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1999/2000 WINTER SESSION, TERM 2

Modulation- Part2
After this lectureyoushouldbeableto:� for thecommondigital phase/frequencymodulationsmethods(BPSK,DBPSK,QPSK,GMSK):

– givetheequationfor thesignal

– givesignal-spacebasisfunctionsandconstellation

– list someimplementationadvantagesanddisadvantages

– computetheerror ratein an AWGNchannel� computeperformanceof thesemodulationtechniquesover a flat, slow-fadingchannel

Raised-CosineFilter5.5.2 � usedto smoothout the basebandmodulating
signal to limit the bandwidthwithout causing
ISI (it meetstheNyquistcriteriafor no ISI).� transferfunction is given in Equation1 andthe
impulseresponsein Equation2:� for α � 0 this is arectangular“brick-wall” filter
from 0 to 1

2Ts
(theminimumbandwidth)� for α � 1 this is a half-cycle of raisedcosine

extending from 0 to 1
Ts

(double the minimum
bandwidth)� root raised-cosine(RRC) filter has a transfer
functionthat is thesquareroot of a RC filter so
thatwe canplacehalf of thefilter at the trans-
mitter andhalf at thereceiver

GaussianFilter5.5.3 � hasGaussiantransferfunctionandimpulsere-
sponses:

HG
�
f ��� exp

���
α2 f 2 �

where

α � �
ln2�
2B

� 0	 5887
B

andB is the-3dB bandwidthof thefilter

� impulseresponsealsoGaussian:

hG
�
t ��� �

π
α

exp
� π2

α2 t2

� doesnotmeetNyquistcriteria,sowill introduce
ISI� symmetrical,non-causal

Probability of Err or Analysis 5.6� using orthonormalbasisfunctionswe can ex-
presseachof the M possibletransmittedsym-
bolsasM setsof N coordinatesalongN dimen-
sions� theorthonormalbasisfunctionsaretypically si-
nusoids:

φ j
�
t ��� 2

Tb
cos

�
2π fct 
 θ � 0 � t � Tb

where fc, Tb andθ arechosensoasto make the
sinusoidsorthogonal.

Exercise: What values of θ make these basis functions

orthogonal? What values of fc make these basis functions

orthogonal?� for example, if we chooseN � 2 one choice
wouldbeto useθ � 0 andθ � π � 2.� thento eachof theM symbolswe wouldassign
apair of numbers
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HRC
�
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2Ts

1
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2Ts

�� f �� 1� α
2Ts

0 0 �� f �� 1� α
2Ts

(1)

hRC
�
t ��� sin

�
πt � Ts �
πt

cos
�
παt � Ts �

1
���

4αt � � 2Ts ��� 2 (2)

� the receiver converts the received waveform
into N coordinatesusingN matchedfilters and
thenchoosesthesymbolthatliesnearestthere-
ceivedcoordinate� eachmatchedfilter multiplies the received sig-
nal by oneof thebasisfunctionsandintegrates
over thesymbolduration,Tb� a boundon the probability of symbol (not bit)
errorgivensymbolsi is transmittedis:

P
�
e si ��� M

∑
j � 1
j �� i

Q
di j�
2N0

whereQ
��� � is “Markum’s Q function” and N0

is thepower spectraldensityof thenoiseat the
input to thematchedfilters.� for equally-likely symbolswe canjust average
theindividual symbolerrorprobabilities:

P
�
e��� 1

M

M

∑
i � 1

P
�
e si �

Linear and Constant-EnvelopeModulation5.7,
5.8 � typically linearmodulation1 multipliesthecar-

rier with themodulatingsignal:

s
�
t ��� Re�m� t � ej2π fct �

� the resultingenvelope(magnitude)may not be
fixed, in which caseany subsequentamplifier
mustbelinear(e.g.ClassA, AB, etc)

1Linearity requires that superpositionapply: if m� t  "!
m1 � t  $# m2 � t  thens� t  %! s1 � t  $# s2 � t  

