
Performance Analysis for a Fully Decentralized Transmit Power
Allocation Scheme for Relay-Assisted Cognitive-Radio Systems†

Jan Mietzner, Lutz Lampe, and Robert Schober
Dept. of Elec. & Comp. Engineering, University of British Columbia, e-mail:{janm,lampe,rschober}@ece.ubc.ca

Abstract—We analyze the performance of a fully decentralized
(FD) transmit power allocation (TPA) scheme for relay-assisted
cognitive-radio (CR) systems. In particular, we assume that the
frequency band chosen by the CR relay network for unlicensed
spectrum usage overlaps with an active primary narrowband link.
The considered FD-TPA scheme maximizes the signal-to-noise-
plus-interference ratio at the destination node of the CR network
according to a best-effort strategy, while limiting the interference
experienced by the primary receiver. Numerical performance re-
sults show substantial improvements compared to non-cooperative
transmission. Moreover, the performance of the FD-TPA scheme
is close to that of the optimal centralized power allocation solution.

I. I NTRODUCTION

COGNITIVE radio (CR) systems have recently attracted
considerable interest in the wireless community [1]. Tra-

ditionally, radio spectrum usage has been organized according
to fixed frequency plans defined through government licenses.
As opposed to this, CR systems are envisioned to take advan-
tage of unused or partially occupied bands in an adaptive, dy-
namic, and unlicensed (‘secondary’) fashion, so as to allowfor
a more efficient spectrum utilization. To this end, CR systems
will require spectrum-sensing [2] and radio-scene-analysis ca-
pabilities [1], based on which they will adjust key transmis-
sion parameters such as frequency bands and radiated transmit
power. For example, CR capabilities will become relevant for
ultra-wideband (UWB) radio systems [3]. In this paper, we fo-
cus on CR networks consisting of a possibly large number of
low-power transceivers for short-range transmission (on the or-
der of a couple of meters). Such a setup is, for example, relevant
for wireless sensor networks (WSNs) and future personal area
networks (PANs).

In order to achieve connectivity and guarantee a certain qual-
ity of service for such networks, (cooperative) relaying tech-
niques appear to be an attractive choice. Available relays can
either be dedicated cognitive relays or temporarily inactive cog-
nitive devices acting as relays to assist the (current) source–
destination link. So far, only a few papers on relaying tech-
niques have been published that explicitly incorporate CR con-
cepts. In [4], [5] focus was on the case where the individual re-
lays operate in unused frequency bands only (‘spectrum holes’).
In our previous work [6], we proposed a fully decentralized
(FD) transmit power allocation (TPA) scheme for relay-assisted
CR systems, for the case where the frequency band chosen for
unlicensed usage is not completely unoccupied, but accommo-
dates an active primary narrowband link. For a similar sce-
nario, a centralized algorithm for optimum relay selectionwas
recently proposed in [7].

The FD-TPA scheme [6] maximizes the performance of the
CR system, while guaranteeing that a certain pre-defined max-
imum interference level experienced by the primary receiver is
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not exceeded. It requires a minimum of interaction between the
CR nodes and can be performed solely by the relays, i.e., with-
out any feedback information from the destination node. In [6],
focus was on a pure maximization of the output signal-to-noise-
plus-interference ratio (SINR) at the destination node of the CR
network. However, for practical applications it is typically suf-
ficient to achieve a certain target SINR value at the destination
node, thus reducing the energy consumption at the relays. Sec-
ond, for simplicity the impact of the primary transmitter onthe
performance of the CR system was neglected in [6]. Finally,
the performance of the proposed FD-TPA scheme was assessed
solely based on simulation results. In this paper, we
(i) generalize the FD-TPA scheme such that relaying is per-

formed only if a pre-defined target SINR value is not ac-
complished by the source-destination link alone,

(ii) include the impact of the primary transmitter on the per-
formance of the CR system,

(iii) provide a thorough performance analysis, which reveals
that substantial performance improvements in comparison
to non-cooperative transmission are achieved by the (gen-
eralized) FD-TPA scheme.

As will be seen, the performance analysis turns out to be rather
involved, which is mainly due to the generalization of the FD-
TPA scheme in (i). In particular, our analysis requires the nu-
merical evaluation of certain integral expressions, sinceclosed-
form expressions do not seem feasible. Simulative performance
results presented corroborate our analysis and show that the per-
formance of the FD-TPA scheme is, in fact, close to that of the
optimal centralized (OC) power allocation solution.

The paper is organized as follows: In Section II, the system
model and the optimization problem under consideration are
introduced and the (generalized) FD-TPA scheme is described.
In Section III, the performance analysis for the FD-TPA scheme
is presented, and numerical performance results are provided in
Section IV. Conclusions are offered in Section V.

