference
between them is a certain value. In LTE, UL re-transmissions
are 8 ms apart. In [9], although the timing of re-transmissions
is random, there is a fixed 4 ms waiting time before starting
the random re-transmission process and on average, the time
difference between re-transmissions is 8 ms. This motivates
us to set a fixed delay of 8 ms between UL re-transmissions
in all proposed methods.

Unlike the GB IR-HARQ and two-step RA schemes with
idealistic RA, we consider the possibility of preamble collision
and preamble-detection failure in our analysis of the GF
NOMA HARQ schemes. To model the HARQ process, we
define the state variables Sr,t,i,j corresponding to the state of
the rth stage of the HARQ (i.e., after r transmissions), with
t, i, j, 0 ≤ t, i, j ≤ r, being the number of preamble collisions,
missed preambles and failed decodes, respectively. For exam-
ple, S2,0,0,2 refers to the second stage of the HARQ process,
where the preambles were successfully detected in both the
first and second transmissions, but data was not decoded in
either case. The probabilities associated with the states follow
the recursion given in (17), where 1 ≤ r < nHARQ and
Pr(S0,0,0,0) = 1.

The probability of successful packet reception at the rth

stage can now be computed by summing the probabilities of
all states that satisfy t + i + j = r − 1 (packet reception is
successful only when t+ i+ j = r − 1) as follows:

Ωr =
r∑
t=0

r∑
i=0

Pr(Sr,t,i,r−t−i−1), (18)

and the probability of successful packet reception after nHARQ

attempts is achieved from (14).
1) GF HARQ-I: As mentioned in Section II, in this method,

UEs re-transmit the same preamble and RV for each re-
transmission and the gNB does not employ any combining
techniques. Thus, preamble collision persists once it happens
and leads to packet drop5, i.e., (17) is zero for all t > 0.
Therefore, this method is modelled by setting t = 0 in (18)
and k = 1 while computing P s

r,k and P f
r,k.

2) Randomized GF HARQ-I: In this method, since UEs are
allowed to re-transmit each time with a different preamble,

5When two or more users select the same preamble, the base-station may be
able to detect the preamble. But the associated channel estimate is likely far
from any of the individual user channels, and thus the probability of decoding
failure is high. Therefore, we assume that a preamble collision always results
in data decoding failure. This assumption is also consistent with that used in
[9, Section V.A]. For further details, please refer to Appendix B.

collisions do not necessarily repeat. Thus, (17) has non-zero
values for t ≥ 0. However, similar to the GF HARQ-I method,
the receiver cannot combine the received packets. Hence, this
method is modelled by setting k = 1 while computing P s

r,k

and P f
r,k.

3) GF IR-HARQ and GF CC-HARQ: In these two methods,
similar to the GF HARQ-I, preamble collision leads to a
packet drop. However, since receiver can combine packets
upon reception, k varies from 0 to r. Therefore, to model
these methods, we have to set t = 0 in (18).

4) GFST: In this method, since all the RVs are transmitted
in one shot, we have t = 0, r = 1 and k = nHARQ. Note
that the TTI of this method is nHARQ times larger than that
of the previous methods. Consequently, the number of arrivals
in GFST method is nHARQε in one TTI.

V. ANALYSIS OF THE PROBABILITY OF SUCCESSFUL
PACKET RECEPTION

The probability of successful packet reception is the primary
metric for evaluation of the system under consideration. Other
metrics such as power efficiency, delay, and overhead directly
depend on this metric. Therefore, we first derive this metric for
each UL transmission method and then derive other metrics
based on it in Section VI.

As probabilities of preamble collision and successful data
decoding for one user depend on the simultaneous use of
resources by other users, the evaluation of probabilities (7)-(9)
is facilitated by the conditioning of events on the number of
active users at the nHARQ stages of the HARQ process denoted
by Na = [N1

a , N
2
a , ..., N

nHARQ

a ]. In particular, we can write

(19)Pr(Er1 , E
r
2 , E

r,k
3 ) =

∑
Na

Pr(Na) Pr(Er1 , E
r
2 , E

r,k
3 |Na).

