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Abstract— In this paper, we propose to improve the per-
formance of impulse-radio ultra-wideband (IR-UWB) systems
by means of cooperative relaying. With regard to a simple
practical realization, we focus on a non-coherent system setup
in conjunction with amplify-and-forward (A&F) relaying. I n
particular, considering a two-hop scenario we propose to employ
a double-differential encoding scheme at the source node and
single differential decoding at the relay and the destination node,
respectively, so as to efficiently limit intersymbol-interference
(ISI) effects. A thorough performance analysis of the proposed
scheme is provided, along with a closed-form optimization of the
transmit power allocation between source and relay. Simulation
results illustrate the excellent performance of the proposed
scheme, which is compared to alternative coherent and non-
coherent schemes based on A&F relaying and decode-and-
forward (D&F) relaying.

I. I NTRODUCTION

Ultra-wideband (UWB) communication is a wireless spec-
tral underlay technology for transmitting signals with a band-
width larger than 500 MHz or a fractional bandwidth of more
than 20% [1]. In impulse-radio UWB (IR-UWB) systems, the
transmitted signal consists of a train of pulses of very short
duration (on the order of nanoseconds) [2]. Due to its simple
practical realization and its robustness to multipath fading and
intersymbol-interference (ISI) effects, IR-UWB has attracted
considerable attention.

In order to limit interference to incumbent wireless services,
the US Federal Communications Commission (FCC) has is-
sued tight restrictions on the transmitted power spectral density
(PSD) of UWB systems [3]. Because of these limitations, it
is indispensable to capture most of the signal energy provided
by the large number of resolvable multipath components. A
favorable property of IR-UWB systems is that they allow
for an efficient energy combining at the receiver [4] – either
by means of coherent Rake combining [5] or non-coherent
energy detection schemes [6]. While Rake combining offers
optimum performance in terms of bit error rate (BER), it
requires accurate channel estimation at the receiver and precise
synchronization, which might be challenging in practice. In
particular, a large number of “Rake fingers” is typically
required in order to capture most of the signal energy [7].
As opposed to this, non-coherent energy detection schemes
relieve the receiver from any channel estimation task and
are thus easier to realize. They capture the energy of the
multipath components by means of an autocorrelation of the
received signal, followed by an integrate-and-dump operation.
Among these techniques, differential (DF) and transmitted-
reference (TR) schemes are the most popular options [6]. A
notable advantage of the DF scheme is that it offers a higher
data rate compared to a TR scheme. In the literature, several
methods have been proposed to improve the performance
of DF schemes, such as reference filtering [8], weighted
correlation [9], and multiple symbol detection [10].

In this paper, we investigate cooperative relaying as an

alternative option, which was shown to be an excellent
means to overcome the limited coverage of (coherent or non-
coherent) UWB systems [11], [12]. Instead of transmitting
signals directly from a source node,S, to a destination
node, D, the signal is (in the simplest case) received by
an intermediate relay,R, which forwards the received signal
to the destination. By this means, substantial path-loss gains
can be provided due to shorter link lengths. Two popular
algorithms for cooperative relaying are amplify-and-forward
(A&F) and decode-and-forward (D&F). A&F relays simply
amplify and re-transmit the received signal, whereas D&F
relays first decode and then re-encode the received signal,
before re-transmission is performed [13]. Correspondingly,
D&F relaying is more complex, especially if a forward-error-
correction (FEC) code is employed.

Here, we focus on a non-coherent two-hop IR-UWB system
that is based on A&F relaying. In particular, we propose to
employ a double-differential encoding scheme at the source
node in conjunction with single differential decoding at the
A&F relay and the destination node, respectively, so as to
efficiently limit ISI effects. To the best of our knowledge,
such a use of double-differential encoding is novel and quite
different from narrowband systems, where double-differential
encoding is employed to mitigate carrier frequency offsets
[14]. A major advantage of our scheme is that the size of
the guard interval necessary to avoid ISI does not have to
be increased compared to direct transmission. In comparison,
in order to achieve a similar level of ISI, a simple A&F-
relaying scheme with single differential encoding at the source
node and differential decoding only at the destination node
would require significantly larger guard intervals between
the transmitted pulses, due to an increased length of the
effective overall channel impulse response (CIR). This would
significantly lower the effective transmission rate compared to
the case of direct transmission.