II. SYSTEM MODEL

We consider a short-range relay-assisted wideband or UWB CR
system that is based on code-division multiple access (CDMA).
The source-destination node pair (S–D) is assisted byNr per-
fectly synchronized (in time and frequency) relay nodesRi

(i = 1, ..., Nr), which are equipped with mutually orthogonal
spreading codes (spreading lengthNsp). For simplicity and
practical relevance, we assume that all CR nodes employ a
single antenna. Throughout this paper, we assume that a pri-
mary transmitter-receiver pairUtx–Urx, e.g., a wireless local
area network (WLAN) system, is present in the vicinity of the
CR system, operating within a frequency band that fully over-
laps with the band chosen by the CR system. The bandwidth
BU occupied by the primary link is assumed to be small com-
pared to the bandwidthBCR of the CR system, whereas the
average transmit powerPUtx

employed by the primary trans-
mitter is assumed to be much larger than the maximum transmit



powersPS,max andPRi,max available at the CR nodes. Finally,
the primary system is assumed to employ a time-division du-
plex (TDD) mode using identical frequency bands on the for-
ward and the reverse link.1 In the sequel, the bandwidth ratio
BU/BCR is denoted byρ, and the maximum sum interference
power tolerated by the primary receiver is denoted byξ.

The channel impulse response (CIR) associated with a cer-
tain link X → Y from one nodeX to another nodeY, where
X,Y ∈ {S,D,R1, ...,RNr

,Utx,Urx}, is in the following de-

noted ashX,Y := [h
(0)
X,Y, ... , h

(LX,Y)
X,Y ]T, whereLX,Y denotes

the corresponding channel memory length. Moreover, we de-
fine the channel energyαX,Y :=

∑LX,Y

l=0 |h
(l)
X,Y|

2. Since the
bandwidthBU is assumed to be comparatively small, all links
associated with the primary transmitter/ receiver are modeled
with a channel memory length of zero. The system model un-
der consideration is illustrated in Fig. 1.

Throughout this paper, a quasi-static scenario is considered.
The destination nodeD is assumed to have perfect knowl-
edge of the CIRshS,D andhRi,D associated with the source-
destination and the relay-destination links (i=1, ..., Nr). Sim-
ilarly, each relay nodeRi is assumed to have perfect knowl-
edge of the CIRhS,Ri

and the CIRshRi′ ,Ri
associated with

the links from the other relaysRi′ (i′ 6= i) to itself. Further-
more, it is assumed that based on built-in radio-scene-analysis
functionalities the cognitive source node and the cognitive re-
lays are aware of the channel energiesαS,Urx

or αRi,Urx
as-

sociated with its own link in direction of the primary receiver.
This requires some acquisition phase, before the relay-assisted
CR network can start to operate. In this context, it is assumed
that the primary transmitter and receiver change their roles ev-
ery now and then. Moreover, it is assumed thatαS,U =αU,S and
αRi,U = αU,Ri

(i=1, ..., Nr), which is reasonable for primary
systems operating in a TDD mode.2

A. Transmission Protocol

The transmission protocol under consideration consists oftwo
orthogonal time slots. Within the first time slot, the sourcenode
S broadcasts a message to the relay nodesR1,...,RNr

and the
destination nodeD, while the transmit powerPS is adjusted
such that the interference constraint is met, i.e.,ρPS αS,Urx

≤ξ.
Furthermore,PS is limited by the maximum available transmit
powerPS,max:

PS := min

{

PS,max,
ξ

ρ αS,Urx

}

. (1)

Throughout this paper, we assume that the source node trans-
mits a large number of short messages using a low duty cycle (as
it is typical, e.g., for WSN applications), so that a relayingphase
can be accommodated in the time domain without causing a
critical rate loss. When receiving, the cognitive nodes are as-
sumed to employ simple despreading for interference suppres-
sion (rather than more sophisticated filtering techniques). Cor-
respondingly, the primary interference power appears at cog-
nitive nodeY as additive white Gaussian noise (AWGN) with

1TDD is becoming increasingly popular and has been adopted as the only or
one possible option, e.g., in IEEE 802.11 WLAN systems [8, Ch. 24].