Since the numbers of active user at different stage r, Nr
a ,

is independent of Nk
a , 1 ≤ k ≤ r − 2, given Nr−1

a , we can
write

Pr(Na) = Pr(N1
a )

nHARQ∏
r=2

Pr(Nr
a |Nr−1

a ). (20)

For all the UL transmission methods considered in this paper
we can show that

Pr(N1
a ) = Binomial(N1

a , NUE, ε), (21)

Pr(Nr
a |Nr−1

a ) = Binomial(Nr
a , NUE, εr), (22)

where

εr = (1− Ωr−1)
Nr−1

a

NUE
(23)

and 2 ≤ r ≤ nHARQ. The proof of (21) and (22) is relegated
to the Appendix. Moreover, for typical parameters considered
in mMTC scenarios we observe that (21) and (22) are highly
concentrated around their expected values especially when the
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number of active users is large. The expected values can be
calculated as

N̄r
a = NUEε

r−1∏
j=1

(1− Ωj), 1 ≤ r ≤ nHARQ . (24)

Exploiting this concentration property for the ease of analysis6,
(19) simplifies to

(25)Pr(Er1 , E
r
2 , E

r,k
3 ) ≈ Pr(Er1 , E

r
2 , E

r,k
3 |N̄a),

where N̄a = [N̄1
a , N̄

2
a , . . . , N̄

nHARQ

a ]. Likewise, we approxi-
mate the total number of active users Na =

∑nHARQ

r=1 Nr
a by

N̄a =
nHARQ∑
r=1

N̄r
a = NUEε

nHARQ∑
r=1

r−1∏
j=1

(1− Ωj). (26)

Writing

Pr(Er1 , E
r
2 , E

r,k
3 |N̄a) = Pr(Er1 |N̄a)︸ ︷︷ ︸

,PE1
r

Pr(Er2 |Er1 , N̄a)︸ ︷︷ ︸
,PE2

r

Pr(Er,k3 |Er1 , Er2 , N̄a)︸ ︷︷ ︸
,PE3

r,k

we can express (7)-(9) as

P s
r,k =PE1

r PE2
r PE3

r,k , (27)

P f
r,k =PE1

r PE2
r (1− PE3

r,k ), (28)

Pm
r =PE1

r (1− PE2
r ). (29)

Next, we derive expressions for PE1
r , PE2

r , and PE3

r,k . We note
that for GB IR-HARQ, PE1

r = 1 and PE3

r,k can be calculated
using k = r. Also, for GFST, we can calculate the probabilities
by setting r = 1 and k = nHARQ.

A. Conventional GB IR-HARQ

For the GB scheme, we require expressions for the proba-
bility of access PAG and the decoding probability PE3

r,r . For
the former, we note that in the mMTC scenario we can assume
that at any given time, the number of active users (N̄a) exceeds
the number of available orthogonal resources (NPRB) in the
system. Hence, the probability of an access request being
granted is given by

PAG =
NPRB

N̄a
. (30)

where N̄a depends on the probabilities of successful packet
reception Ωr as indicated by (26).

Denoting the code rate and the length of each RV after
encoding by R and L, respectively, the decoding probability
at the rth HARQ stage is computed using the total number of

6In Section VII, for massive connectivity scenarios, we evaluate the
probability of successful packet reception without this approximation through
Monte-Carlo simulations, and show that it aligns well with those obtained
using this approximation.

rL transmitted coded bits and the effective code rate of R/r.
Then, applying the results from [35] for coding with finite
block-length, the probability of successfully decoding a data
packet given a channel realization ĥu is

Pr(Er,r3 |ĥu) = 1−Q

(√
rL

V

(
log2(1 + ĥuγ

d)− R

r

))
,

(31)
where γd = ρd

σ2
d

is the SNR of the data, Q denotes the

Gaussian Q-function, and V = (log2 e)2
(

1− 1
(1+γd

0 )2

)
. The

marginalization over ĥu to obtain PE3
r,r needs to be done

numerically, where we note that only (31) depends on the
absolute value of ĥu.

Using the result for PE3
r,r in (10), (11) and (13) we obtain

the probability of successful packet reception ΨnHARQ using
(14). Note that Ωr in (13) depends on PAG and hence on
N̄a. Since N̄a itself depends on Ωr, we adopt the numerical
method introduced in [34] to solve (26) recursively using

N̄ (i+1)
a = NUEε

nHARQ∑
r=1

r−1∏
j=1

(1− Ωj(N̄
(i)
a )), (32)

starting with N̄ (1)
a = NUEε.

B. Two-step RA

In this method, the probability of the MSGA re-transmission
being granted is obtained from (30). To calculate PNDC, note
that since N̄a � NPRB, the two-step RACH method must
support N̄a-to-NPRB RACH preamble to PRB mapping. Each
group of preambles that is mapped to the same PRB has

¯
Na

NPRB

members. Any two users who pick their preambles from the
same group will experience a data collision. The probability
of no data collision for a user can be calculated as

PNDC =

(
1− NPRB

N̄a

)N̄a−1

. (33)

C. GF-NOMA HARQ

For the GF-NOMA cases, we need to evaluate the prob-
ability for preamble collision and consider the presence of
multiuser interference during preamble detection and data
decoding.

