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Tracing Power with Circuit Theory
Yu Christine Chen, Member, IEEE and Sairaj V. Dhople, Member, IEEE

Abstract—Power tracing is the task of disaggregating the
power injection of a generator (or a load) into a sum of
constituent components that can unambiguously be attributed
to loads (generators) and losses. Applications of power tracing
range the broad spectrum of: transmission services pricing,
loss allocation in distribution networks, fixed-cost allocation,
modelling bilateral transactions, and financial storage rights.
This paper develops an analytical approach to power tracing
leveraging elementary circuit laws. The method is rigorous from a
system-theoretic vantage point, and it yields unambiguous results
that are consistent with constitutive principles that describe
the steady-state behaviour of power networks. Moreover, it
can be implemented with limited computational burden, applies
to networks with arbitrary topologies, and preserves the cou-
pling between active- and reactive-power injections. Numerical
experiments indicate that given a solved power-flow solution,
disaggregations can be computed for a test system with 2383
buses, 327 generators, and 2056 loads in 4.34 seconds on a
personal computer, hence establishing computational scalability.
Furthermore, applications are demonstrated in distribution and
transmission networks with case studies focused on quantifying
the impact of distributed generation on loss allocation and ex-
tracting nodal contributions to bilateral transactions, respectively.

Index Terms—Downstream tracing, Kron reduction, Loss al-
location, Power flow, Power tracing, Upstream tracing.

NOMENCLATURE

G,L,N Sets collecting generator, load, and all buses.
VG , VL Vectors of voltage phasors at generator and load

buses.
V g
G , V

`
L Voltage phasors at generator bus g ∈ G and load

bus ` ∈ L.
IG , IL Vectors of current phasors at generator and load

buses.
Ig
G , I

`
L Current phasors at generator bus g ∈ G and load

bus ` ∈ L.
SG , SL Vectors of complex-power injections at generator

and load buses.
Sg
G , S

`
L Complex-power injections at generator bus g ∈ G

and load bus ` ∈ L.
YN Network admittance matrix.
γ`g , λ

g
` Portion of the generator g current that is allocated

to the load ` current and fraction of the load `
current sourced from the generator g current.

µg
`, δ

`
g Coefficients capturing portion of generator g

complex-power injection that is consumed by load
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Fig. 1: The proposed tracing approach uncovers (a) downstream
and (b) upstream disaggregations that are consistent (fractional com-
ponents sum up to load and generator values) and unified (allocations
include contributions to losses, marked above as red ellipses). Note
that the coloured links capture power disaggregations and not the
physical topology of the network.

` and portion of load ` complex-power injection
served by generator g.

L Complex-power loss.
ωg
G , ω

`
L Coefficients capturing contributions of generator g

and load ` to complex-power loss.

I. INTRODUCTION

This paper presents a circuit-theoretic solution to power
tracing: the problem of disaggregating power injections from
a subset of nodes in a power network into a sum of constituent
parts that are attributable to other nodes and allocable to
losses. It has been hypothesized that an agreeable solution to
this problem would pave the way for establishing an optimal
regulatory and economic environment for the transparent and
efficient operation of power networks [1]–[3]. Furthermore, a
universally accepted and analytically justifiable approach to
power tracing may potentially also be useful in modelling,
analysis, and validation of contemporary notions in power
systems economics such as transactive energy [4], peer-to-
peer energy trading [5], and blockchain electricity trading [6].
However, as with most modelling and analysis tasks in power
networks, nettling nonlinearities pose daunting analytical chal-
lenges to power tracing. The majority of previously proposed
tracing methods have consequently revolved around numerical
approaches, unverifiable assumptions, or sensitivity analysis.
Therefore, the merits in a tracing method that is grounded
in and conforms to circuit laws that underlie the steady-state
behaviour of power networks cannot be overstated.

We consider two types of disaggregations for complex-
power injections in the network. In downstream tracing, the
complex-power injection of a generator is decomposed into
a sum of parts that are attributed to loads and losses in the
network. Similarly, in upstream tracing, the complex power
drawn by a load is decomposed into a sum of parts that can
be attributed to generators and allocated to the losses. (See
Fig. 1 for an illustration.) These are not merely semantic
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distinctions, and we demonstrate that they are contextually
useful depending on the application at hand. Furthermore,
drawing from desirable attributes discussed in [3], we seek
a tracing result that is consistent and unified. A consistent
downstream tracing result is one where loads can be demon-
strably recovered by summing up fractional decompositions
across all generators (and vice versa for the upstream case).
A unified disaggregation is one where the decomposition of
nodal injections innately embeds allocations to system loss.
Namely, losses emerge as integral constituents of the upstream
and downstream tracing results, and they are not stitched into
the formulations as an afterthought.

