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Abstract—Existing methods for measuring the ultrasonic at-
tenuation coefficient estimate (ACE) fail to take into account
the effect of tissue heterogeneity. We propose a total variation
(TV) regularization based method, where the local regularization
will be modulated as a function of envelope signal-to-noise-ratio
deviation, an indicator of tissue heterogeneity. We evaluate our
approach using three physical phantoms with different config-
urations. We also demonstrate the application of the method
for placenta ex vivo. The proposed method results in significant
improvement in ACE measurement compared to the reference
phantom method for all the experiments. Specifically, the method
shows promising results in the presence of heterogeneity, exceed-
ing the performance of both reference phantom and unweighted
total variation regularization in terms of accuracy, precision and
resolution-precision trade-off.

Index Terms—Attenuation Coefficient Estimate, quantitative
ultrasound, placenta, regularization

I. INTRODUCTION

Attenuation coefficient estimate (ACE), with its ability to
provide microstructural information, is an emerging tool for
biological tissue characterization. Successful implementation
of ACE to detect fatty liver [1], [2] promises a revolution in
the clinical practice for the management of non-alcoholic fatty
liver diseases. Recently, ACE is being explored as a potential
biomarker to characterize placental tissue and possibly to
detect placental disorders [3], [4].

A major limitation of ACE that affects its clinical uptake
for these and other applications is the large estimation bias
and variance obtained using existing spectral based methods.
The main sources of the estimation bias and variance are
the presence of inhomogeneities in biological tissue and the
fundamental trade-off between ACE resolution and precision.
In terms of selecting a homogeneous attenuation estimation
region, the placenta, especially when matured, is a particularly
challenging organ [4]. In our previous work, we proposed an
optimum region-of-interest (AEROI) selection method based
on homogeneity indicators such as envelope signal-to-noise ra-
tio deviation. Even with significant improvement (46% reduc-
tion compared to the traditional reference phantom method),
the resulting intra-subject standard deviation was still as high
as 51% of the mean ACE [4].

The sliding window based ACE methods impose a trade-
off between image resolution and estimation accuracy and
precision. Smaller windows provide high spatial resolution,
which is suitable for characterizing the thin (2-3 cm) and het-
erogeneous placental tissue. However, smaller windows yield
noisy and inaccurate ACE measures due to spatial variation
noise inherent in ultrasonic scattering [5]. Recent works on
regularization attained promising accuracy and precision in
ACE measurement without compromising the resolution [6],
[7]. However, these methods have not addressed the effect
of inhomogeneity, i.e., backscatter variation. The backscatter
variation caused by variation in scatterer size and concentra-
tion results in a large error in ACE estimation [8].

In this work, we propose a spatially weighted regularization
method for ACE measurement, where the degree of regular-
ization would be modulated based on the tissue inhomogeneity
information. We evaluate the proposed method using tissue-
mimicking phantoms and placenta ex vivo.

II. PROPOSED METHOD

The ultrasound ACE is a measure of ultrasound amplitude
dissipated due to scattering and absorption. To compute ACE
according to the reference phantom method (RPM) [9], the
data acquired from the tissue is normalized by the data from a
well-characterized reference phantom acquired using the same
transducer and system settings.

ACE is computed in a m× n grid using a frequency band
discretized at r points. For a RF signal window centered at
(i, j)[i ∈ (1,m), j ∈ (1, n)] location, the ratio of the power
spectrum S from the sample to the reference phantom at
frequency fk, k ∈ (1, r) can be written as [4]:
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(1)
Here, the s and r superscript denote sample and reference,
respectively. A is the total attenuation effect for the axial
distance z from the transducer surface to the center of the
respective window, B is the backscatter coefficient (BSC), and
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Fig. 1: ACE (dB/cm/MHz) results for CIRS tissue-mimicking phantoms. Top, middle and bottom rows correspond to phantom
1, phantom 2 and phantom 3, respectively. The first two columns show the B-mode images and ground truth ACE overlaid on
the B-mode images. The last three columns show ACE maps obtained from the RPM, unweighted TV and SWTV method,
respectively. The dashed lines outline the inclusions inside phantom 2 and phantom 3.

α is the effective ACE for the total ultrasound propagation path
z. After taking the natural logarithm, (1) reduces to:

ln [RSi,j,k] = −4(αsi,j−αri,j)fkzi,j+ln
βsi,j
βri,j

+(nsi,j−nri,j) ln f.