1) GF CC-HARQ: At each stage of GF CC-HARQ, N̄a

users contribute to collisions and interference. Hence, the
probability of no collision is

PE1
r =

(
1− 1

Np

)N̄a−1

. (34)

The probability of successful preamble detection if there
was no collision can be obtained, using the result from [7,
Eq. 34] for MMSE-based AMP detection, as

PE2
r = 1−

Γ
(

1, τ2
t→∞ log2(1 + 1

τ2
t→∞

)
)

Γ(1)
, (35)

where Γ and Γ denote the Gamma function and the lower
incomplete Gamma function, respectively. Also, (35) depends
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on Np through (4) and (5). We note that the expressions (34)
and (35) are independent of the HARQ transmission stage r.

To evaluate the probability of successful decoding for GF-
NOMA, we need to consider the signal-to-interference-plus-
noise ratio (SINR) of the uth UE obtained after combining k
packets. Let Ki denote the set of active UEs excluding the uth

UE in the ith HARQ stage. Conditioned on the fading realiza-
tions for all active users during the transmission of k RVs from
UE u, i.e., hu = [h1, . . . , hu−1, ĥu, hu+1, . . . , h|

⋃k
i=1 Ki|], the

probability of decoding success for MRC is

Pr(Er,k3 |hu) = 1−Q

(√
L

V

(
log2(1 + γMRC

u )−R
))
, (36)

where

γMRC
u =

k|ĥu|2

1
γd + 1

k

k∑
i=1

∑
n∈Ki,n6=u

|hn|2|sH
u sn|2+σ2

E

. (37)

is the SINR for user u. We note that (36) only depends on
the number of combined packets (k) and not the number
of transmissions (r). The marginalization with respect to hu
needs to be performed numerically using the Monte-Carlo
method, so that we obtain PE3

r,k . We found empirically that
on the order of 10,000 realizations are sufficient for stable
results.

Substituting the results for PE1
r , PE2

r and PE3

r,k into (27)-
(29), we can evaluate Ωr (18)7 and finally ΨnHARQ (14).
Similar as for the GB case, Ωr and N̄a are inter-dependent
and we need to recursively solve for N̄a using the numerical
method from [34].

2) GF HARQ-I: This method is a special case of GF CC-
HARQ setting k = 1 in (36).

3) Randomized GF HARQ-I: This method can be modeled
similar to the GF CC-HARQ method. However, t is not zero
in (18) and we have to set k = 1 in (36).

4) GF IR-HARQ: The analysis for GF IR-HARQ is some-
what more complicated because of the preamble partitioning
schemes introduced in Section III-A. At each HARQ trans-
mission stage, N̄a users contribute to interference but only
N̄r

a compete for preambles and thus contribute to collisions
at stage r. Furthermore, the number of preambles available is
a function of r, i.e., Nr

p . Accordingly, the probability of no
collision is

PE1
r =

(
1− 1

Nr
p

)N̄r
a−1

. (38)

Furthermore, we can reuse expression for PE2
r (35) from the

GF CC-HARQ case, with using Nr
p in (5). The probability

of successful decoding after IR combining of k packets and
conditioned on the fading realizations for all active users is

Pr(Er,k3 |hu) = 1−Q

(√
kL

V

(
log2(1 + γu)−R

k

))
, (39)

where the SINR is calculated as

γu =
|ĥu|2

1
γd +

∑
n∈Kr,n6=u

|hn|2|sH
u sn|2+σ2

E

. (40)

7Note that t = 0 in (18).

TABLE II: Comparison of UE energy consumption.

Method UE energy consumption
GB IR-HARQ W = ΛRA + (ΛDCI + Λdata +

ΛACK)
(∑nHARQ

r=1 rΩr + (1 − ΨnHARQ )nHARQ
)

Two-step RA W = (ΛMSGA + ΛMSGB)Ω1 + (ΛMSGA +
ΛMSGB + ΛMSG3 + Λdata + ΛMSG4)Ω2 +
(ΛMSGA + ΛMSGB + ΛMSG3 + Λpayload)(1−Ψ),

GF NOMA
with HARQ8

W = (Λpreamble + Λdata +

ΛACK)
(∑nHARQ

r=1 rΩr + (1 − ΨnHARQ )nHARQ
)

GFST W = Λpreamble + nHARQΛdata + ΛACK

The remaining steps are same as for GF CC-HARQ, including
the recursive method to solve for N̄r

a , 1 ≤ r ≤ nHARQ.
5) GFST: GFST can be analyzed as a special case of GF

IR-HARQ with t = 0, r = 1, k = nHARQ, packet arrival rate
equal to nHARQε and N1

p = Np.