Given the fundamental nature of the tracing problem and
its latent promise in refashioning power system operations and
control tasks, it has attracted extensive attention from several
directions. We focus our review of relevant literature squarely
on power tracing methods, but also reserve a few comments
on applications. The seminal work in [1] and follow-up efforts
in [7]–[10] are grounded in the so-called proportional sharing
rule. This is an assumption that at any given bus, outgoing
active-power flows on the lines are composed of a sum of parts,
which are proportional to the inflows. While these efforts are
formative, the proportional sharing method is assumptive by
design [8]. Another body of work leverages a variety of graph-
theoretic notions to address the tracing problem [2], [11], but
these methods lead to iterative computations. Optimization
problems with varying degrees of computational complexity
offer an appealing numerical alternative [3], [12], [13], but
these are inherently algorithmic, and demonstrate tenuous
links to the underlying circuit laws that dictate power flows.
Previous attempts at leveraging circuit-theoretic notions for
power tracing replace constant-power elements with admit-
tance equivalents in an attempt to counter their nonlinear-
ity [14], [15]. While our approach shares this as a common
motif, these efforts neither result in consistent upstream and
downstream disaggregations, nor do they incorporate losses
in a unified manner. Related efforts that leverage circuit-
theoretic notions for the problem of network-usage allocation
include [16]–[18]. Finally, we bring attention to literature that
has explored applications of power tracing in transmission ser-
vices pricing [19], loss allocation in distribution networks [20],
fixed-cost allocation [3], modelling bilateral transactions [21],
[22], and financial storage rights [23].

Unlike most previously proposed approaches that begin with
a solved power flow and attempt to directly tackle the problem
of tracing power, we embark on a more circuitous path, with
the intention of ensuring that the method yields consistent
and unified results. First, we formulate and propose a solution
to the more fundamental problem of tracing currents. Down-
stream and upstream current tracing can be accomplished with
elementary algebraic manipulations of the network admittance
matrix while incorporating equivalent-admittance representa-
tions of generators and loads. Then, by leveraging fundamental
circuit-theoretic definitions, the disaggregation of currents is
straightforwardly extended to obtain those of complex-power
injections. In this way, the seemingly regressive and obviously
unglamorous task of tracing currents emerges as the perfect
foil to the more involved problem of tracing power. Since we

deal with complex-valued current and voltage phasors at every
step, the resulting upstream and downstream complex-power
tracing results preserve the nontrivial couplings between active
and reactive powers. For example, our approach quantifies
how much of the active power drawn by a particular load
derives from both the active- and reactive-power injections of
generators. To better contextualize the elementary algebraic
operations performed on the admittance matrix to arrive at
the power tracing results, we establish correspondences with a
number of circuit-theoretic notions, including (but not limited
to): equivalent admittance representations of nonlinear shunt
elements, Kron reduction of complex electrical networks,
super-node circuit analysis, and conservation of power.

We summarize salient features of our approach and highlight
its contributions over prior art discussed above. First and fore-
most, the proposed disaggregations of currents (and powers)
are grounded in and can be verified to satisfy circuit laws that
govern the sinusoidal steady-state behaviour of AC networks.
Second, our approach can be applied to both transmission
and distribution networks of arbitrary size and topological
and constitutional complexity. Given a solved power flow,
we trace complex power with minimal computational burden
(predominantly attributable to the computation of inverses of
admittance and admittance-like matrices). Furthermore, the
proposed decompositions preserve and reflect the couplings
between active- and reactive-power injections. Finally, the
downstream and upstream power-tracing results are consistent
and acknowledge losses in a unified manner; these character-
istics are conceptually illustrated in Fig. 1.

The remainder of this manuscript is organized as follows.
Mathematical notation and the power-system model utilized
in the paper are established in Section II. In Section III, we
address the downstream disaggregation of generator currents
into load contributions (and the corresponding upstream dual).
This forms the basis for our main results in Section IV, where
we decompose generator power contributions into components
that satisfy loads and can be attributed to losses (and the
corresponding dual upstream problem). Next, in Section V, we
provide two numerical case studies that demonstrate applica-
tions of the approach in: i) distribution network loss allocation,
and ii) analysis of bilateral transactions in transmission net-
works. Numerical results from our approach are compared to
those generated from the proportional sharing method in [1].
Concluding remarks and directions for future work are offered
in Section VI.

II. PRELIMINARIES AND POWER SYSTEM MODEL

Below, we introduce relevant notation and describe the
power system model used in the remainder of the paper.

A. Notation

The transpose of a vector or matrix is denoted by (·)T,
complex conjugate by (·)∗, real and imaginary parts of a
complex number by Re{·} and Im{·}, respectively, magnitude
of a complex scalar by | · |, and j :=

√
−1. A diagonal matrix

formed with entries of the vector X stacked along the main
diagonal is denoted by diag(X). The spaces of N -dimensional
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real- and complex-valued vectors are denoted by RN and CN ,
respectively; the spaces of M ×N real- and complex-valued
matrices are denoted by RM×N and CM×N , respectively. The
(m,n) entry, i.e., the entry in the m-th row and n-th column,
of the matrix X is denoted by [X]mn.

