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Introduction and Motivation

e Reachability analysis iz = f(z,u,d),u € U,d € D

X, C.
| ™~

- 3deD, | Juel,
. Yuelu Yd € D
' (unsafe)

Controlled-invariant
set

C. = &F ={zeR"|Tu() e U,
gx,—T,u(-),d(-)(S) S X(g:aVS S [_7-7 O]a\VId() ~ D}
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Introduction and Motivation

Reachability:
X ={zecR"|3d(-) €D, 3s € [-r,0],
&t (8) € Xo,Vu(-) € Z/{}
C = {x e R" | Ju(-) € U,
Eeru().d()(8) € X+ Vs € [—,0],7d(-) & D}

Attainability:
A = {x c R" | Ju(-) e U,3s € |—T1,0],
Eora(d(8) € Xy, Vd(-) € D}
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e Reachability analysis
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Introduction and Motivation

e Reachability analysis
 The “curse of dimensionality”

e Set representation
— Kurzhanski, Varaiya [2006]; Girard, Guernic, Maler [2006]; Krogh, Stursberg [2003],...

 Model reduction, approximation, Hybridization,

Projection, Structure decomposition

— Han, Krogh [2004, 05]; Girard, Pappas [2007]; Asarin, Dang [2004]; Mitchell, Tomlin
[2003]; Stipanovic, Hwang, Tomlin [2003]; Kaynama, Oishi [2009]; ...

e Combination
— Han, Krogh [2006]
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Introduction and Motivation

e Reachability analysis

 The “curse of dimensionality”

e Linear dynamics # =Ax+Bu, uc U
e Efficient techniques

— Attainability: Ellipsoidal, zonotopes, support functions, ...

Kurzhanskiy, Varaiya [2007]; Girard, Le Guernic, Maler [2006]; Girard,

Le Guernic [2008, 2010]; ...
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Introduction and Motivation

e Reachability analysis

e The “curse of dimensionality”

e Linear dynamics # =Ax+Bu, uc U
e Efficient techniques (attainabiity)

e Safety control, non-convexity

— Level-set methods (Mitchell, Bayen, Tomlin [2005])
— Polytopic MPT (Kvasnica, Grieder, Baotic, Morari [2004])

— Viability algorithms (Cardaliaguet, Quincampoix, Saint-Pierre [2004];
Gao, Lygeros, Quincampoix [2006])
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Structure Decomposition

Zl :g(zlau)
z, € R*

i — fa,u) - i= () C

re R z€ R 2y =h(2y, 1)

Zy € R(n—F)

ACC, 2010-06-30 20



Structure Decomposition

T (Bll Blp)
_ Ay Ay - B, .
Ay Ay B,




All A12
Ay Ay

T =
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Structure Decomposition
(disjoint control input)

z(t) _ ., (t—t,) 0 A
2y (%) 0 oo (t—1,) || 25(2,
. (@, (t—T) 0 (B, 0 0
fy 0 op(t—r))l 0 B, B,
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Structure Decomposition
(disjoint control input)

4(t)] _ [Pnlt—1) 0 (2,(t,)
2y (%) 0 Do (t—1,) || 25(2,
—I—ft ., (t—r) 0 |[B, 0 B,
% O, (t—r)|| 0 B, 0
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Structure Decomposition
(disjoint control input)

4(t)] _ [Pyt—1) 0 (2,(t,)
2y (%) 0 oo (t—1,) || 25(2,
_|_ft O, (t—r) 0 |[0 B, By
Wl 0 ®,(t—n)|B, 0 0
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Structure Decomposition
(disjoint control input)

z,(t) B ., (t—t,) 0 ()
)| 0 Doy (t—1y) || 2,(t,
\ uy (1)
t[ P, (t—7) 0 0 0 o0
—|—j;0 0 Do, (t—1) ) B21 B22 B23 UQET; o
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Structure Decomposition
(non-disjoint control input)

2, (1) _ ®, ,(t—t,) 0 z(t,)
2y (%) 0 Do (t—1,) || 25,
\ ~ - uy (7
n t{ Dy, (=) 0 ~0 ?12 B, ul(r) Ir
by 0 (I)22(t_7°)) By By 0 u2(7°
3
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Structure Decomposition
(non-disjoint control input)

2 (t _ d,,(t—t,) 0 z(2,)
2y (1) 0 Do (t—1,) || 25 (8,
Vo~ - - u, (7
n t{ Py (E—T) 0 ?11 ?12 ?13 ul(r) dr
fy 0 Doy (t—1) N\ Bar By B :
U (7
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Structure Decomposition
(non-disjoint control input)

5 (B, B, B.Ml
t Dy (E—7) 0 11 12 13
+ . . . Usy (7) |dr
o 0 Doy (t—1) J\ Bar By Do
Uq (T)

Not enough for the dynamics to be decoupled; Inputs must be disjoint too!
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Ay Ay

(Schur)

~

All ‘%12
0 Ay,
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Structure Decomposition

A zHDUz

0 A,y | B
2
I oz_léll?‘L
0 1
—1 —1 1
) A12 a B,
Ay B,
w
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DO IHDUR

A, T |0
0 212 B,
Z
(BTB)lBQT«\/\
T, = é alleg
] AH 04_112112 oflél
0 4, B,
W




~

All ‘%12
0 Ay,
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DO IHDUR

0) Ay | B
2
~;A22+A12)
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0 1
—1 —1 1
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Ay B,
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All ‘%12
0 Ay,
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DO IHDUR