VI. ANALYSIS OF UE ENERGY EFFICIENCY, DL
OVERHEAD AND PACKET DELAY

In this section, we use the statistical analysis of the proba-
bility of successful packet reception developed in Section V to
derive other important KPIs, such as, energy efficiency, packet
delay, and DL overhead.

A. UE Energy Efficiency

As mentioned in Section I, UE energy efficiency is a critical
metric for mMTC scenarios. Since we model the UL scenario,
a major portion of the energy is consumed for transmitting
uplink data. In order to assist uplink data transmission, the
UE typically needs to decode the relevant downlink control
information (DCI) and process the ACK (or ACK/NACK)
messages received in the downlink. Let Λq denote the energy
consumed by the UE for executing the operation q.

For the GB transmission scheme, one must account for the
energy consumed by the UE for the four-step RA process (see
Fig. 1) in addition to that consumed by the DCI decoding and
ACK processing. Based on the ideal RA process assumption,
the amount of energy consumed in this process is

ΛRA = ΛPRACH + ΛRAR + ΛMSG3 + ΛMSG4. (41)

where the PRACH involves the preamble transmission.
For the two-step RA method, similar to the four-step RA

scheme, one needs to account for the energy consumption for
MSGA transmission (ΛMSGA = ΛPRACH + Λdata + ΛMSG3)
and MSGB reception (ΛMSGB = ΛRAR + ΛMSG4) in addition
to the energy consumption for payload transmission.

The proposed GF-NOMA HARQ methods only require
preamble transmission, data transmission and ACK processing.
The DCI decoding is not required since the access mechanism
is grant-free. The expected values of the energy consumption
(denoted as W ) corresponding to the different UL transmission
methods presented in this paper are summarized in Table II.

8GF NOMA with HARQ represents GF HARQ-I, GF randomized HARQ-I,
GF CC-HARQ, and GF IR-HARQ.

"Copyright (c) 2020 IEEE. Personal use of this material is permitted. However, permission to use this material for any other purposes 
must be obtained from the IEEE by sending a request to pubs-permissions@ieee.org."



10

Further, we define the energy efficiency of each method as
the ratio of the number of successfully delivered bits to the
energy consumed, given by

η =
ΨnHARQLuncoded

W
[bits/Joule], (42)

where Luncoded is the number of bits of data before coding
and ΨnHARQ can be obtained using the analysis in Sections IV
and V.

B. Packet Delay

We define the packet delay as the time difference between
the instant of successful packet reception by the gNB and the
first transmission with any missed packet being ignored. The
expected value of the packet delay can be expressed as

τ = τRA + n · τTTI + w

∑nHARQ

r=1 rΩr
ΨnHARQ

, (43)

where τRA is the delay due to the four-step RA process,
τTTI is the duration of the TTI, n is the number of RVs
in each transmission and w is the fixed delay between re-
transmissions. Evidently, τRA = 0 for all GF-NOMA methods.
Also, n = 1 and w = 8 ms for all the methods except the two-
step RA and GFST schemes. For the two-step RA we have
n = 0 and w = 0 and for the GFST we have n = 4 and
w = 0, since four RVs are transmitted in a single shot.

In order to determine the delay caused by the RA process,
we assume that the gNB handles excessive access requests by
running a queue on a first-come, first-served basis. The length
of the queue is N̄a and the number of available resources is
NPRB. Therefore, it takes N̄aτTTI/NPRB longer for users to
start transmitting than in the GF case. Considering an ideal
RA process as per Fig. 1, we obtain

τRA =
τPRACH + τRAR + τMSG3 + τA−RP+

τMSG4 +
N̄a

NPRB
τTTI

, 4− step

τMSGAΩ1+(2τMSGA+τMSGB)Ω2

Ψ +
¯
Na

NPRB
τTTI , 2− step

(44)

where τA−RP is the delay between the acknowledgment of
MSG3 by the gNB and acceptance of the connection request of
the UE in the four-step RA procedure and τMSGA = τPRACH+
τMSG3 and τMSGB = τRAR + τMSG4.

C. DL Overhead

The DL overhead analysis assumes that the radio resource
configuration (RRC) connection is already established. It
includes only the physical and link layer aspects in the
calculation after the uplink access is attempted. This is because
decoding of messages conveying system parameters, such as,
the system information block (SIB) happens in the downlink
(prior to uplink access). Also, the pre-defined mappings intro-
duced in Section III-A can be treated as system parameters and
conveyed through SIB. Hence, conveying the mapping is not
included as a part of the overhead calculation. Moreover, SIBs
are not as frequent as Ack, DCI and other messages (PRACH

transmission, RAR, MSG3, and MSG4) that are exchanged
after the uplink access attempt.