The remainder of the paper is organized as follows. In
Section II, we describe the system setup under consideration.
In Section III, we provide a thorough performance analysis of
our proposed scheme, along with a closed-form optimization
of the transmit power allocation between source node and
relay. Simulation results illustrating the excellent performance
of our scheme, are presented in Section IV. Finally, SectionV
concludes the paper and presents directions for future work.

II. SYSTEM MODEL

We consider a single-user scenario throughout this paper.
Fig. 1 shows the block diagrams of the source nodeS, the
relay R, and the destination nodeD.

A. Source Node
At the source node, the information bitsd[k] ∈ {±1} are

first double-differentially encoded according to

q[k] = d[k]q[k − 1], b[k] = q[k]b[k − 1], (1)



where q[k] ∈ {±1} and b[k] ∈ {±1} denote thekth inter-
mediate symbol after the first and second differential encoder,
respectively. The symbolsb[k] are then modulated onto a train
of short pulseswtx(t) with durationTp, according to [1]

s1(t) =
√

α1Eg

∞∑

k=−∞

Nf−1
∑

j=0

b[k] wtx(t − jTf − kTs). (2)

Here, s1(t) denotes the transmitted signal,α1 the transmit
power allocation factor for the source node,Eg the energy per
pulse (

∫ +∞

−∞
w2

tx(t) dt := 1), Nf the number of frames used
for conveying a single information bit,Tf the frame duration,
andTs = NfTf the symbol duration. The length of the guard
interval between pulses,Tg = Tf − Tp, is typically chosen
longer than the length of the underlying UWB CIR (source-
relay link in this case), so as to circumvent ISI effects.

B. Channel Model

In the following, we denote the source-relay link as link 1
and the relay-destination link as link 2. For all links under
consideration, we employ the IEEE 802.15.3a channel models
[15] for UWB personal area networks. Consequently, the
passband version of the CIR of therth link consists ofLC

clusters ofLR rays and is modeled as

hr(t) =

LC∑

ν=0

LR∑

µ=0

λ(r)
µ,ν δ(t − T (r)

ν − τ (r)
µ,ν), (3)

whereλ
(r)
µ,ν models the random multipath gain coefficient of

the µth ray of the νth cluster, T (r)
ν the delay of theνth

cluster,τ (r)
µ,ν the delay of theµth ray of theνth cluster, and

δ(·) denotes a Dirac impulse. The multipath gain coefficients
are normalized such that

∑LC

ν=0

∑LR

µ=0(λ
(r)
µ,ν)2 = 1. In [15],

four different parameter sets are specified for the various
parameters in (3). The resulting channel models, CM1-CM4,
represent different usage scenarios and entail different amounts
of ISI.

The channel gain is affected by log-normal fading and path
loss. In the following, the source-destination link will serve as
the reference link for the path loss. Assuming omni-directional
antennas at all nodes, the relative channel gain associatedwith
the rth link is thus modeled by a factor [12]

Ar = Xr

(
dS−D

dr

)p

, (4)

whereXr models log-normal shadowing,dS−D anddr denote
the length of the source-destination link and therth link,
respectively, andp denotes the path-loss exponent, which is
typically between1.7≤ p≤ 3.5 [15]. Throughout this paper,
we assume that the lognormal shadowing termsXr and Xr′

associated with two different linksr 6=r′ are uncorrelated.