(2)
Substituting the following variables in (2) as: ln [RSi,j,k] =

Yi,j,k, α
r
i,j − αsi,j = αi,j , ln

βs
i,j

βr
i,j

= βi,j , n
s
i,j − nri,j = ni,j , we

get,

Yi,j,k = −4αi,jfkzi,j + βi,j + ni,j ln f. (3)

The above equation can be written in a matrix form: y =
Ax+ η, where A, x, and y are given by:
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and η denotes Gaussian noise with zero mean and standard de-
viation σ. We propose to solve the following spatially weighted
optimization problem for the reconstruction of x = [α, β, n]
from the noisy estimation Y :

x̂ = arg min
x
{‖(y −Ax)‖22 + λ1TV (α)

+λ2SWTV (β) + λ3SWTV (n)},
(4)

where the first term is the data fidelity term, the last three terms
are the TV based regularization term, and λ1, λ2 and λ3 are
the regularization weights. The TV and SWTV operators are
defined as:

TV (α) =
∑
i,j

|αi+1,j − αi,j |+ |αi,j+1 − αi,j |;

SWTV (β) =
∑
i,j

W i,j(|βi+1,j − βi,j |+ |βi,j+1 − βi,j |);

SWTV (n) =
∑
i,j

W i,j(|ni+1,j − ni,j |+ |ni,j+1 − ni,j |).

Solving (4) will give the values α, the effective ACE for the
total ultrasound propagation path. Then the local ACE can be
computed as:

αlocali,j =
αi,jzi,j − αi−1,jzi−1,j

zi,j − zi−1,j
.

In the proposed optimization problem, a spatially weighted
total variation (SWTV) regularization has been applied on the
BSC terms, β and n. A change in scattering causes larger
variation in the BSC terms compared to the ACE. For the
regions associated with changes in backscatter, β and n should
be lightly regularized to decrease the penalty on their variation.
Envelope SNR deviation, ∆SNRe has previously been used
as a criterion to indicate inhomogeneity, i.e., variation in
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TABLE I: Ground truth and performance metrics of ACE measures obtained using reference phantom method (RPM),
unweighted total variation (TV) and spatially weighted total variation (SWTV) methods for CIRS tissue mimicking phantoms.

Ground Truth Mean Absolute Error (%) Standard Deviation (%)
Phantom (dB/cm/MHz) RPM TV SWTV RPM TV SWTV

1 1.3 47.58 2.64 5.89 58.72 1.57 1.19
2 (Background) 0.84 106.38 10.50 7.20 134.88 16.11 10.52

2 (Inclusion) 1.18 55.07 8.67 8.96 75.07 9.47 4.04
3 (Background) 0.72 103.50 19.23 15.58 132.0 26.07 12.13

3 (Inclusion) 0.65 74.92 20.97 10.23 87.96 28.27 5.01

backscatter [4]. We propose a spatially weighted matrix, W
as a function of ∆SNRe, to adaptively regularize the BSC
parameters:

W (∆SNRe) =
a

1 + exp[b.(∆SNRe −∆SNRmin
e )]

, (5)

where a and b are constants. ∆SNRmin
e is a nominal ∆SNRe

value indicating the corresponding region to be homogeneous.
When ∆SNRe << ∆SNRmin

e , the weighting has little effect
on the regularization. As ∆SNRe increases, W decreases
resulting in relaxation of the regularization effect on the BSC
terms.

III. EXPERIMENTS AND RESULTS

We implemented the proposed SWTV method in MATLAB
2018a (The MathWorks Inc., Natick, MA, USA). The per-
formance of the proposed method was validated on tissue-
mimicking phantoms. We also evaluated our method on pla-
centa ex vivo. We compare the results obtained from SWTV
method with those obtained from RPM and unweighted TV
methods. We report the mean absolute error and standard
deviation of the error as the metric for bias and variance of
computed ACE. Additionally, we report the contrast-to-noise
ratio, computed as [6], for phantom 2. We set λ1 = 21, λ2 =
21.5, λ3 = 22 for the regularization weights.

A. Tissue Mimicking Phantoms: Validation

Ultrasound data were acquired from three custom-built
phantoms. Phantom 1 has uniform ACE and uniform BSC,
phantom 2 has an inclusion with higher ACE and similar
BSC compared to the background, and phantom 3 has an
inclusion with higher BSC and similar ACE compared to the
background. The ACE ground truth values reported by CIRS
(Norfolk, VA, USA) have been shown in Table I and in the
second row of Fig. 1. Ultrasound radio-frequency data were
acquired from these phantoms using an Ultrasonix SonixTouch
machine (Analogic, Canada) and an m4DC7-3 curved array
transducer operated at 3.33 MHz. The depth was set to 15 cm
with a focus at 10 cm. We select the size of sliding windows
to be 6 scanlines (5λ) laterally and 300 radio-frequency
samples (25λ) axially, where λ denotes the wavelength. For the
reference phantom data, ultrasound data were acquired from
a uniform ACE and uniform BSC region with an ACE value
of 0.54 dB/cm/MHz with the same system setting.