B. Power System Model

Consider an AC network with N buses, collected in the set
N , operating in sinusoidal steady state. We partition the N
buses in the network into G generator buses collected in the
set G = {1, . . . , G} ⊆ N ; and L load buses collected in the
set L = N \ G = {G + 1, . . . , N}. Aligned with standard
practices in steady-state power-system modelling, we adopt
constant power load (CPL) models which imply that at these
buses, a fixed amount of active and reactive power is drawn.
On the other hand, generators are modelled as constant power
sources (CPSs). This is reasonable, since we assume that a
solved power flow is available, and consequently, both the
active- and reactive-power injections can be computed for the
generators. The set of transmission lines is represented by E :=
{(m,n)} ⊆ N ×N . Each line is modelled using the Π-model
with series admittance ymn = gmn + jbmn ∈ C and shunt
admittance ysh

mn ∈ C. Denote the vector of shunt admittances
by Ysh = [y1, . . . , yN ]T ∈ CN , where

ym := ymm +
∑
k∈Nm

ysh
mk = gm + jbm (1)

is the total shunt admittance connected to bus m, Nm ⊆ N
denotes the set of neighbours of bus m, and ymm ∈ C captures
passive shunt elements connected to bus m. With the above
model in place, the network admittance matrix, denoted by
YN , can be expressed as

YN = Y + diag(Ysh), (2)

where entries of Y are given by

[Y ]mn :=


∑

(m,k)∈E ymk, if m = n,

−ymn, if (m,n) ∈ E ,
0, otherwise.

(3)

Nodal voltages of generators and loads are denoted by

VG = [V1, . . . , VG]T =: [V 1
G , . . . , V

G
G ]T ∈ CG,

VL = [VG+1, . . . , VN ]T =: [V G+1
L , . . . , V NL ]T ∈ CL,

(4)

respectively, where Vi = |Vi|∠θi ∈ C represents the voltage
phasor at bus i. Also, denote the vectors of current injections
into generator and load buses by

IG = [I1, . . . , IG]T =: [I1
G , . . . , I

G
G ]T ∈ CG,

IL = [IG+1, . . . , IN ]T =: [IG+1
L , . . . , INL ]T ∈ CL,

(5)

respectively, where Ii ∈ C denotes the phasor of the net
current injected into bus i from the ground node. This includes
the current through any shunt elements connected to bus i;
see Fig. 2 for an illustration. Kirchhoff’s current law (KCL)
applied at all buses can be compactly represented in matrix-
vector form as [

IG
IL

]
=

[
YGG YGL
Y T
GL YLL

] [
VG
VL

]
, (6)

y12

y34

y24y13

y14y1 y2

I1G I2G

I3L I4L

y3 y4

V 1
G V 2

G

V 3
L V 4

L3.00 + j0.600 p.u. 2.00 + j0.300 p.u.

3.97 + j1.15 p.u. 1.10− j0.0801 p.u.
1 2

43

Fig. 2: One-line diagram for a 4-bus network illustrating adopted
notation. The network is composed of generators at buses in G =
{1, 2} and loads at buses in L = {3, 4}.

TABLE I: Power-flow solution for 4-bus system in Fig. 2. All
quantities are in p.u.

Bus Voltages Current Injections Power Injections
V 1
G 1.04∠0◦ I1G 3.81−j1.32 S1

G 3.97+j1.37
V 2
G 1.02∠−2.61◦ I2G 1.07−j0.104 S2

G 1.10+j0.0562
V 3
L 0.978∠−12.4◦ I3L −2.91+j1.03 S3

L −3.00−j0.379
V 4
L 0.994∠−8.88◦ I4L −1.98+j0.385 S4

L −2.00−j0.0746

where YGG ∈ CG×G, YGL ∈ CG×L, and YLL ∈ CL×L are
(dimensionally consistent) decompositions of the admittance
matrix Y . Finally, mirroring the notation adopted in (4)–(5),
the nodal complex-power injections into the generator bus g ∈
G and load bus ` ∈ L are expressed as

Sg
G = V g

G (Ig
G)∗, S`L = V `L(I`L)∗. (7)

The complex-power injections above are decomposed into real
and imaginary parts as follows: Sg

G = P g
G + jQg

G and S`L =
P `L + jQ`L.

The notation introduced so far is illustrated with a simple
example next. We will periodically revisit this example in the
paper to demonstrate key concepts numerically.

Example 1. Consider the 4-bus system with the one-line
diagram shown in Fig. 2. Generators are connected at buses
in the set G = {1, 2}, and loads at buses in the set L =
{3, 4}. Voltage magnitudes at buses 1 and 2 are regulated
to be |V 1

G | = 1.04 p.u. and |V 2
G | = 1.02 p.u., respectively.

Transmission lines are modelled with lumped parameters, with
y12 = 0.553 − j10.5, ysh

12 = j0.0880, y13 = 0.771 − j10.5,
ysh

13 = j0.0790, y14 = −j6.90, ysh
14 = j0.0330, y24 =

2.00− j14.0, ysh
24 = j0.0430, y34 = −j11.8, and ysh

34 = j0.152,
all in p.u. The power-flow solution is reported in Table I
(computed with bus 1 set to be the slack bus). �

III. TRACING CURRENTS

In this section, we address the problem of decomposing
a particular generator current injection into constituent parts
that identifiably serve loads, as well as the dual problem of
extracting generator contributions that serve a particular load.
To begin, we establish some terminology:
1) Downstream current tracing: Currents injected by genera-

tors are disaggregated into components that are attributed
to loads. Specifically, we decompose the current injected
by the g generator, Ig

G , as a linear combination of entries
of IL as follows:

Ig
G =

∑
`∈L

γ`gI
`
L, ∀ g ∈ G. (8)
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γ4
1I

4
Lγ3

1I
3
L γ3

2I
3
L γ4

2I
4
L

I1G I2G

I3L I4L

(a)

λ1
4I

1
Gλ1

3I
1
G λ2

3I
2
G λ2

4I
2
G

I3L I4L

I1G I2G

(b)

Fig. 3: (a) Downstream and (b) upstream current tracing for the
4-bus network in Fig. 2. Our approach uncovers the coefficients
(γ4

1 , γ
3
2 , γ

3
1 , γ

4
2) and (λ1

4, λ
2
3, λ

1
3, λ

2
4) in closed form. We demonstrate

that γ3
1+γ

3
2 = −1, γ4

1+γ
4
2 = −1; and λ1

3+λ
1
4 = −1, λ2

3+λ
2
4 = −1.

(Only grey-coloured edges correspond to physical interconnections.)

For the 4-bus system in Fig. 2, the notion of downstream
current tracing in (8) is illustrated in Fig. 3a.

2) Upstream current tracing: Currents injected by loads
are disaggregated into components that are identifiably
sourced from generators. Specifically, we decompose the
current injected by the ` load, I`L, as a linear combination
of entries of IG as follows:

I`L =
∑
g∈G

λg
`I

g
G , ∀ ` ∈ L. (9)

For the 4-bus system in Fig. 2, the notion of upstream
current tracing in (9) is illustrated in Fig. 3b.

The coefficients γ`g and λg
` in (8) and (9) can be determined

∀ g ∈ G, ` ∈ L given the topology of the network and the
solved power flow. We discuss this next.

A. Downstream Current Tracing

In this section, we derive the coefficients γ`g in analytical
closed form. We present this in the form of a lemma next,
following which, several remarks are provided to explain the
result from a circuit-theoretic perspective.

Lemma 1 (Downstream Current Tracing). The current in-
jected by generator g ∈ G, Ig

G , can be uniquely disaggregated
into a linear combination of currents injected into each load
bus, as follows:

Ig
G =

∑
`∈L

γ`gI
`
L, ∀ g ∈ G. (10)

In (10), γ`g ∈ C is the (g, `) entry of the G× L matrix

Γ = (YGL − YGG(YGG − diag(ΥG))−1YGL)Y −1
L , (11)

where YL ∈ CL×L is given by

YL = YLL − Y T
GL(YGG − diag(ΥG))−1YGL, (12)

and ΥG ∈ CG satisfies the following relationship, which
captures the power-flow solution at the G generator buses:

IG = diag(ΥG)VG . (13)

Proof. Substituting (13) into (6) yields[
0G
IL

]
=

[
YGG − diag(ΥG) YGL

Y T
GL YLL

] [
VG
VL

]
, (14)

y12

y34

y24y13

y14Υ1
G Υ2

G

I1G I2G

I3L I4L

y3 y4

V 1
G V 2

G

V 3
L V 4

L

(a)

y12

y34

y24y13

y14y1 y2

I1G I2G

I3L I4L

Υ3
L Υ4

L

V 1
G V 2

G

V 3
L V 4

L

(b)

Fig. 4: Equivalent-admittance models for generators and loads, high-
lighted in red, are used in (a) downstream, and (b) upstream tracing,
for the network in Fig. 2.

where 0G is a G-length vector of all zeros. Elementary alge-
braic manipulations of (14) yield the following expressions:

IL =
(
YLL − Y T

GL(YGG − diag(ΥG))−1YGL
)
VL =: YLVL,

VG = −(YGG − diag(ΥG))−1YGLVL. (15)

Isolating IG from (6), we get

IG = YGGVG + YGLVL. (16)

Substituting VG = −(YGG − diag(ΥG))−1YGLVL and VL =
Y −1
L IL from (15) into (16), we get

IG = (YGL − YGG(YGG − diag(ΥG))−1YGL)Y −1
L IL

=: ΓIL. (17)

Extracting the g-th entry of IG in (17), we arrive at (10). �
1) Circuit-theoretic Interpretation: We provide a few re-

marks that yield a circuit-theoretic interpretation to two key
terms in Lemma 1: the vector ΥG and the matrix YL. First,
with regard to ΥG , note that the disaggregation in (10) would
be algebraically consistent with any complex-valued G × G
matrix, say Υ, which can satisfy the power-flow solution
IG = ΥVG . However, only a diagonal matrix: i) can be
uniquely determined given IG and VG , and ii) preserves the
topology of the network. This establishes the uniqueness of
the disaggregation, and lends an appealing circuit-theoretic
interpretation to the entries of ΥG . Particularly, given the
steady-state power-flow solution in (7), entries of the vector
ΥG are (almost surely not realizable) equivalent-admittance
representations of the generators. As an example, with Υ1

G =
I1
G/V

1
G and Υ2

G = I2
G/V

2
G , the circuit in Fig. 4a is equivalent to

the one in Fig. 2 in sinusoidal steady state. With regard to YL,
note that it corresponds to the admittance matrix of the Kron-
reduced network where all generator buses (modelled with
admittances ΥG) are eliminated. As an example, the network
in Fig. 4a reduces to the one in Fig. 5a through this process.