� aphase-modulatedsignal:

s
�
t �&� Re�ej2π fct � m� t � �

is anexampleof non-linearmodulation� this signaldoeshave aconstantenvelope(mag-
nitude)� signalswith constantenvelope do not require
linearpower amplifiers� a non-linearRF power generators(e.g. a class
C “amplifier”) is usually more power-efficient
and lessexpensive than a linear amplifier and
lessexpensive than“linearized”PAs� note that linear modulation can also be
constant-envelope (if the envelope of m(t) is
fixed)

Exercise: Give an example of an m� t  that results in

constant-envelope linear modulation.� many constant-envelopevariantsof phasemod-
ulationhave beendeveloped� they differ in theway thedatais filteredbefore
modulatingthephaseof thecarrierandin their
modulationindex (ratio of frequency deviation
to bit rate)� the pre-modulationfilter is a compromisebe-
tween spectrum main-lobe width (bit rate),
spectrum roll-off (adjacent channel inter-
ference), BER performance and transmit-
ter/receiver complexity

BPSK 5.7.1� Binary PhaseShift Keying
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� if wehaveonesinusoidalbasisfunction(N � 1)
andtwo symbolsM � 2, we canchoose:

s
�
t ��� m

�
t � 2Eb

Tb
cos

�
2π fct �

wherem
�
t � consistsof pulsesof durationTb and

amplitude' 1.

Exercise: Is this a type of linear modulation? Is it a

constant-envelope signal?� The power spectrumof the envelope(without
filtering) is:

P
�
f �(� 2Eb

sin
�
π f Tb �

π f Tb

2

� this spectrumis very wide,andtypically a low-
passfilter (e.g. RC) is usedto limit the band-
width

Exercise: Does filtering m� t  change the answers to the

previous exercise?� a BPSK receiver hasto generatea local signal
(φ
�
t � ) of thecorrectfrequency andphase� this is difficult on a multipath channel be-

causetherearemany time-varying pathsbeing
summed� for mobileapplications,typically a pilot signal
or pilot symbolsaretransmittedto allow there-
ceiverto estimateandremovethenetphaseshift
appliedby thechannel� theprobabilityof erroris:

Pe � 1
2

Q
2Eb

N0

DBPSK5.7.2 � DifferentialBinary PhaseShift Keying� whenthephaseis changingquickly or asimpler
receiver is necessary, wecanencodethedataas
a phasedifferencefrom symbol to symbol. In
thecaseof N � 2 wecanrepresenta0 bit by no
changeof phaseanda 1 bit by a phasechange
of 180degrees.

� theadvantageof differentialencodingis thatwe
don’t needan absolutephasereferenceto de-
modulatethesignal–wejustcomparethephase
differencefrom onebit to thenext (e.g.by using
adelayandacomplex multiplier).� theprobabilityof errorof DBPSKin anAWGN
channelis worsethanBPSK:

Pe � 1
2

exp
� Eb

N0

however, this assumesthe BPSK has perfect
synchronizationand that the DBPSK receiver
only looks at oneprevious symbol. In practice
bothsystemscanbemadeto performaboutthe
same

QPSK 5.7.3� QuadraturePhaseShift Keying� in this caseN � 2 andM � 4� the basisfunctionsare two carriersin quadra-
ture:

s
�
t ��� 2Es

Ts
cos�2π fct 
 i

π
2
�

for i � 0) 1) 2) 3
Exercise: Draw the constellation diagram for QPSK.� errorperformanceis sameasBPSK:

Pe � Q
2Eb

N0

� cantransmit2 bits persymbolwithout increas-
ing thebandwidthor errorrate!� canalsousedifferentialcoding(DQPSK)

O-QPSK and π * 4-QPSK 5.7.5
–
5.7.8� althoughall QPSK points have the sameam-

plitudethetrajectoryfrom onepoint to another
may not be alonga constantradiusif I andQ
changingsimultaneouslyandinstantaneously

3



� large changesin amplitude are thus possible
whichcausethespectrumto broaden� twoalternativesareoffsetQPSKandπ � 4QPSK
which take slightly differentapproachesto try-
ing to constrainthe trajectoryto keepit along
thecircle