The resulting ACE maps obtained from RPM, unweighted
TV and SWTV methods are shown in Fig. 1 (column 3-5). The
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Fig. 2: Effect of window size on precision of ACE measure
for phantom 1 (homogeneous phantom) (top) and phantom 3
(inhomogeneous phantom) (bottom).

mean absolute error and standard deviation of the ACE error
have been reported in Table I as a percentage of the ground
truth values. The high bias and variance obtained from RPM
are partly attributed to the insufficient number of independent
samples arising from the small window size. Though selecting
a larger window size can improve the results from RPM, we
select a window size optimum for the regularization based
methods and keep the size consistent across the methods for
a fair comparison.

For phantom 1 (uniform ACE and uniform BSC), both
performance metrics for all the methods are better compared
to phantom 2 and phantom 3. This result understates the fact
that the ACE measures are more accurate and precise in the
homogeneous regions-of-interest.

For phantom 2 (variable ACE and uniform BSC), the
contrast-to-noise ratio for ACE maps obtained using the RPM,
TV and SWTV methods are 0.31, 1.35, and 2.11, respectively.
The inclusion can be distinguished from the ACE maps
obtained using both TV and SWTV methods, as opposed to
the RPM method. However, the SWTV method improves the
contrast-to-noise ratio by 57% compared to that obtained using
the unweighted TV method.
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Fig. 3: ∆SNRe map (left) and ACE maps obtained from the RPM, TV and SWTV methods for a placenta ex vivo.

For phantom 3 (Similar ACE and variable BSC), the
unweigthed TV method shows underestimation and overes-
timation of ACE centering at the upper and lower edges
of the inclusion, which is a characteristic pattern of ACE
error in cases of backscatter variation [8]. However, the
∆SNRe in this region with backscatter variation is higher
than ∆SNRmin

e . Therefore, the proposed method results in
improved ACE measure with mean absolute error < 16%
and standard deviation < 13% by reducing the weight in the
inhomogeneous regions.

B. Tissue Mimicking Phantoms: Resolution-Precision Trade-
off

To investigate the resolution-precision trade-off in ACE
computation, we vary the axial window size from 100 RF
samples (8.25λ) to 500 RF samples (41.25λ) for the data
acquired with the system setting described in section III-A.
The standard deviation of ACE error obtained from phantom
1 (homogeneous phantom) and phantom 3 (inhomogeneous
phantom) are shown in Fig. 2. For homogeneous phantom,
both TV and SWTV methods attain similar precision for
varying resolution, exceeding the resolution-precision trade-off
inherent in traditional RPM method. For the inhomogeneous
phantom with backscatter variation, however, the TV method
shows a similar, though improved, resolution-precision trade-
off compared to the RPM. The SWTV method, on the other
hand, outperforms both TV and RPM by maintaining similar
precision with varying window size.

C. Ex vivo Placenta

For the ex vivo placenta, the ultrasound data were acquired
using a 4DL14-5/38 4D linear transducer. The depth was
set to 3 cm, comparable to the placenta thickness, with a
focus at 2 cm. The results for an inhomogeneous region-of-
interest (indicated by mean(∆SNRe) > 20%) in placenta
is shown in Fig. 3. The mean ACE obtained from the RPM,
TV and SWTV methods are 0.77, 0.84 and 0.84 dB/cm/MHz,
respectively, whereas the standard deviation is 0.43, 0.05,
and 0.01 dB/cm/MHz, respectively. This preliminary ex vivo
result shows that the proposed SWTV method yields improved
precision for ACE measurement in case of the heterogeneous
tissue such as placenta.

IV. CONCLUSION

We present an attenuation coefficient estimation method
with improved estimation precision irrespective of resolution

and tissue inhomogeneity. For the first time, we incorporate an
inhomogeneity indicator into a spatially weighted regulariza-
tion framework. The approach enables modulating the amount
of regularization as a function of the local inhomogeneity.
The proposed method outperformed the traditional reference
phantom method and unweighted TV method in terms of
accuracy, precision and resolution-precision trade-off, whereas
the performance improvement was more pronounced in het-
erogeneous regions with backscatter variation. The ability
of the proposed method for precise ACE estimation of thin
and heterogeneous tissues shows promise for placental tissue
characterization.
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