The DL overhead for the conventional GB method com-
prises the resources consumed for transmitting the RAR and
MSG3 as well as the DCI and ACK (or ACK/NACK) that are
denoted by νRAR, νMSG4, νDCI, and νACK respectively. For
an ideal RA assumption as per Fig. 1, the expected value of
the overhead of GB IR-HARQ method is

(45)ODL
GB = νRAR + νMSG4 + (νDCI + νACK)

nHARQ∑
r=1

rΩr

+ nHARQ(1−ΨnHARQ) (νACK + νDCI) ,

and for the two-step RA we have

ODL
2−step = νMSGBΩ1 +(νMSGB +νMSG4)Ω2 +νMSGB(1−Ψ),

(46)
where, νMSGB = νRAR + νMSG4. As mentioned in Section II,
NACK messages are not considered for the GF schemes and
an ACK message is sent in the DL if the UL packet is decoded
successfully. Hence, the DL overhead of the GF methods
only consists of the resources consumed to transmit the ACK
message. Therefore, we infer that

ODL
GF ≤ νACK. (47)

VII. NUMERICAL RESULTS

In this section, we present quantitative results to evaluate
the performance of the proposed GF-NOMA HARQ methods.
We consider a scenario with NUE = 2000 users distributed
uniformly at random within a cell of radius 1 km. We adopt
an LTE system with normal cyclic prefix (CP) with NPRB = 6,
which corresponds to a system bandwidth (for the gNB and the
UEs) of 1.4 MHz. A PRB pair, which is the minimum unit of
resource allocation in LTE spans 12 sub-carriers times 14 sym-
bols = 168 resource elements (REs). For GF transmission, we
allocate one PRB for preamble transmission, i.e., Lp = 168.
The length of the ZC-based NOMA spreading sequence is set
to Ls = 23, which enables us to generate 23 × 22 = 506
unique NOMA spreading sequences. Therefore, we have 506
unique preambles owing to the one-to-one mapping between
the NOMA sequences and the preambles. The maximum
allowed number of transmissions is set to nHARQ = 4, which
is in line with the number of RVs used in conventional GB
schemes, such as, LTE/LTE-A, NB-IoT, and eMTC. Similarly,
the transmit power is set to 23 dBm for both the preamble and
the data signal. The AWGN power is set to −169 dBm and the
propagation loss model βu = −128.1 − 36.7 log10(du/1000)
according to [8] is adopted, where du is the distance between
user u and the gNB in meters. The variance of the Rayleigh
fading channel is set to unity, i.e., σ2

F = 1, and the variance of
the channel estimation error given in Eq. (3) in this simulation
setup is σ2

E = 0.07.

9Each DCI contains 4 CCEs and supports 4 users, thus 1CCE per user [36].
10PHICH contains 12 REs and can carry one ACK or NACK [37].
11One RAR contains 4 CCE = 144 REs [4] and serves up to three users

[38], thus, 48 REs per user.
12One MSG4 contains 8 CCEs = 288 REs [4].
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TABLE III: Simulation parameters.

parameter Description value
νDCI overhead of DCI9 36 REs
νACK overhead of Ack10 12 REs
νRAR overhead of RAR11 48 REs
νMSG4 overhead of MSG412 288 REs
WRE energy consumed for reception of one RE
WRE energy consumed for transmission of one RE
ΛDCI energy consumed for DCI reception 36WRE

Λdata energy consumed for payload transmission 168WRE

ΛACK energy consumed for ACK reception 12WRE

Λpreamble energy consumed for preamble transmission 32WRE

ΛRAR energy consumed for RAR reception 48WRE

ΛMSG3 energy consumed for MSG3 transmission 24WRE

ΛMSG4 energy consumed for MSG4 reception 288WRE

τpreamble processing time required by base station to detect
the RACH preamble [38]

2 ms

τRAR length of the window of RAR [38] 5 ms
τHARQ
MSG3 waiting time for receiving MSG3 HARQ ACK

[38]
4 ms

τA−RP gap of monitor connection response message [38] 1 ms
τHARQ
MSG4 waiting time for receiving MSG4 HARQ ACK

[38]
4 ms

τTTI TTI of GF method 4 ms
w delay of re-transmission 8 ms

Moreover, we consider scenarios with a wide range of
network loads with on average NUEε ∈ {20, 40, 60, 80, 100}
new transmissions [1], [7], and four different data sizes of
16, 40, 72, and 120 bits. These data sizes correspond to
the standard transport block size (TBS) configurations in
LTE for quaternary phase shift keying (QPSK), denoted by
ITBS ∈ {0, 3, 5, 8}. Since there is 24-bit cyclic redundancy
checksum (CRC) associated with each transport block and a
PRB pair consists of 168 REs, the corresponding code rates
can be calculated as R = TBS+24

2·168 . Other relevant simulation
parameters are listed in Table III.