2In order to estimate the channel energies from the signal strengths received
from a primary transmitter, the (average) transmit powerPUtx must be known.
This appears to be a reasonable assumption, since due to the fixed frequency
plans associated with primary spectrum usage it is known which systems will
operate in the frequency band under consideration.
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Fig. 1. System model under consideration and interference scenario in the fre-
quency domain (for the example of two relays and a single primarytransmitter
or receiver).

varianceσ2
i,Y := 1

Nsp
PUtx

αUtx,Y [9, Ch. 13.2]. Moreover, the
destination node and each relay node are assumed to employ
a Rake receiver, which performs optimal maximum-ratio com-
bining (MRC) of the signal received from the source node. In
the sequel, letγD denote the (overall) MRC output SINR at the
destination node. Moreover, letσ2

n,Y denote the variance of the
AWGN process at cognitive nodeY. If the MRC output SINR
γD exceeds a certain pre-defined target SINR valueγD,target

after completion of the source transmission phase, i.e.,

γD = γS→D :=
PS αS,D

σ2
i,D + σ2

n,D

≥ γD,target, (2)

the destination node broadcasts a short acknowledgment (ACK)
signal to inform the source node and the relay nodes that relay-
ing is not required.3 Otherwise, the relaying process is initiated.

In the latter case, all relays that receive the message from the
source node with an MRC output SINR of

γS→Ri
:=

PS αS,Ri

σ2
i,Ri

+ σ2
n,Ri

≥ γth, (3)

whereγth denotes some threshold SINR value, are assumed to
decode the message without any errors. TheseN ′

r ≤ Nr relays
then broadcast a short ACK signal to inform the other relays
and the destination node that they will participate in the up-
coming relaying phase.4 In the sequel, letIIr ⊆ {1, ..., Nr}
denote the index set associated with the participating relays,
where|IIr| = N ′

r. Within the second time slot, theN ′

r relays
re-encode the message (using the orthogonal spreading codes)
and simultaneously retransmit it, and the destination nodeper-
forms optimal MRC of the corresponding received signals, re-
spectively. In this context, we define

γRi→D :=
PRi

αRi,D

σ2
i,D + σ2

n,D

, γR→D :=
∑

i∈IIr

γRi→D, (4)

wherePRi
is the transmit power of relayRi. The MRC output

SINR at the destination is thus given byγD =γS→D+γR→D.
3Throughout this paper, we assume that the energy consumption of ACK sig-

nals is negligible. Moreover, we assume that ACK signals are sufficiently pro-
tected using some low-rate channel code, so that they can be received reliably
throughout the entire CR network.

4Since the relays are equipped with orthogonal spreading codes, one-bit ACK
signals are sufficient in order to be able to identify the participating relays.



B. Optimization Problem

Assuming that no additional feedback information from the
destination is available, our objective is to adjust the transmit
powersPRi

of the participating relays such that the MRC output
SINRγR→D within the relaying phase is maximized, subject to
the constraints that
(a) the sum interference power experienced by the primary re-

ceiverUrx in the second time slot remains smaller thanξ,
(b) the transmit power of each individual relay node does not

exceed the maximum transmit powerPRi,max.
Correspondingly, the optimal (centralized) transmit power al-
location results from the following linear program, which can,
for example, be solved using the well-known simplex algorithm
[10, Ch. 4]:

maximize γR→D =
1

σ2
i,D + σ2

n,D

∑

i∈IIr

PRi
αRi,D (5)

subject to ρ
∑

i∈IIr

PRi
αRi,Urx

≤ ξ

PRi
≤ PRi,max for all i ∈ IIr.

We assume thatσ2
i,D andσ2

n,D (or σ2
i,D+σ2

n,D) have been mea-
sured beforehand and are perfectly known at the destination
node. Moreover, we assume that the maximum transmit power
levelsPRi,max (i=1, ..., Nr), the maximum tolerated interfer-
ence powerξ, as well as the parameterρ are known throughout
the CR network. Further details about the above optimization
problem can be found in [6].

C. Fully Decentralized Transmit Power Allocation Scheme

In order to solve the above optimization problem, a central net-
work nodeC would be required (e.g., the destination node or
one of the relays) which needs to be aware ofall channel en-
ergiesαRi,D andαRi,Urx

(i ∈ IIr). After computing the opti-
mal solution, nodeC would then forward the resulting transmit
power levels to the participating relay nodes. Obviously, this
requires a significant amount of overhead, especially sinceeach
relay nodeRi needs to communicate its own channel energies
αRi,D andαRi,Urx

to the central nodeC. In the following, we
consider a simple fully decentralized (FD) transmit power al-
location (TPA) scheme, which neither requires an exchange of
channel information nor of transmit power levels.