C. A&F Relay

At the receiver front-end of the relay, the received signal
is first passed through a bandpass filterhBP (t) with one-
sided bandwidthW , so as to eliminate out-of-band noise. The
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Fig. 1. Block diagram of (a) the source nodeS, (b) the A&F relayR, and
(c) the destination nodeD.

filtered received signal at the relay is given by

r1(t) =
√

A1 (h1(t) ∗ hBP (t)) ∗ s1(t) + n1(t)

=
√

A1α1Eg

∞∑

k=−∞

Nf−1
∑

j=0

b[k] wrx,1(t − jTf − kTs)

+ n1(t), (5)

whereA1 is the relative channel gain of the source-relay link
(r=1), h1(t) the corresponding CIR,wrx,1(t) = wtx(t) ∗
h1(t) ∗ hBP (t) the received pulse,n1(t) the filtered additive
white Gaussian noise (AWGN) with zero mean and single-
sided noise PSDN0

2 , and ‘∗’ denotes linear convolution. For
the numerical results presented in Section IV, the bandwidth
W of hBP (t) was optimized numerically for maximization of
the received signal-to-noise ratio (SNR).

After the bandpass filter, (single) differential decoding of
the filtered signalr1(t) is performed. To this end,r1(t) is first
delayed by a symbol durationTs and is multiplied by itself,
as shown in Fig. 1 (b). The resulting signalr1(t)r1(t − Ts)
is passed through an integrator with integration durationTi.1

The integrator yields the discrete-time sample

x̂1[k] =

Nf−1
∑

j=0

∫ kTs++jTf +Ti

kTs+jTf

r1(t)r1(t − Ts)dt, (6)

which can be interpreted as a (soft) estimate of the interme-
diate symbolq[k]. Similar to (2), the estimated symbolŝx1[k]
are finally modulated onto a signal

s2(t) =
√

α2Eg

∞∑

k=−∞

Nf−1
∑

j=0

x̂1[k] wtx(t − jTf − kTs), (7)

which is then re-transmitted to the destination node. Here,α2

denotes the power allocation factor for the relay node.

1Similar to the filter bandwidthW , the integration durationTi has to be
optimized such that (on average) most of the signal energy iscaptured, while
the collected noise energy is kept to a minimum.



In the case of D&F relaying, a hard decision on the symbols
x̂1[k] would be performed prior to re-transmission (followed
by an FEC decoding step, if a coded system is considered).

D. Destination Node

The receiver structure of the destination node is identicalto
that of the relay. In particular, we assume an identical bandpass
filter hBP (t) for simplicity. Similar to (5), the filtered received
signal is given by

r2(t) =
√

A2 (h2(t) ∗ hBP (t)) ∗ s2(t) + n2(t)

=
√

A2α2Eg

∞∑

k=−∞

Nf−1
∑

j=0

x̂1[k] wrx,2(t − jTf − kTs)

+ n2(t), (8)

wherewrx,2(t) :=wtx(t) ∗ h2(t) ∗ hBP (t) and h2(t) denotes
the CIR of the relay-destination link (r=2). In order to
recover the transmitted information bitsd[k], the destination
node performs another differential decoding step. This yields
estimated symbols

x̂2[k] =

Nf−1
∑

j=0

∫ kTs+jTf +Ti

kTs+jTf

r2(t)r2(t − Ts)dt (9)

(cf. Fig. 1 (c)), which are passed through a slicer, in order
to arrive at the final (hard) estimateŝd[k] of the transmitted
information bitsd[k].

III. PERFORMANCEANALYSIS

In the following, we provide a thorough performance anal-
ysis of the proposed system setup. In particular, we show that
the input-output behavior of the system can be described as

x̂2[k] = β̃2 d[k] + w2[k], (10)

where β̃2 and w2[k] represent a gain factor and an effective
noise sample, respectively. We note thatw2[k] is in general
non-Gaussian, and thus, an accurate analysis of the resulting
BER seems difficult. Therefore, we focus on the effective
SNR at the destination node in this section. In particular, we
derive a closed-form expression for the SNR at the destination
node and use this expression for optimization of the power
allocation factorsα1 andα2 for the source node and the A&F
relay, respectively.