2) Consistency: Notice that γ`g precisely represents the
fractional contribution of the load ` current to the generator g
current. Indeed, the values of γ`g are such that∑

g∈G
γ`g = −1, ∀ ` ∈ L, (18)

which implies that we can express I`L = −∑g∈G γ
`
gI
`
L. This

conclusively establishes the consistency of the disaggregation
in (10), since it implies that the `-th load current can be
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TABLE II: Current tracing for 4-bus system in Fig. 2. All quantities are in p.u.

(a) Downstream (b) Upstream
γ3

g I
3
L γ4

g I
4
L Row Σ λ1

`I
1
G λ2

`I
2
G Row Σ

I1G 2.26−j0.948 1.55−j0.368 3.81−j1.32 I3L −2.27+j0.918 −0.644+j0.116 −2.91+j1.03
I2G 0.652−j0.0868 0.423−j0.0172 1.07−j0.104 I4L −1.55+j0.397 −0.431−j0.0122 −1.98+j0.385

Column Σ 2.91−j1.03 1.98−j0.385 4.89−j1.42 Column Σ −3.81+j1.32 −1.07+j0.104 −4.89+j1.42

−I3L −I4L
∑

g∈G I
g
G −I1G −I2G

∑
`∈L I

`
L

y′34I3L I4L

y3 y4

V 3
L V 4

L

y′3 y′4

(a)

y′12

y1 y2

I1G I2GV 1
G V 2

G

y′1 y′2

(b)

Fig. 5: Kron-reduced networks from Fig. 4 are highlighted in red.
(a) From Fig. 4a with admittance matrix YL, i.e., IL = YLVL.
(b) From Fig. 4b with admittance matrix YG , i.e., IG = YGVG .

recovered by summing up its contributions to all generators
in the system. The identity in (18) can be proved as follows.
Sum up both sides of (10) over all generators to get∑

g∈G
Ig
G =

∑
g∈G

∑
`∈L

γ`gI
`
L =

∑
`∈L

∑
g∈G

γ`gI
`
L, (19)

where the second equality above follows by simply switching
the order of summation. Also, treating the network as a
supernode, we get from KCL that∑

g∈G
Ig
G = −

∑
`∈L

I`L. (20)

Since (19) and (20) hold ∀ IL, IG , we see that (18) is true.

Example 2. Here, we illustrate the downstream current-tracing
ideas introduced above using the 4-bus system described in
Example 1. See Fig. 3a for an illustration. In Table II–(a),
given the steady-state power-flow solution, we compute the
disaggregation of generator current injections into load contri-
butions as described in (10). We note that the rows expectedly
sum to generator current injections, indicating the validity of
the decomposition. It is also consistent, because in Table II–
(a), columns 2 and 3 sum up as follows: γ3

1I
3
L+ γ3

2I
3
L = −I3

L
and γ4

1I
4
L + γ4

2I
4
L = −I4

L. Thus, as indicated in (18), it is
indeed the case that γ3

1 + γ3
2 = −1 and γ4

1 + γ4
2 = −1. �

B. Upstream Current Tracing

Next, mirroring the result in Lemma 1, we derive in closed
form the coefficients λg

` that allow the disaggregation of load
currents into contributions from generators.

Corollary 1 (Upstream Current Tracing). The current injected
by load ` ∈ L, I`L, can be uniquely disaggregated into a linear
combination of currents injected into each generator bus,

I`L =
∑
g∈G

λg
`I

g
G . (21)

In (21), λg
` ∈ C is the (`, g) entry of the L×G matrix

Λ = (Y T
GL − YLL(YLL − diag(ΥL))−1Y T

GL)Y −1
G , (22)

where YG ∈ CG×G is given by

YG = YGG − YGL(YLL − diag(ΥL))−1Y T
GL, (23)

and ΥL ∈ CL satisfies the following relationship, which
captures the power-flow solution at the L load buses:

IL = diag(ΥL)VL. (24)

Proof. The result above can be derived in an analogous fashion
to Lemma 1 and the derivation is not included. �

Offering due respect to brevity, we refrain from repeat-
ing detailed remarks on the circuit-theoretic interpretation to
entries of ΥL, and the fact that YG represents the Kron-
reduced admittance matrix of the network where all load
buses (modelled with admittances ΥL) are eliminated. As
an illustration of these ideas for the upstream tracing case,
equivalent-admittance models for the CPLs in Fig. 2 are
computed to give rise to the circuit in Fig. 4b, which reduces
to the one in Fig. 5b through Kron reduction of all load buses
(modelled with admittances ΥL). Furthermore, in this case,∑

`∈L
λg
` = −1, ∀ g ∈ G. (25)

This implies that we can express Ig
G = −∑`∈L λ

g
`I

g
G , which

establishes the consistency of the disaggregation in (21).