Based on the ACK signals broadcasted by the relays (cf. Sec-
tion II-A), the numberN ′

r of participating relays is known
throughout the CR network. Moreover, each relay nodeRi is
assumed to be aware of the channel energyαRi,Urx

associated
with its own link in direction of the primary receiver. Corre-
spondingly, each relay can adjust its transmit power level as

PRi
:= min

{

PRi,max,
ξ

ρN ′
r αRi,Urx

}

, (6)

similar to (1). This guarantees that the primary receiver experi-
ences a sum interference power of at mostξ, without any further
interaction between the relays. For example, in the specialcase
whereξ/(ρN ′

rαRi,Urx
)≤PRi,max for all i ∈ IIr, each relay will

cause an interference power of exactlyξ/N ′

r. Moreover, due
to the minimization in (6) it is guaranteed that the maximum
transmit power available at each relay is not exceeded.

Note that for large distances of the primary receiver
(i.e.,αRi,Urx

→0 for all indicesi ∈ IIr), (6) approaches the op-
timum centralized solution, since all active relays are able to
operate at their maximum transmit power levelPRi,max.

TABLE I
OVERVIEW OF CONSTANTS AND SPECIAL NOTATIONS

γ̄l,X→Y γ̄l,X→Y =PX σ2
l,X,Y

“

σ2
i,Y+σ2

n,Y

”−1

wl,X,Y wl,X,Y =

LX,Y
Y

l′=0
l′ 6=l

σ2
l,X,Y

σ2
l,X,Y − σ2

l′,X,Y

ϕX,Y ϕX,Y =
PLX,Y

l=0 wl,X,Y

C1,Y C1,Y = Nsp

“

PUtxσ2
0,Utx,Y

”−1

C2,l,Ri
C2,l,Ri

= γth

“

PS σ2
l,S,Ri

”−1

C3,l,λ,Ri
C3,l,λ,Ri

= γ̄−1
λ,Ri→D − γ̄−1

l,S→D

C4,X C4,X = ξ
“

ρ σ2
0,X,Urx

”−1

Kl,Ri
Kl,Ri

= e
−C2,l,Ri

σ2
n,Ri

“

1 + C2,l,Ri
/C1,Ri

”−1

w̃l,Ri,D w̃l,Ri,D =

Y

i′∈II
(κ)
r

LR,D
Y

l′=0

(i′,l′) 6= (i,l)

γ̄l,Ri→D

γ̄l,Ri→D − γ̄l′,Ri′→D

vl,λ,i vl,λ,i =
1

C3,l,λ,Ri

wl,S,D

γ̄l,S→D

w̃λ,Ri,D

γ̄λ,Ri→D

Kα Kα =
“

PLS,D

l=0 wl,S,D exp (−γD,target/γ̄l,S→D)
”−1

Kβ Kβ = Kα

“

KαϕS,D − 1
”−1

III. PERFORMANCEANALYSIS FOR THEFD-TPA SCHEME

It is desirable to have analytical expressions that allow usto
assess the performance of the FD-TPA scheme and highlight
its advantage over non-cooperative transmission (i.e., without
relay assistance). To this end, we derive an expression for the
cumulative distribution function (CDF) of the overall MRC out-
put SINRγD at the destination node, while treating the channel
energiesαS,D, αS,Ri

, αRi,D (i∈ IIr), αS,Urx
, αRi,Urx

, αUtx,Ri
,

andαUtx,D as statistically independent random variables.
In the following, all transmission links are assumed to be sub-

ject to quasi-static Rayleigh fading, i.e., the channel coefficients
h

(l)
X,Y (l = 0, ..., LX,Y) are complex Gaussian random variables

with zero mean and varianceσ2
l,X,Y. In order to account for

different link lengths, we assume a path-loss exponent ofp.
Correspondingly, the channel variancesσ2

l,X,Y are modeled as

σ2
l,X,Y := σ̃2

l,X,Y (dref/dX,Y)p, where
∑LX,Y

l=0 σ̃2
l,X,Y =: 1, dX,Y

denotes the distance between nodeX and nodeY, anddref de-
notes some reference link length.

With regard to the relaying process, we distinguish the fol-
lowing two cases:
(α) EventE(α): The source node is able to accomplish the de-

sired target SINRγD,target on its own (cf. (2)), i.e., relay-
ing is not required (γS→D≥γD,target).

(β) EventE(βκ): The source node is not able to accomplish the
target SINRγD,target on its own (γS→D <γD,target), and
a relaying process withN ′

r≤Nr active relays is initiated.
The number of all possible index setsIIr ⊆ {1, ..., Nr} of
active relays (including the empty setIIr =∅) is given by
ψ :=

∑Nr

i=0

(

Nr

i

)

. The κth index set is denoted asII(κ)
r

(κ∈{0, ..., ψ − 1}), whereII
(0)
r :=∅. Finally, the cardi-

nality of index setII(κ)
r is denoted as|II(κ)

r |=:Mκ.