11 }_I 9
0 Ay | by
<
~ ~ o~ PO 1 ~
B { “14‘113132T Bl Ay, + Ay “}
a = max- 1, - + €
4|
T, = é O‘_lfl )
al 0 ~ 1 1
0 I A, oA, |a B
0 Ay | B
w
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Structure Decomposition

a — Imax

— B BJA, + A

{ HA B B

|4 |

12H}+€
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) A11B1 ;[ - B1B§A22 + A12
But how large is | = max{ 1, ¥ +e|?
12
A11B1Bz' B B1 2'1422 + A12 < HAH An + A22 11
12 a A12
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Structure Decomposition

T =TT, . I

1
0 Ay,

[\Dmz <
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Structure Decomposition

unidirectionally Zl = A11Z1 —+ HZ2
weakly-coupled . ~ ~
subsystems Ry — A2222 - B2u2



Structure Decomposition

trivially-uncontrollable

unidirectionally ’él — Allzl —+ H22
weakly-coupled - = =
subsystems Zo = A2222 —+ BQ”U,2
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Structure Decomposition

disturbance
——

2 = Allzl + 11 2,
Zy = A2y + Byu,

56
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Reachability in Lower Dimensions

1: transform targetset z,—7'x,
2: project onto each subspace Z +Proj(Z,,i), i =12
3: for lower subsystem:
i) [isolated] Z? < Reach(Z;7)
4 : for upper subsystem:

i) compute upper-bound [Tz || <TG, ¢ :=sup_ _.. 2]
ii) [perturbed] Zz!<~""Reach(Z))

5: back-project, intersect, reverse-transform

N

X, =T((Z}xR)N(Z2XR)) D A,



Reachability in Lower Dimensions

Z = Aﬂz1 + Hz2
Ry = A22Z2 + Byu,



“"Reachability in Lower Dimensions
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Reachability in Lower Dimensions

Formulating a bound on conservatism of ZTl ;

1 1
Let 20 € Zo and 2 € ZT.

Jos e e < eI

<||m¢ tim ZTZ(E(AH)\/E)Z _ M/\/

|
N—>ooi:1 7!

I1 H ¢ dr effect of




Reachability in Lower Dimensions

Formulating a bound on conservatism of ZTl ;

1 1
Let 2 0 EZO and 2 EZT.

_ _szlu g (T_T)HAHH
o — e hea | < e

N 3 F( A 1—1
< e i S-ZCENE

1| ¢ dr

zc (U emz)) e B

’7- —
s€[—,0]
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Reachability in Lower Dimensions

Formulating a bound on conservatism of ZTl ;

Let 2 0 EZ& and 2 EZ;.
3 IRT
T e

< lim g: i . YD = [

N —o0 i—1 ’l,!

1| ¢ dr

zic (U e z)) @B

’7- —
s€[—,0]
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Example

Longitudinal aircraft dynamics (4D)

~0.0030 10.0390 0 —0.3220 £0.0100

—0.0650 —0.3190 +7.7400 0 —0.1800

A=1100200 —01010 —0.4200 o | Z 7| 1.1600
0 0 +1 0 0

Source: A. Bryson, Control of Spacecraft and Aircraft.
Princeton Univ. Press, 1994.

Z, :{z cR*| |z| >0.15, 2 = T 'z, » EXO}

U={uecR|uel-133°133)

Full-order: 17352.0s
Transformation-based: 33.5 s
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2,=-0.16

02, i

.2k R Rt 70
02 5" 2 ~
22 -0.2 -0.2 z1 22 -0.2 '0.221 22 02 _0.221

2,201 2,013 2, 2017

Produced using the
Level-Set Toolbox
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Implications

e Formal verification:

ZNT T =0 & X,NT=0=>XNT=4
: 1=2
{ZInProjT'T,i)} =0 = X,NT =

1=1

e Safety-preserving control synthesis:

u, (x,t), z(t) € int /'/Y\E

u(t):{ !

ut(2,1), 2(t) € 0"



Summary

Computations scale poorly with dimension
Safety control, severe non-convexity
Appropriate coordinate transformation
Significant computational advantage

Easily extendible to hybrid systems

Motivated by safety-based control of anesthesia
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HJI PDE

(non-disjoint control input)

Bll Bl?

S(A,B): A = diag(A, 4,), B =" "

7u:

3¢({(ﬁ» ) + min{O,H(aj, V. _o(z, t))} — 0,
L e [_7-7 O]v ¢(CU, O) — g(g;)
H(z, p) = Supueu(pTAZU + pTBu)




HJI PDE

(non-disjoint control input)

H(z,p) = sup (plTAllxl + p2TA22x2 + p1TB11u1

ueld

T T T
+ Py Byyuy + 1y Byuy + py Bl2u2)
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HJI PDE

(non-disjoint control input)

H(z,p) = sup (plTAllxl + p2TA22x2 + plTBllul

ueld

T T T
+ py Byyuy, + py Byyuy + py Bl2u2)

ACC, 2010-06-30
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HJI PDE

(non-disjoint control input)

H(z,p) = sup (p1TA11x1 + pZTAQQxQ +

uweld
+ pQTBQQUQ + + plTBl2u2)
9

Hg(z,p) # ZHSk (Tys D)

k=1

ACC, 2010-06-30
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HJI PDE

(disjoint control input)

Hg(z,p) = sup (p1TA11$1 + p2TA22$2 +

uweld
+ pzTBzzuz + prﬂul +
9

HS(SE,]?) — ZHSk (:'Ek?pk)
k=1

ACC, 2010-06-30
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Attainability vs. Reachability
(HJI PDE)

Xo ={z | g(z) <0}, ¢ € [-7,0]

V.o(z,t) + min{O, H(z,V_¢(z, t))} =0, ¢(z,0) = g(x),

Reachability Attainability

ueld 1€D uel gep
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