A. Effective SNR at the Destination Node

We start by substitutingr1(t) from (5) into (6) and get

x̂1[k] = β1

q[k]
︷ ︸︸ ︷

b[k]b[k − 1] +z1[k] + z2[k] + z3[k], (11)

where β1 :=NfA1α1ε1, ε1 :=Eg

∫ Ti

0 w2
rx,1(t)dt, and z1[k],

z2[k], andz3[k] are zero-mean noise terms defined as follows:

z1[k] = b[k]
√

A1α1Eg (12)

×

Nf−1
∑

j=0

∫ kTs+Ti

kTs

n1(t − Ts)wrx,1(t − jTf − kTs)dt,

z2[k] = b[k − 1]
√

A1α1Eg (13)

×

Nf−1
∑

j=0

∫ kTs+Ti

kTs

n1(t)wrx,1(t − jTf − (k − 1)Ts)dt,

z3[k] =

∫ kTs+Ti

kTs

n1(t)n1(t − Ts)dt. (14)

As described earlier,n1(t) andn2(t) are obtained by filtering
corresponding AWGN processes with single-sided noise PSD
N0

2 with a bandpass filter with one-sided bandwidthW . The
corresponding autocorrelation function (ACF)φi(τ) (i=1, 2)
is thus given by [16]

φi(τ) = E{ni(t)ni(t − τ)} =
N0

2
·
sin(πWτ)

πWτ
cos(2πf0τ)

(15)
(i=1, 2), wheref0 denotes the center frequency of the band-
pass filter, andE{·} denotes statistical expectation. Assuming
that the bandwidthW is chosen sufficiently large, such that
the frequency response of the received pulsewrx,1(t) falls
completely inside the PSDΦ1(f) of n1(t), and the PSDΦ1(f)
is sufficiently flat in the area of interest, the ACFφ1(τ) can
be replaced byN0

2 δ(τ). Thus, the variances of the noise terms
z1[k], z2[k], andz3[k] can be approximated as

σ2
z1

= E{z2
1 [k]}

= NfA1α1Eg

∫ Ti

0

∫ Ti

0

wrx,1(t)wrx,1(τ)φ1(t − τ)dtdτ

≈ NfA1α1Eg

N0

2

∫ Ti

0

w2
rx,1(t)dt = β1

N0

2
, (16)

σ2
z2

= E{z2
2 [k]} = σ2

z1
, (17)

σ2
z3

= E{z2
3 [k]} =

∫ Ti

0

∫ Ti

0

φ2
1(t − τ)dtdτ

=

∫ Ti

0

∫ Ti

Ti−t

φ2
1(u)dtdu,

=

∫ Ti

0

N2
0

4
· 2 · Wdt =

WTiN
2
0

2
. (18)

In (18), we have exploited the fact that the integrandφ2
1(u) is

Dirac-like, i.e., the integral vanishes outside[−t, Ti − t], and
have employed Parseval’s theorem to calculate the integral.

In the following, letw1[k] := z1[k] + z2[k] + z3[k] denote
the effective noise sample at the integrator output of the relay.
Thus, we have

x̂1[k] = β1q[k] + w1[k], (19)

where w1[k] has zero mean and varianceσ2
1 := β1N0 +

WTiN
2

0

2 . Note thatw1[k] is not Gaussian distributed sincez3[k]
is not Gaussian.

Along the same lines, we can analyze the integrator output
of the destination node. Substituting (8) into (9) yields

x̂2[k] = β2x̂1[k]x̂1[k − 1] + z′1[k] + z′2[k] + z′3[k], (20)

where β2 :=NfA2α2ε2, ε2 :=Eg

∫ Ti

0 w2
rx,2(t)dt, and z′1[k],

z′2[k], and z′3[k] are similarly defined as in (12), withb[k]
being replaced bŷx1[k], A1 by A2, α1 by α2, n1(t) by n2(t),



andwrx,1(t) by wrx,2(t). Plugging inx̂1[k] from (19), we get

x̂2[k] = β2β
2
1

d[k]
︷ ︸︸ ︷

q[k]q[k − 1]+z′4[k]+z′5[k]+z′6[k]+w′

2[k], (21)

wherew′

2[k] :=z′1[k]+z′2[k]+z′3[k], andz′4[k], z′5[k], andz′6[k]
are defined as

z′4[k] = β2β1q[k]w1[k − 1],

z′5[k] = β2β1q[k − 1]w1[k], (22)
z′6[k] = β2w1[k]w1[k − 1].