Let Pr{E(α) |PS, σ2
i,D} andPr{E(βκ) |PS} denote the condi-

tional probabilities associated with eventE(α) and E(βκ), re-



spectively, given a fixed source transmit powerPS and a fixed
interference powerσ2

i,D:

Pr{E(α) |PS, σ2
i,D} := Pr{γS→D≥γD,target |PS, σ2

i,D}, (7)

Pr{E(βκ) |PS} :=
∏

i∈II
(κ)
r

Pr{γS→Ri
≥γth |PS} (8)

×
∏

i/∈II
(κ)
r

Pr{γS→Ri
<γth |PS}.

Moreover, let us denote the conditional CDFs ofγD associ-
ated with eventE(α) and eventE(βκ) as C(α)(γD|PS, σ2

i,D)

andC(βκ)(γD|PS, σ2
i,D, PRi1

, ..., PRiMκ
), respectively, and let

p1(PS), p2(σ
2
i,D), andp3,i(PRi

) denote the probability density
functions (PDFs) ofPS, σ2

i,D, and PRi
, respectively.5 With

these definitions, the average CDF of the overall MRC output
SINRγD at the destination node can be expressed as:

C̄(γD) =

∫

∞

0

∫ PS,max

0

Pr{E(α) |PS, σ2
i,D} (9)

× C(α)
(

γD|PS, σ2
i,D

)

· p1(PS) p2(σ
2
i,D) dPS dσ2

i,D

+

∫

∞

0

∫ PS,max

0

(

1 − Pr{E(α) |PS, σ2
i,D}

)

×

(

ψ−1
∑

κ=0

∫ PRiMκ
,max

0

· · ·

∫ PRi1
,max

0

Pr{E(βκ) |PS}

× C(βκ)
(

γD|PS, σ2
i,D, PRi1

, ..., PRiMκ

)

× p3,i1(PRi1
) · · · p3,iMκ

(PRiMκ
) dPRi1

· · · dPRiMκ

)

× p1(PS) p2(σ
2
i,D) dPS dσ2

i,D.

In the following, we provide closed-form expressions for
the conditional event probabilities (7) and (8), the condi-
tional CDFs C(α)(γD| · ) and C(βκ)(γD| · ), as well as the
PDFs p1( · ), p2( · ), p3,i( · ). Special notations introduced in
the sequel are summarized in Table I.

A. Conditional Event Probabilities (7) and (8)

The conditional event probability (7) can be expressed as

Pr{E(α) |PS, σ2
i,D} = (10)

1 − Pr

{

αS,D <
γD,target(σ

2
i,D+σ2

n,D)

PS

∣

∣

∣

∣

PS, σ2
i,D

}

.

According to the Rayleigh-fading assumption, the PDF ofαS,D

is given by [9, Ch. 14.5]

pαS,D
(αS,D) =

LS,D
∑

l=0

wl,S,D

σ2
l,S,D

exp

(

−
αS,D

σ2
l,S,D

)

. (11)

Integration of (11) and evaluation of the resulting CDF at
αS,D =γD,target(σ

2
i,D+σ2

n,D)/PS yields

Pr{E(α) |PS, σ2
i,D} = (12)

1 −

LS,D
∑

l=0

wl,S,D

(

1 − exp

(

−
γD,target

γ̄l,S→D

))

.

5Note thatPS, σ2
i,D, andPRi

are functions of the channel energiesαS,Urx ,
αUtx,D, andαRi,Urx , respectively. Moreover, in the case of the FD-TPA
scheme the relay transmit powersPRi

are statistically independent.

The conditional event probability (8) can be expressed as

Pr{E(βκ) |PS} =
∏

i∈II
(κ)
r

(

1 − Pr

{

µS,Ri
<

γth

PS

∣

∣

∣

∣

PS

})

∏

i/∈II
(κ)
r

Pr

{

µS,Ri
<

γth

PS

∣

∣

∣

∣

PS

}

, (13)

whereµS,Ri
:=αS,Ri

/(σ2
i,Ri

+σ2
n,Ri

). The PDF ofαS,Ri
is of

the same form as (11). Moreover,σ2
i,Ri

=PUtx
αUtx,Ri

/Nsp

with pαUtx,Ri
(αUtx,Ri

)=exp(−αUtx,Ri
/σ2

0,Utx,Ri
)/σ2

0,Utx,Ri
.6

Based on this, the PDF ofµS,Ri
is given by

pµS,Ri
(µS,Ri

) = C1,Ri

LS,Ri
∑

l=0

wl,S,Ri

σ2
l,S,Ri

(14)

×
(C1,Ri

+ µS,Ri
/σ2

l,S,Ri
)σ2

n,Ri
+ 1

(C1,Ri
+ µS,Ri

/σ2
l,S,Ri

)2
exp

(

−
σ2

n,Ri
µS,Ri

σ2
l,S,Ri

)

.