Example 3. Revisiting the 4-bus system from Example 1,
we illustrate the upstream current-tracing concepts introduced
above. See Fig. 3b for an illustration. Table II–(b) reports
pertinent quantities obtained by disaggregating load-current
injections into generator contributions following (21). We first
observe that the decomposition is valid as the rows sum
to load current injections. Also, consistency is demonstrated
by the fact that λ1

3 + λ1
4 = −1 and λ2

3 + λ2
4 = −1, as

indicated in columns 2 and 3 of Table II–(b), which show
λ1

3I
1
G + λ1

4I
1
G = −I1

G and λ2
3I

2
G + λ2

4I
2
G = −I2

G . �

IV. TRACING COMPLEX POWER

In this section, we address the problem of disaggregating
the generator complex-power outputs into contributions to the
loads and system losses (and the dual problem). To aid the
discussion, we define—while mildly abusing terminology and
notation1—the complex-power loss in the system as

L =
∑
g∈G

Sg
G +

∑
`∈L

S`L. (26)

System loss is typically defined as the real part of (26),
which includes line losses [24]. We generalize this definition

1The variable L was previously used to denote the number of load buses.
Subsequent usage, however, should be contextually obvious.
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2
G
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L
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Fig. 6: (a) Downstream and (b) upstream complex-power tracing
in the 4-bus network. Our approach uncovers in closed form the
coefficients (µ1

3, µ
1
4, µ

2
3, µ

2
4) and (δ31 , δ

3
2 , δ

4
1 , δ

4
2), as well as (ω1

G , ω
2
G)

and (ω3
L, ω

4
L). Coefficients (ω1

G , ω
2
G) and (ω3

L, ω
4
L) enable allocation

of complex-power loss, L (marked as a red ellipse), to generator
and load complex-power injections, respectively. (Only grey-coloured
edges correspond to physical interconnections.)

to its complex-valued counterpart to ensure consistency in
subsequent developments, where we uncover contributions of
generator and load buses to system loss. As such, the resulting
disaggregations in downstream and upstream tracing naturally
incorporate allocations of line losses to the generators and
loads in the network, respectively.

With the definition of system loss in place, we now intro-
duce notions of downstream and upstream tracing:
1) Downstream power tracing: The complex-power output

of generators are disaggregated into contributions to
system losses and components that are consumed by the
loads in the network. For the 4-bus system in Fig. 2, the
notion of downstream tracing is illustrated in Fig. 6a.

2) Upstream power tracing: The complex power consumed
by each load is disaggregated into its contribution to sys-
tem losses and components that are identifiably sourced
from generators. For the 4-bus system in Fig. 2, the notion
of upstream tracing is illustrated in Fig. 6b.

Both downstream and upstream complex-power tracing draw
from and build upon the current tracing results in Section III.

A. Downstream Power Tracing

Here, we state one of the main results of this paper, which
pertains to the decomposition of generator complex-power
injections into constituent parts that are: i) consumed by each
load in the network, and ii) allocated to system loss.

Theorem 1 (Downstream Power Tracing). Express the
complex-power injection at generator bus g as follows:

Sg
G = ωg

GS
g
G +

∑
`∈L

µg
`S

g
G . (27)

With the choice

µg
` = −V

`
L
V g
G

(λg
`)
∗, ωg

G = 1−
∑
`∈L

µg
`, (28)

where V `L and V g
G denote the nodal voltages of the ` load and

g generator buses, respectively, and λg
` = [Λ]`g (see (22)), we

have the following:

(1) The fractional component of generator g output that is
consumed by load ` is given by µg

`S
g
G , i.e.,

S`L = −
∑
g∈G

µg
`S

g
G , ∀ ` ∈ L. (29)

(2) The contribution of generator g to the complex-power
loss, L, is given by ωg

GS
g
G , i.e.,

L =
∑
g∈G

ωg
GS

g
G . (30)

Before delving into the proof to (29) and (30), a few remarks
are in order. The decomposition of Sg

G into the terms ωg
GS

g
G

and {µg
`S

g
G}`∈L is not profound. Particularly, for any set

of complex variables, {µg
`}`∈L, and with the choice ωg

G =
1−∑`∈L µ

g
`, the expression in (27) is algebraically consistent,

i.e., the right hand side sums to Sg
G . What is to be emphasized

is that with the particular choice of µg
` in (28), the terms µg

`S
g
G

and ωg
GS

g
G represent the contribution of the g-th generator

output to the `-th load and to the system losses, respectively.
This is established in (29) and (30), which we prove next.
Proof. To show (29), express the complex-power injection into
load bus ` ∈ L as follows:

S`L = V `L(I`L)∗. (31)

Substitute for I`L from (21) into the above to get

S`L = V `L
(∑

g∈G
λg
`I

g
G

)∗
=
∑
g∈G

V `L(λg
`I

g
G)∗

=
∑
g∈G

V `L
V g
G

(λg
`)
∗Sg
G =: −

∑
g∈G

µg
`S

g
G , (32)

where the third equality above is obtained by substituting
(Ig
G)∗ = Sg

G/V
g
G .

Next, to show (30), substitute for S`L from (29) into (26)
and consider the following steps:

L =
∑
g∈G

Sg
G −

∑
`∈L

∑
g∈G

µg
`S

g
G =

∑
g∈G

Sg
G −

∑
g∈G

∑
`∈L

µg
`S

g
G

=
∑
g∈G

(
1−

∑
`∈L

µg
`

)
Sg
G =:

∑
g∈G

ωg
GS

g
G . (33)

This completes the proof. �

B. Upstream Power Tracing

Mirroring the result in Theorem 1, below, we address the
problem of disaggregating the complex-power consumed by
loads into constituent parts that are: i) identifiably sourced
from each generator, and ii) allocated to system loss.