The variance ofz′1[k], z′2[k], and z′3[k] can be calculated
similarly to (16)–(18). One obtains

σ2
z′

1

≈ E{x̂2
1[k]}β2

N0

2
= (β2

1 + σ2
1)β2

N0

2
,

σ2
z′

2

= σ2
z′

1

, σ2
z′

3

= σ2
z3

. (23)

The variance ofz′4[k], z′5[k], andz′6[k] can be calculated from
(22):

σ2
z′

4

= σ2
z′

5

= (β2β1)
2σ2

1 and σ2
z′

6

≈ β2
2σ4

1 . (24)

For computing the variance ofz′6[k], we have assumed that
w1[k] andw1[k − 1] are statistically independent.

Based on (21)–(24), we are now ready to obtain the input-
output behavior of our system according to (10), whereβ̃2 :=
β2β

2
1 and w2[k] := z′4[k] + z′5[k] + z′6[k] + w′

2[k]. In order
to calculate the variance ofw2[k] we should note thatz′4[k]
andz′5[k] are not mutually independent, i.e., their correlation
cannot be ignored. In particular, one finds that

E{z′4[k]z′5[k]} = (β2β1)
2E{q[k]q[k − 1]w1[k]w1[k − 1]}

= (β2β1)
2E{q[k]q[k − 1]z1[k]z2[k − 1]}. (25)

A careful look at (12) and (13) reveals thatb[k−2]z2[k−1] =
b[k]z1[k]. Thus, we haveE{q[k]q[k − 1]z1[k]z2[k − 1]} =
E{b[k]b[k − 2]z1[k]z2[k − 1]} = E{z2

1 [k]} = β1
N0

2 and get

E{z′4[k]z′5[k]} = β2
2β3

1

N0

2
. (26)

Based on (21)–(26), the effective SNR at the destination node
can be calculated as

SNR =
(β2β

2
1)2

σ2
z′

4

+ σ2
z′

5

+ σ2
z′

6

+ 2E{z′4[k]z′5[k]} + σ2
w′

2

(27)

=
(β2β

2
1)2

β2
2(2β2

1σ2
1 + β3

1N0 + σ4
1) + β2N0(β2

1 + σ2
1) +

WTiN
2

0

2

·

B. Optimized Transmit Power Allocation

Based on (27), we can now optimize the transmit power
allocation factorsα1 andα2 for the source node and the A&F
relay, respectively. We aim to maximize the effective SNR at
the destination node, under the constraint of keeping the total
transmit power fixed.

It can be shown that the total transmit power constraint can
be expressed as

α1 + α2(β
2
1 + σ2

1)
!
= 1. (28)

Concerning (27), we can make a high-SNR approximation,
according to

SNR ≈
β2β

2
1

β2(2σ2
1 + β1N0) + N0

, (29)

where we have used that, for high SNR,2β2
1σ2

1 +β3
1N0 ≫ σ4

1 ,
β2

1 ≫ σ2
1 , and WTiN

2

0

2 becomes negligible.
Assuming again high SNR, we can now formulate the

Lagrange problem

Λ(α1, α2, γ) =
β2β

2
1

(3β1β2 + 1)N0
− γ(α1 + α2β

2
1 − 1), (30)

whereγ denotes the Lagrange multiplier and we have used the
high-SNR approximationsβ2

1 ≫ σ2
1 and σ2

1 ≈ β1N0. Based
on (30), the optimal transmit power allocation results as

α1,opt =
1

1 +
√

A1

3A2

, α2,opt =
1 − α1,opt

β2
1 + σ2

1

, (31)

which only depends on the link gainsA1 andA2.