Integration of (14) and evaluation of the resulting CDF at
µS,Ri

=γth/PS yields

Pr

{

µS,Ri
<

γth

PS

∣

∣

∣

∣

PS

}

=

LS,Ri
∑

l=0

wl,S,Ri
·
(

1 − Kl,Ri

)

. (15)

Combining (15) with (13) yields the desired closed-form ex-
pression forPr{E(βκ) |PS}.

B. Conditional CDFsC(α)(γD| · ) andC(βκ)(γD| · )

Consider first the case of non-cooperative transmission, where
no relays are available. In this case, the PDF ofγD =γS→D,
given a fixed source transmit powerPS and a fixed interference
powerσ2

i,D at the destination node, is of the same form as (11).
The corresponding CDF can be calculated as

Cnc(γD|PS, σ2
i,D)=

LS,D
∑

l=0

wl,S,D

(

1−exp

(

−
γD

γ̄l,S→D

))

. (16)

Next, consider relaying case (α), where the source node is
able to accomplish the desired target SINRγD,target on its own.
By definition we haveγD =γS→D≥γD,target. Based on (16),
we therefore obtain the following expression for the conditional
CDFC(α)(γD|PS, σ2

i,D):

C(α)(γD|PS, σ2
i,D) = (17)

{

0 γD < γD,target

1 + Kα ·
(

Cnc(γD|PS, σ2
i,D) − ϕS,D

)

, γD ≥ γD,target
.

Note that forγD < γD,target the first integral in (9) becomes
zero, asC(α)(γD|PS, σ2

i,D) is zero forγD <γD,target. Next, we
consider relaying case (β), where the source node is not able to
accomplish the desired target SINRγD,target on its own. For
the special case (β0), where no relay is able to decode the mes-
sage from the source node correctly (IIr =II

(0)
r =∅), we have

γD =γS→D <γD,target. We thus obtain the following expres-
sion for the conditional CDFC(β0)(γD|PS, σ2

i,D):

C(β0)(γD|PS, σ2
i,D) = (18)

{

Kβ Cnc(γD|PS, σ2
i,D), γD < γD,target

1 γD ≥ γD,target
.

6Recall that all links associated with the primary users are modeled by
frequency-flat fading (LX,Y = 0), as the bandwidth ratioρ = BU/BCR was
assumed to be small.



If a certain non-zero subsetII
(κ)
r ⊆ {1, ..., Nr} of relays is able

to decode the message from the source node correctly,γD is
given byγD = γS→D+γR→D while γS→D < γD,target. There-
fore, for a fixed source transmit powerPS, a fixed interference
power σ2

i,D at the destination node, and fixed relay transmit

powersPRi
(i∈II

(κ)
r ), the PDF ofγD can be calculated by con-

volving the constrained PDF ofγS→D with the PDF ofγR→D:

pγR→D
(γR→D)=

∑

i∈II
(κ)
r

LR,D
∑

l=0

w̃l,Ri,D

γ̄l,Ri→D
exp

(

−
γR→D

γ̄l,Ri→D

)

. (19)

For simplicity, we have assumed in (19) thatLRi,D =:LR,D for

all i∈II
(κ)
r . Integration of the resulting PDF finally yields the

conditional CDFC(βκ)(γD|PS, σ2
i,D, PRi1

, ..., PRiMκ
):

C(βκ)(γD|PS, σ2
i,D, PRi1

, ..., PRiMκ
) = (20)























































































Kβ

∑

i∈II
(κ)
r

LS,D
∑

l=0

LR,D
∑

λ=0

vl,λ,i

[

γ̄λ,Ri→D

(

exp

(

−
γD

γ̄λ,Ri→D

)

− 1

)

− γ̄l,S→D

(

exp

(

−
γD

γ̄l,S→D

)

− 1

)]

, γD < γD,target

Kβ

∑

i∈II
(κ)
r

LS,D
∑

l=0

LR,D
∑

λ=0

vl,λ,i

[

(

γ̄λ,Ri→D − γ̄l,S→D

)

×

(

exp

(

−
γD,target

γ̄l,S→D

)

− 1

)

− γ̄λ,Ri→D

×

(

exp
(

C3,l,λ,Ri
γD,target

)

− 1

)

exp

(

−
γD

γ̄λ,Ri→D

)]

,

γD ≥ γD,target.