Corollary 2 (Upstream Power Tracing). Express the complex-
power injection of load bus ` as follows:

S`L = ω`LS
`
L +

∑
g∈G

δ`gS
`
L. (34)

With the choice

δ`g = −V
g
G
V `L

(γ`g)∗, ω`L = 1−
∑
g∈G

δ`g, (35)
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TABLE III: Complex-power tracing for 4-bus system in Fig. 2. All quantities are in p.u.

(a) Downstream (b) Upstream
µg
3S

g
G µg

4S
g
G ωg

GS
g
G Row Σ δ`1S

`
L δ`2S

`
L ω`

LS
`
L Row Σ

S1
G 2.36+j0.403 1.58+j0.153 0.0274+j0.813 3.97+j1.37 S3

L −2.35−j0.986 −0.668−j0.0582 0.0194+j0.665 −3.00−j0.379
S2
G 0.640−j0.0237 0.421−j0.0781 0.0389+j0.158 1.10+j0.0562 S4

L −1.62−j0.382 −0.432+j0.0021 0.0469+j0.306 −2.00−j0.0746
Column Σ 3.00+j0.379 2.00+j0.0746 0.0664+j0.970 5.07+j1.42 Column Σ −3.97−j1.37 −1.10−j0.0562 0.0664+j0.970 −5.00−j0.454

−S3
L −S4

L L
∑

g∈G S
g
G −S1

G −S2
G L

∑
`∈L S

`
L

TABLE IV: Comparison of (a) downstream and (b) upstream tracing
results for 4-bus system in Example 1 obtained via the proposed
method and the one in [1]. All quantities are in p.u.

[Proposed] [1]
Bus 3 4 Loss Bus 3 4 Loss

(a) Downstream 1 2.36 1.58 0.0274 1 2.72 1.20 0.0489

2 0.640 0.421 0.0389 2 0.279 0.804 0.0174

Bus 1 2 Loss Bus 1 2 Loss

(b) Upstream 3 −2.35 −0.668 0.0194 3 −2.76 −0.382 0.0463

4 −1.62 −0.432 0.0469 4 −1.20 −0.817 0.0201

where V `L and V g
G denote the nodal voltages of the ` load and

g generator buses, respectively, and γ`g = [Γ]g` (see (11)), we
have the following:
(1) The fractional component of load ` that is served by

generator g is given by δ`gS
`
L, i.e.,

Sg
G = −

∑
`∈L

δ`gS
`
L, ∀ g ∈ G. (36)

(2) The contribution of load ` to the complex-power loss, L,
is given by ω`LS

`
L, i.e.,

L =
∑
`∈L

ω`LS
`
L. (37)

Proof. The proof proceeds analogously to that for Theorem 1
and is omitted in the interest of brevity. �

The power-tracing results highlighted in (27) and (34) are
consistent and unified. In particular, notice that (29) establishes
consistency in downstream tracing since the fractional decom-
positions across all generators demonstrably sum up to loads.
Analogously, (36) establishes consistency in upstream tracing.
Furthermore, notice from (30) and (37) that the results are
unified since the compositional decomposition of generators
and loads innately include allocations to system loss.

Example 4. Direct application of (27) to the 4-bus system
from Example 1 yields disaggregation of generator complex-
power injections, pertinent values from which are reported
in Table III–(a). For instance, the complex-power injection at
bus 1 is 3.97 + j1.37 p.u., out of which 2.36 + 0.403 p.u. is
consumed by the load at bus 3, 1.58+0.153 p.u. is consumed
by the load at bus 4, and 0.0274 + 0.813 p.u. is—for lack of
a better word—dissipated as loss. The contributions to loss
from the two generators sum to 0.0664 + j0.970 p.u., which
indeed coincides with the total system loss as defined in (26)
and computed using the power-flow solution in Table I. See
Fig. 6a for an illustration.

On the other hand, the disaggregation of load complex-
power injections in the 4-bus system from Example 1 is
obtained by applying (34) and is reported in Table III–(b).
See Fig. 6b for an illustration. As an example, the load at

bus 3 sources 2.35 + j0.986 p.u. from the generator at bus 1
and 0.668 + j0.0582 p.u. from the generator at bus 2, out of
which 3.00 + j0.379 p.u. is consumed by the load itself while
0.0194 + j0.665 p.u. is allocated to system loss.

For comparison, in Table IV, we report results obtained
using the active-power tracing method in [1]. Differences
may conceivably be attributed to significant couplings between
active- and reactive-power injections, withdrawals, and flows
that are dealt with by [1] in a disjoint fashion. �

V. NUMERICAL CASE STUDIES

In this section, we first present results from a numerical case
study that focuses on the computational cost of the proposed
method. Next, we discuss two applications for the power
tracing method developed in Section IV: one focuses on a
distribution network with radial topology and the other on a
transmission network with meshed topology.