Constant-EnvelopeModulation5.8 � constantenvelopemeansdon’t needlinearam-
plifiers, resulting in higher transmitter effi-
ciency� pre-modulationfiltering is sufficient to reduce
adjacent-channelinterferencelevelsto adequate
levels(-60dB) sono additionalpost-modulator
filter is required� can use inexpensive discriminator-based re-
ceiver� many, many variants(BFSK,MSK, GTFM, ...)� first-null spectrum is wider than BPSK or
QPSK,but steeperroll-off

GMSK5.8.3 � GaussianFrequency Shift Keying� usesGaussianfiltering of basebandpulse� filter introducesISI but produceswell-defined
spectrum� Gaussianfilter impulse responseand transfer
functiongivenabove� parameterBT is the productof bit periodand
3dBfilter bandwidth� lowerBT providesmorefiltering, narrow band-
width but moreISI andhigherresidualerrorrate
floor� errorrate:

P
�
e��� Q

2γEb

N0

whereγ is a parameterdeterminedby BT rang-
ing from 0.68for BT � 0	 25to 0.85for BT � ∞
(MSK).

� transmitteris simply a filter with Gaussianim-
pulseresponseandanFM modulator� receiver canbecoherent(synchronous)or non-
coherent(adiscriminator)� widely used(GSM,CDPD)

M-ary Modulation 5.9� with N � 2 we can createconstellationswith
more thanM � 4 pointsandso transmitmore
than2 bits/symbol(needM � 2n pointsto trans-
mit n bits/symbol)� thepointscanbeonacircleabouttheorigin (M-
aryPSK)or onarectangulargrid (M-ary QAM)� commonon point-to-pointlinks, not aswidely
usedin fadingchannels� thesehigher-level modulationsaremoresensi-
tive to channeldisturbancessincethepointsare
closertogetherandrequiremoresignalprocess-
ing for accuratesynchronizationandequaliza-
tion but are being usedin newer systemsbe-
causeof increasedspectralefficiency

Exercise: Draw 8-PSK and 16-QAM constellations.

CodedModulation –� also known as “trellis-coded modulation”
(TCM)� in larger (e.g. 8-PSK) constellationswhere
points are not equidistantsomesymbol errors
(e.g. betweenadjacentpoints)aremuchmore
likely thanothers� by increasingthenumberof constellationpoints
andaddingredundancy (“coding”) it’s possible
to significantlyreducetheerrorrate

Performanceof Modulation Schemesin Fad-
ing Multipath Channels 5.11� will differ from staticerrorrates� oftenbursty, needmorethanBER to character-

ize (e.g.burst lengths)
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Slow, Flat Fading
5.11.1 � if fading is “slow” (relative to symbolperiod)

then the signal is approximatelyfixed during
onesymbolperiod:

r
�
t ��� α

�
t � e� θ � t � s� t �+
 n

�
t �

where α
�
t � is the instantaneoussignal ampli-

tude� we can find the averageerror probability (Pe)
by averagingover thedistribution of thesignal
SNR:

Pe �-, ∞

0
Pe
�
X � p� X � dX

where X � α
�
t � 2Eb � N0 and the known BER

performancein noise,(Pe
�
X � ):� if α is Rayleigh,α2 hasa chi-squareddistribu-

tion with two degreesof freedom:

p
�
X �(� 1

Γ
exp

� X
Γ

X . 0

whereΓ � Eb
N0

α2 is themeanSNR� for BPSK:

Pe � 1
2

1
� Γ

1 
 Γ� for DBPSK:

Pe � 1
2
�
1 
 Γ �� for GMSK:

Pe / 1
4δΓ

whereδ dependson BT� theseresultsaremuch worsethan the AWGN
case(theerrorratedropsoff linearlyratherthan
exponentiallywith increasingSNR)� thisis becauseerroreventsarealmostall caused
by deepfadeevents,so BER is dominatedby
pdf of thefading,not thenoise� only reducingtheprobabilityof deepfadescan
improve BER(diversity, coding)

Frequency-Selective Channels 5.11.2� channeldelay spreadcausesISI which causes
errors� receiver mayneedto measurechannelimpulse
responseanduseanequalizer� time-varying Doppler spreadcausesrandom
FM noisewhich createsan error floor (limits
maximumSNR)� BER resultstypically derivedby simulation
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