A. Probability of Successful Packet Reception

The KPIs considered in this work for comparing the differ-
ent mechanisms depend on the probability of successful packet
reception. Therefore, we first compare the analytical results for
the probability of successful packet reception with those from
Monte-Carlo simulations. Fig. 5 shows this comparison for
the different UL transmission methods. It is evident that the
simulation results agree well with analytical results derived
in Section V for different initial coding rates and for varying
network loads. This also confirms that the probability-based
analytical models presented in Section IV are adequate to
analyze a wide range of network scenarios.

B. Energy efficiency optimization for GF IR-HARQ

Next, we attempt to maximize the energy efficiency of the
proposed GF IR-HARQ method. Recall from Section III-A
that we suggest to partition the set of preambles into variable-
size groups for GF IR-HARQ. Here, the objective is to find
the optimal number of preambles in each group, such that
the energy efficiency is maximized. This problem can be
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Fig. 5: Comparison of analytical results (solid lines) and
simulation results (colored markers) for the probability of
successful packet reception.

TABLE IV: GA parameters

Parameter Value
Crossover fraction 0.9
Max stall generations 10
Population size 100
Function tolerance 10−3

formulated as a nonlinear integer programming problem

max
Np

η

s.t. {Np ∈ NnHARQ |
(
1 ≤ Nr

p < NT

)
∩
(∑

rN
r
p ≤ NT

)
},

(48)
where Np = [N1

p , N
2
p , ..., N

nHARQ

p ] with each entry Nr
p

indicating the number of preambles required for the rth HARQ
stage. The solution to this problem is obtained using a genetic
algorithm (GA) with the parameters summarized in Table IV.13

Table V shows the results for energy efficiency optimization
using GA for R = 0.119. It is clear that the use variable-size
preamble groups improves the energy efficiency, when com-
pared to the use of equal-size preamble groups, as indicated
by the last column of Table V. Moreover, the energy efficiency
gain increases with increasing NUEε.

C. UE Energy Efficiency, Packet Delay and DL Overhead

Finally, we demonstrate the results for the KPIs considered
in this work: UE energy efficiency, packet delay and DL
overhead. The energy efficiency results are normalized to the
energy consumed for the processing of one RE, where for
convenience we assume WTX

RE = WRX
RE ,WRE (see Table III),

which is reasonable for low-cost UEs.

13For small problem instances, optimal results were generated using ex-
haustive search and it was verified that the results obtained using GA were
near-optimal.
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TABLE V: Results for preamble group optimization.

NUEε Solution
ηvariable−size−ηequal−size

ηequal−size

20 Np = [439, 42, 17, 8] 34%
40 Np = [347, 103, 38, 18] 54%
60 Np = [318, 135, 48, 5] 64%
80 Np = [279, 162, 54, 11] 77%
100 Np = [269, 166, 62, 9] 89%
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Fig. 6: UE energy efficiency.

Fig. 6 demonstrates the UE energy efficiency for the
different methods. We observe that the GFST method out-
performs all other methods when the code rate is high
(R ∈ {0.428, 0.285}) and the network is heavily loaded
(NUEε ∈ {80, 100}). This is because in all the methods except
GFST, the probability of successful reception of a packet with
a high code rate, in the early stages of HARQ, is small.
Hence, most UEs resort to re-transmission of packets, thereby
reducing the energy efficiency. But in the GFST method, all
nHARQ RVs are sent together, which reduces the effective
code rate and increases the probability of successful reception,
thereby improving the energy efficiency. Thus, although the
GFST method appears to be a fairly straightforward scheme of
sending all RVs together, it is indeed the most energy efficient
UL transmission scheme in scenarios with high network loads
and high initial coding rates.

At lower code rates (R ∈ {0.119, 0.19}), the HARQ-
assisted methods demonstrate better energy efficiency than the
GFST method because the probability of successful reception
of a packet in the early stages of HARQ increases when the
code rate is low. It is seen from Fig. 7 that Randomized GF
HARQ-I performs better than the proposed methods when the
initial code rate is very low (i.e., 0.119) in terms of the energy
efficiency. But the proposed GF IR-HARQ method is superior
in performance when the initial code rate is higher than 0.119
or in scenarios with very heavy network load (NUEε = 100)
because it incorporates packet combining. Hence, the proposed
GF IR-HARQ method along with the optimal preamble par-
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Fig. 7: Packet delay.

titioning is very much applicable to mMTC, where scenarios
with low coding rate are not uncommon.