IV. N UMERICAL PERFORMANCERESULTS

In the following, we present numerical performance results,
which illustrate the excellent performance of our proposed
scheme and corroborate our analysis in Section III. Throughout
this section, the information bitsd[k] ∈ {±1} are transmitted
in blocks of 1000 bits. For simplicity, channel coding is not
applied. The CIR is assumed to remain static for the duration
of an entire block (70 µs). As an example, we focus on channel
model CM1 in the sequel and assume a path-loss exponent of
p = 3. One frame is used for transmitting a single information
bit (Nf =1), and the frame length is chosen such that the guard
interval between subsequent pulses is larger than the root-
mean-square (rms) delay spread of the channel (Tf =70 ns), so
as to circumvent ISI effects. For the transmitted pulsewtx(t),
we employ the widely-used second derivative of a Gaussian
pulse, i.e.,

wtx(t) = [1 − 4π(t − vp)/v2
m] exp[−2π((t − vp)/vm)2],

where vp =0.35 ns and vm =0.2877 ns (Tp =0.7 ns). The
bandwidthW of the bandpass filter is optimized such that the
maximum received SNR is obtained (W = 5 GHz). Moreover,
the integration timeTi has been optimized such that on
average the maximum effective SNR at the integrator output
is obtained (Ti =5.25 ns).

Fig. 2 shows the effective SNR at the destination node for
the double-differential A&F-relaying scheme forEg/N0 =
9 dB, considering three different positions of the relay (ρ :=
d1/dS−D = {0.2, 0.4, 0.6}, whered1 and dS−D denote the
length of the source-relay and the source-destination link,
respectively). Analytical results based on (27) are represented
by lines, and corresponding simulation results are represented
by markers. Moreover, the cross signs indicate the optimum
value for α1, which was found based on (31). As can be
seen, the analytical and the simulation results fit well, and
considering the fact that our (approximate) formula (31) was
derived for high SNR values whereas the SNR for Fig. 2 is
moderate, the optimal power allocation factorα1,opt obtained
with (31) offers a remarkable accuracy.
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Fig. 3 illustrates the performance of the proposed non-
coherent A&F relaying scheme with double-differential en-
coding at the source node, obtained by means of Monte-
Carlo simulations over a large number of independent CIR
realizations forρ = 0.2. The proposed scheme is compared
with (i) direct transmission from the source to the destination
node, (ii) non-coherent A&F relaying with single differential
encoding at the source node, (iii) coherent A&F and D&F
relaying with S-Rake (Selective Rake) reception at the relay
and at the destination node (L = 3, 5 Rake-fingers), and (iv)
non-coherent D&F relaying scheme with double-differential
encoding at the source node.α1 andα2 were optimized based
on (31) for the proposed A&F relaying scheme with double-
differential encoding and based on simulations for the other
relaying schemes. As can be seen, all considered relaying
schemes offer remarkable improvements over the case of
direct transmission. Moreover, at sufficiently high SNR our
proposed scheme outperforms the coherent A&F and D&F
relaying schemes, unless a relatively large number of Rake
fingers is employed (e.g.,L≥5). The double-differential D&F-
relaying scheme offers a small performance advantage of about
0.5 dB compared to the A&F version, at the expense of an
increased relay complexity. A&F relaying with straightforward
single-differential encoding at the source, amplificationat the

relay, and differential decoding at the destination suffers from
a significant loss in performance compared to the proposed
scheme. We have doubled the integration timeTi at the
destination for A&F relaying with single-differential encoding,
since the effective CIR seen at the destination is the convolu-
tion of the CIRs of the source-relay and the relay-destination
channels. Therefore, the length of the effective CIR is roughly
doubled compared to the proposed scheme. We note that the
performance of A&F relaying with single-differential encoding
could be improved by increasing the frame durationTf at the
expense of a loss in data rate.

V. CONCLUSION

We proposed a double-differential encoding scheme for two-
hop A&F relaying in IR-UWB systems. After a thorough
performance analysis of the proposed scheme, a closed-form
solution for the optimum transmit power allocation between
source node and relay was derived. Simulation results showed
that the proposed A&F-relaying scheme offers an excellent
performance and can even compete with coherent A&F and
D&F-relaying schemes that are based on S-Rake combining.
For future work, it will be interesting to extend the presented
framework to the case of multi-hop relaying IR-UWB systems
using multi-differential encoding at the source node and single
differential decoding at each relay and at the destination node.
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