C. PDFsp1( · ), p2( · ), p3,i( · ) in (9)

The PDFp1(PS) of the source transmit powerPS according to
(1) can be evaluated as

p1(PS) = (21)














C4,S

P 2
S

exp

(

−
C4,S

PS

)

+

(

1 − exp

(

−
C4,S

PS,max

))

× δ0

(

PS−PS,max

)

, PS ≤ PS,max

0 PS > PS,max.

Hereδ0(PS−PS,max) denotes a Dirac impulse atPS =PS,max.
In order to arrive at (21), we have used that the PDF ofαS,Urx

is given bypαS,Urx
(αS,Urx

)=exp(−αS,Urx
/σ2

0,S,Urx
)/σ2

0,S,Urx
.

If the interference constraint vanishes (i.e.,ρ σ2
0,S,Urx

→ 0), we
obtainp1(PS)=δ0(PS−PS,max), as expected.

The PDFp2(σ
2
i,D) of the interference powerσ2

i,D at the des-
tination node is given by

p2(σ
2
i,D) = C1,D e−C1,D σ2

i,D . (22)

To arrive at (22), we have used thatσ2
i,D = PUtx

αUtx,D/Nsp,
while the PDF of αUtx,D is given by pαUtx,D

(αUtx,D) =

exp(−αUtx,D/σ2
0,Utx,D)/σ2

0,Utx,D.
Finally, similar to (21) one obtains the following PDF for the

relay transmit powerPRi
(i ∈ II

(κ)
r ):

p3,i(PRi
)= (23)















C4,Ri

N ′
r P 2

Ri

exp

(

−
C4,Ri

N ′
r PRi

)

+

(

1−exp

(

−
C4,Ri

N ′
r PRi,max

))

× δ0

(

PRi
−PRi,max

)

, PRi
≤ PRi,max

0 PRi
> PRi,max.
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Fig. 2. Average CCDF1−C̄(γD) of the overall MRC output SINRγD at the
destination node for different cases. Case 1:γ̄0,S→D =5 dB,d=3, Nsp =10;
Case 2:γ̄0,S→D =5 dB, d=12, Nsp =10; Case 3:γ̄0,S→D =5 dB, d=12,
Nsp =20; Case 4: γ̄0,S→D =10 dB, d=12, Nsp =10. Lines represent
(semi-)analytical results obtained by means of Monte-Carlo integration of (9),
whereas markers represent simulation results. Dashed lines:non-cooperative
transmission; solid lines: FD-TPA scheme.

Again,p3,i(PRi
)= δ0

(

PRi
−PRi,max

)

for ρ σ2
0,Ri,Urx

→ 0.
Based on the above closed-form expressions for the condi-

tional event probabilities, the corresponding conditional CDFs,
and the PDFsp1(PS), p2(σ

2
i,D), andp3,i(PRi

), a further eval-
uation of the average CDF̄C(γD) of the overall MRC output
SINR γD at the destination node (cf. (9)) appears to be diffi-
cult.7 In the following section, we will therefore apply a Monte-
Carlo integration method, in order to evaluateC̄(γD). We also
note that an extension of the presented analysis to the case of
the optimal centralized solution resulting from the linearpro-
gram (5) does not seem feasible, since there is no closed-form
expression for the relay transmit powersPRi

.

IV. N UMERICAL PERFORMANCERESULTS

In the following, the performance of the FD-TPA scheme is
evaluated and compared to that of non-cooperative transmission
and the optimal centralized (OC) TPA solution.

As in the analysis in Section III, quasi-static Rayleigh fad-
ing is assumed. All link lengths are normalized with respectto
the distance between source and destination, i.e.,dref :=dS,D.
We choose a path-loss exponent ofp=3. The average signal-
to-noise ratio (SNR) of the source-destination link, denoted as
γ̄0,S→D, serves as a reference in the sequel. The locations of
source and destination are set to(−0.5, 0) and (+0.5, 0), re-
spectively. The links within the CR network are assumed to
have a channel memory length ofLX,Y =9 and an exponen-
tially decaying power profile, according tõσ2

l,X,Y/σ̃2
0,X,Y =

exp(−l/ch), where we choosech :=2. As an example, we
assume thatNr =5 relays are available with positions(0, 0),
(0,±0.2), and (0,±0.4). For simplicity, all nodes within
the CR network are assumed to have identical physical prop-
erties. To this end, we setσ2

n,D = σ2
n,Ri

=: σ2
n for all in-

7To this end, the conditional event probabilities and the conditional CDFs in
(9) would have to be averaged over the source transmit powerPS, the interfer-
ence powerσ2

i,D, and the relay transmit powersPRi
, utilizing the expressions

(21)-(23) for the corresponding PDFs.
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Fig. 3. Average outage probabilitȳC(γD,target) for non-cooperative trans-
mission, the FD-TPA scheme, and the OC-TPA solution as a function of the
distance between the primary system and the CR network. For the FD-TPA
scheme, dashed lines represent (semi-)analytical results obtained by means of
Monte-Carlo integration, whereas markers represent simulation results. The
curves for the OC-TPA solution were obtained by means of simulations.

dicesi∈{1, ..., Nr} and choose (normalized) maximum trans-
mit powers ofPS,max = PRi,max := 1 for the source node and
the relays. Finally, we setγth =10 dB andγD,target =10 dB.