Fig. 7 illustrates the results obtained for packet delay
using the different methods. We see that the delay incurred
by the use of the conventional GB IR-HARQ and two-
step RA schemes are much higher that the rest, due to the
back-and-forth exchange of control messages related to RA
processes. As expected, the GFST scheme has a constant
packet delay across different code rates and network loads,
which is nτTTI = 16 ms. The packet delay for the other GF-
HARQ schemes is lower than that of GFST, especially for
low code rates. The reasoning is similar to that stated for UE
energy efficiency. Furthermore, the packet delay incurred by
the usage of the Randomized GF HARQ-I method is inferior
to that incurred by our proposed methods and the GF HARQ-I
method for coding rates greater than or equal to 0.19. With
respect to the DL overhead across all code rates and network
loads, it was observed that ODL

GB and ODL
2−step are at least 30

times and 28.4 times larger that the maximum amount of DL
overhead of the GF-HARQ methods (= νACK) respectively.

VIII. CONCLUSION

Generally, grant-free transmission and NOMA have been
thoroughly studied as separate solutions to enhance the number
of devices supported in mMTC networks. A comprehen-
sive analysis of their combination, GF-NOMA, which can
potentially exploit the advantages of both the schemes, is
presented in this paper. In particular, a GF-NOMA system
along with different HARQ mechanisms is considered for
mMTC uplink. Three new methods for GF-NOMA HARQ
have been proposed, namely, the GF IR-HARQ (using IR
combining), the GF CC-HARQ (using CC combining) and
the GFST scheme, where all the RVs are transmitted in a
single shot. All these methods employ preamble followed
by NOMA-coded data transmission. Unlike current grant-
based systems, the proposed schemes do not require additional
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exchanges from the base-station for the transfer of HARQ-
related information, since the preambles are not only used for
user activity detection and channel estimation, but also carry
the HARQ meta-data (for example, RV index information).
This renders the proposed GF-NOMA HARQ schemes to
be de-centralized. In terms of performance, the proposed
methods have been compared against the conventional GB-
IR HARQ and two-step RA mechanisms and the state-of-
the-art GF HARQ-I mechanism (which does not incorporate
packet combining) in terms of the probability of successful
packet reception, followed by the KPIs corresponding to UE
energy efficiency, packet delay and DL overhead. Numerical
results indicate that the proposed GF IR-HARQ method along
with the optimal preamble partitioning strategy presented in
this paper, is superior in scenarios with relatively low initial
coding rates or low network loads. Moreover, in scenarios with
relatively high initial coding rates and heavy network loads, the
GFST scheme demonstrates the best performance. Considering
their distinguished performance and their decentralized nature,
it can be concluded that the proposed methods can be readily
employed to improve the operational efficiency of grant-free
uplink mechanisms in mMTC.

APPENDIX A
PROOF OF (21, 22)

Assume that, αru is the binary activity indicator for user u
at state r, where 1 means active and 0 means inactive. The
number of active users at HARQ stage r is

Nr
a =

NUE∑
u=1

αru . (49)

We assume that α1
u follows a Bernoulli distribution with

parameter ε, thus N1
a which is the sum of NUE i.i.d. Binomial

variables, follows a Binomial distribution as follows

Pr(N1
a ) = Binomial(N1

a , NUE, ε), (50)

which proves (21). To prove (22), we first consider the
probability Pr(αru = 1|Nr−1

a ). Defining the binary variable
Sru indicating the success of packet reception for user u at
stage r, we can write

Pr(αru = 1|Nr−1
a ) =

∑
αr−1

u ,Sr−1
u

Pr(αru = 1, αr−1
u , Sr−1

u |Nr−1
a )

(a)
= Pr(αru = 1, αr−1

u = 1, Sr−1
u = 0|Nr−1

a )

(b)
= Pr(αru = 1|αr−1

u = 1, Sr−1
u = 0, Nr−1

a )

× Pr(Sr−1
u = 0|αr−1

u = 1, Nr−1
a )

× Pr(αr−1
u = 1|Nr−1

a ),

(c)
= Pr(Sr−1

u = 0|αr−1
u = 1, Nr−1

a )

× Pr(αr−1
u = 1|Nr−1

a ),

(d)
= (1− Ωr−1) Pr(αr−1

u = 1|Nr−1
a )

