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Introduction and Motivation

• Reachability analysis

• The “curse of dimensionality”
• Set representation

– Kurzhanski, Varaiya [2006]; Girard, Guernic, Maler [2006]; Krogh, Stursberg [2003],…

• Model reduction, approximation, Hybridization, 
Projection, Structure decomposition

– Han, Krogh [2004, 05]; Girard, Pappas [2007]; Asarin, Dang [2004]; Mitchell, Tomlin 
[2003]; Stipanovic, Hwang, Tomlin [2003]; Kaynama, Oishi [2009]; … 

• Combination
– Han, Krogh [2006]
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Introduction and Motivation

• Reachability analysis

• The “curse of dimensionality”

• Linear dynamics

• Efficient techniques
– Attainability:  Ellipsoidal, zonotopes, support functions, …

Kurzhanskiy, Varaiya [2007]; Girard, Le Guernic, Maler [2006]; Girard, 
Le Guernic [2008, 2010]; …

• Safety control, non-convexity
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Introduction and Motivation

• Reachability analysis

• The “curse of dimensionality”

• Linear dynamics

• Efficient techniques (Attainability)

• Safety control, non-convexity
– Level-set methods (Mitchell, Bayen, Tomlin [2005]) 

– Polytopic MPT (Kvasnica, Grieder, Baotic, Morari [2004])

– Viability algorithms (Cardaliaguet, Quincampoix, Saint-Pierre [2004]; 
Gao, Lygeros, Quincampoix [2006])
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Structure Decomposition
(disjoint control input)
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Structure Decomposition
(disjoint control input)
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Structure Decomposition 
(non-disjoint control input)
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Not enough for the dynamics to be decoupled; Inputs must be disjoint too!

Structure Decomposition 
(non-disjoint control input)
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Outline

• Introduction and motivation

• Structure decomposition

• Reachability in lower dimensions

• Example
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Reachability in Lower Dimensions

1: transform target set

2: project onto each subspace

3: for lower subsystem: 
i) [isolated] 

4: for upper subsystem:
i) compute upper-bound 

ii) [perturbed]

5: back-project, intersect, reverse-transform
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• Introduction and motivation

• Structure decomposition
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Example
Longitudinal aircraft dynamics (4D)

0.0030 0.0390 0 0.3220 0.0100

0.0650 0.3190 7.7400 0 0.1800
,

0.0200 0.1010 0.4290 0 1.1600

0 0 1 0 0

+ +

A B

⎡ ⎤ ⎡ ⎤− −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥− − + −⎢ ⎥ ⎢ ⎥= =⎢ ⎥ ⎢ ⎥+ − − −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥+⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

Source: A. Bryson, Control of Spacecraft and Aircraft. 
Princeton Univ. Press, 1994.

Full-order: 17352.0 s
Transformation-based: 33.5 s

Produced using the
Level-Set Toolbox

{ }4 1
0 00.15,| ,| | || zz T xz x−= ∈ => ∈\Z X

{ }[ 13.3 ,13.| 3 ]u u= ∈ ∈ − ° °\U



Implications

• Formal verification:

• Safety-preserving control synthesis:
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Summary

• Computations scale poorly with dimension

• Safety control, severe non-convexity

• Appropriate coordinate transformation

• Significant computational advantage

• Easily extendible to hybrid systems

• Motivated by safety-based control of anesthesia
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HJI PDE
(non-disjoint control input)
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