As discussed earlier, we assume that the average transmit
powerPUtx

employed by the primary transmitter is much larger
than the maximum transmit powers within the CR network. As
an example we setPUtx

:= 10, 000. Consequently, the primary
transmitter needs to be located at some distance from the CR
network, in order to allow for secondary spectrum usage. As an
example, we consider different positions(0, d+10) and(0, d)
of the primary transmitter and receiver, respectively. Themaxi-
mum sum interference power tolerated by the primary receiver,
on the other hand, should be expected to be rather small. As an
example, we setξ :=0.01. Finally, the bandwidth ratio between
the primary link and the CR network is set toρ=0.1. All sim-
ulation results presented in the following have been averaged
over105 statistically independent channel realizations.

Fig. 2 displays the average complementary CDF (CCDF) of
the overall MRC output SINRγD, 1−C̄(γD), resulting for non-
cooperative transmission and the FD-TPA scheme, respectively,
for four different cases specified in the figure caption. As can be
seen, the (semi-)analytical results (dashed/solid lines)based on
(9) and (16) are in good accordance with the simulation results
(markers). Moreover, it can be seen that for all considered cases
the FD-TPA scheme substantially outperforms non-cooperative
transmission, as the associated average CCDFs are located sig-
nificantly further to the right. Furthermore, we note that the
performance of both non-cooperative transmission and the FD-
TPA scheme improves, if (i) the distanced of the primary sys-
tem from the CR network is increased, (ii) the spreading length
Nsp is increased, or (iii) the reference SNRγ̄0,S→D is increased.
However, even for̄γ0,S→D =10 dB andd=12 (Case 4), the
probability that the target SINRγD,target =10 dB is accom-
plished by means of non-cooperative transmission is only about
14%. In the case of the FD-TPA scheme, the plateau within
1−C̄(γD) for γ̄0,S→D =10 dB (Case 4) is due to the relaying
process, since in those cases where the source node is not able to

accomplish the target SINRγD,target on its own, the participat-
ing relays maximizeγD according to a best-effort strategy. As a
consequence, the FD-TPA scheme exhibits a better CCDF curve
for γ̄0,S→D =5 dB (Case 2) than for̄γ0,S→D =10 dB (Case 4),
as long asγD≤14 dB.

The advantage of the FD-TPA scheme over non-cooperative
transmission is even more apparent in terms of the average out-
age probabilityE{Pr{γD <γD,target}}= C̄(γD,target). Fig. 3,
showsC̄(γD,target) as a function of the distanced between
the primary system and the CR network (γ̄0,S→D =5 dB,
Nsp =10, 20). As can be seen, the FD-TPA scheme substan-
tially outperforms non-cooperative transmission. In particular,
while the average outage probability for non-cooperative trans-
mission remains close to one for the entire range ofd under con-
sideration (both forNsp =10 andNsp =20), the average out-
age probability for the FD-TPA scheme decreases significantly
with growing distanced. As earlier, the (semi-)analytical re-
sults based on (9) are in good accordance with the simulation
results. Finally, simulation results obtained for the OC-TPA
solution (resulting from (5)) illustrate that the average outage
probability of the FD-TPA scheme is, in fact, very close to the
optimum one (throughout the entire range ofd).

V. CONCLUSIONS

In this paper, a fully decentralized (FD) transmit power allo-
cation (TPA) scheme for relay-assisted cognitive-radio (CR)
systems in the presence of an active primary narrowband
link has been considered and its performance has been ana-
lyzed. The FD-TPA scheme maximizes the signal-to-noise-
plus-interference ratio at the destination node of the CR net-
work according to a best-effort strategy, while limiting the
interference experienced by the primary receiver. Numerical
performance results have shown that the FD-TPA scheme ac-
complishes substantial performance improvements over non-
cooperative transmission. Moreover, its performance has been
shown to be close to the optimal centralized TPA solution.

For future work, decentralized multi-hop solutions will be
interesting, so as to further improve performance (especially
when the primary system is close to the CR network).
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