(e)
= (1− Ωr−1)

Nr−1
a

NUE
, (51)

where we used (a) the fact that transmission at stage r
is conditioned on a preceding unsuccessful transmission at

stage r − 1, (b) the chain rule of probability, (c) the fact
that a re-transmission is scheduled at fixed time interval, (d)
the definition of Ωr as the probability of successful packet
reception in the rth stage, and (e) the fact that

Pr(αr−1
u = 1|Nr−1

a ) =
Pr(Nr−1

a |αr−1
u = 1) Pr(αr−1

u = 1)

Pr(Nr−1
a )

=

(NUE−1

Nr−1
a −1

)
εN

r−1
a −1(1− ε)NUE−Nr−1

a ε(NUE

Nr−1
a

)
εN

r−1
a (1− ε)NUE−Nr−1

a

=
Nr−1

a

NUE
. (52)

Hence,
Pr(αru|Nr−1

a ) = Bernoulli(αru, εr), (53)

where
εr = (1− Ωr−1)

Nr−1
a

NUE
. (54)

Finally, since Nr
a in (49) is the sum of NUE i.i.d. Bernoulli

variables, we obtain

Pr(Nr
a |Nr−1

a ) = Binomial(Nr
a , NUE, εr). (55)

APPENDIX B
In this appendix, we provide justification for the assumption

that a preamble collision results in data decoding failure.
Let us consider two users—user A and user B selecting the

same preamble (say P1) and transmitting at the same time
with their channel gains denoted as hA and hB , respectively.
The received signal at the base station is hAP1 + hBP1.
Although the detection of P1 at the base station is possible
through multi-user detection methods like MMSE-based AMP
[7], the base station cannot distinguish whether just one UE
or several UEs have sent the same preamble. Hence, the
estimated channel corresponding to the detected preamble in
this situation is hA + hB . Using hA + hB instead of hA and
hB for equalizing the received signal deteriorates the signal,
mostly leading to decoding failure.

Moreover, users with the same preambles use the same
NOMA spreading codes. Hence, there is no processing gain
for any of the two users over the other one after de-spreading.
Therefore, the signal of these two users interfere with each
other in a network that already suffers from high interference
level owing to the large number of users and non-orthogonality
of their signals. Given this scenario, a preamble collision
results in decoding failure with a very high probability. Thus,
we assume that a preamble collision always results in data
decoding failure. Such an assumption was also used in [9,
Section V.A].

To further verify this assumption, we perform two simu-
lations to illustrate that preamble collision is indeed detri-
mental to the data decoding performance. The parameters
in these simulations are consistent with the ones adopted
in Section VII. Also, for the channel coding technique, we
employed the convolution turbo code (CTC) scheme used in
LTE standard with a default code rate of 1

3 . Note that this
coding rate 1

3 is well within the four different coding rates
considered in the manuscript and is not biased towards one
particular setting.
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Fig. 8: Monte-Carlo simulation results for Scenario 1 (left) and
Scenario 2 (right) with 10000 and 1000 runs, respectively.

Scenario 1 - Simulation of two users: In this simulation we
consider the scenario where only two users exist in the network
and they pick the same (preamble, NOMA code) pair. The base
station receives both signals at the same time with equal power
(due to power control) and runs an MMSE-based AMP multi-
user detection algorithm to detect the preamble and estimate
its channel [7]. Once the preamble is detected, the base station
equalizes and de-spreads the signal. The de-spread signal
is then passed through the demodulator and turbo decoder.
Finally, base station examines whether the data matches that of
the first user or the second. Fig. 8 (left) shows the successful
decoding rate of this scenario for different transmit powers.
As it is seen, there is a 20% chance for successfully decoding
either messages. Note that since there are only two users, the
interference level is not very high.

Scenario 2 - Simulation of multiple users with one preamble
collision: Here, we consider a scenario with 100 active users
employing different (preamble, NOMA code) pairs except for
two users, say user A and B. We are interested in knowing
the decoding success rate of these two users. In this scenario,
the SNR of user A and B can be low, owing to the higher
interference level caused by multiple active users with non-
orthogonal codes. Hence, we expect to see a decoding success
rate much lower than 20% (which was observed in the previous
scenario with exactly two users). Fig. 8 (right) shows that the
decoding rate goes down to about 3% in this scenario. Note
that in a typical mMTC scenario where more than two users
can have preamble collision, decoding success rate is actually
less than 3%. Therefore, we ignore this small probability for
simplicity and conservatively assume that a preamble collision
is equivalent to packet decoding failure in this work.
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