A. Computational Cost for Different Networks

Computationally intensive operations in the proposed
method predominantly include algebraic manipulations of
network-admittance-like matrices. In Table V, we report the
computation times (given the power-flow solution) required
to obtain downstream and upstream complex-power disag-
gregations for the 39-bus New England, 118-bus IEEE, and
2383-bus Polish test systems on a conventional laptop (Intel
Core i5 processor at 2.6 GHz with 16 GB 1600 MHz DDR3
memory). The results indicate that downstream power tracing
is more computationally expensive compared to upstream
power tracing. This is because there are more load buses than
generator buses in all three networks. Consequently, algebraic
operations in downstream tracing have to be performed with
matrices of dimension 29 × 29, 64 × 64, 2056 × 2056 for
the 39-, 118-, 2383-bus systems, respectively. In contrast,
the dimensions of the largest matrices for which we perform
algebraic operations in upstream tracing are 10× 10, 54× 54,
327× 327 for the 39-, 118-, 2383-bus systems, respectively.

B. Loss Allocation in Distribution Networks

Transmission-loss allocation has long been recognized as a
challenging issue due to the nonlinear nature of the power-flow
equations [24], [25]. Here, we apply the proposed downstream

TABLE V: Computation times [sec] required to obtain disaggrega-
tions in downstream and upstream complex-power tracing for 39-bus
New England, 118-bus IEEE, and 2383-bus Polish systems.

39-Bus 118-Bus 2383-Bus
Downstream 3.01× 10−4 1.11× 10−3 2.91

Upstream 2.54× 10−4 1.05× 10−3 1.43
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2 3 4 5 Loss Row Σ

Case (a)
1 0.800 0.500 0.900 1.00 0.138 3.34

Column Σ 0.800 0.500 0.900 1.00 0.138 3.34
−P 2
L −P 3

L −P 4
L −P 5

L Re{L} ∑
g∈G P

g
G

Case (b)
1 0.800 0.500 0.900 0.500 0.0917 2.79

Column Σ 0.800 0.500 0.900 0.500 0.0917 2.79

−P̃ 2
L −P̃ 3

L −P̃ 4
L −P̃ 5

L Re{L̃} ∑
g∈G P̃

g
G

(a) (b)

(a) (b) (a) (b)

(a) (b)

(a) (b)

1 32 4

5

Fig. 7: Downstream active-power tracing in a 5-bus distribution
feeder. System loss allocated to feeder head. Case (a): before DG at
bus 5; case (b): after DG at bus 5.

TABLE VI: Comparison of upstream tracing results for system in
Fig. 8 obtained via the proposed method and the one in [1]. All
quantities are in p.u.

Case (a) [Proposed] (a) [1] (b) [Proposed] (b) [1]
1 Loss 1 Loss 1 Loss 1 Loss

2 −0.812 0.0116 −0.811 0.0114 −0.810 0.0103 −0.810 0.0098

3 −0.526 0.0264 −0.523 0.0234 −0.523 0.0226 −0.519 0.0192

4 −0.938 0.0379 −0.949 0.0494 −0.935 0.0352 −0.942 0.0417

5 −1.06 0.0621 −1.05 0.0537 −0.524 0.0236 −0.521 0.0209

and upstream power-tracing methods to a representative distri-
bution network, and discuss two ways in which the total feeder
loss can be allocated. In the interest of presentation clarity, we
focus our attention on only the real part of the complex-valued
loss defined in (26).

Consider the 5-bus distribution-system feeder depicted in
Fig. 7. Bus 1 represents the feeder head (the secondary of
the step-down transformer that connects the feeder to the bulk
system) and is modelled as a generator bus. All other nodes
are load buses. With regard to the adopted notation, for the
system of interest, G = {1} and L = {2, 3, 4, 5}. We consider
two cases: (a) the active-power injections at load buses are
set as P 2

L = −0.800, P 3
L = −0.500, P 4

L = −0.900, and
P 5
L = −1.00, all in p.u.; (b) distributed generation (DG) at

bus 5 serves some of the local load, and consequently the new
net injection at bus 5 is P̃ 5

L = −0.500 p.u. (Injections at other
load buses are the same as in case (a).) With this setup, the
power-flow solution for case (a) reveals that the feeder head
injects P 1

G = 3.34 p.u., with system loss Re{L} = 0.138 p.u.

In case (b), the feeder head injection is P̃ 1
G = 2.79 p.u., with

system loss Re{L̃} = 0.0917 p.u. As expected, the addition
of DG reduces the total system loss because less power is
required from the feeder head.

1) Downstream Tracing: Applying the downstream tracing
method and extracting the real part of (27), we obtain the
disaggregation of the feeder-head active-power injection into
contributions to each load and to the system loss, values from
which are reported in the table in Fig. 7. As illustrated by both
the table and the one-line diagram in Fig. 7, loss incurred in

Case (a) Case (b)

1 Loss Row Σ 1 Loss Row Σ

2 −0.812 0.0116 −0.800 −0.810 0.0103 −0.800

3 −0.526 0.0264 −0.500 −0.523 0.0226 −0.500

4 −0.938 0.0379 −0.900 −0.935 0.0352 −0.900

5 −1.06 0.0621 −1.00 −0.524 0.0236 −0.500
Column Σ −3.34 0.138 −3.20 −2.79 0.0917 −2.70

−P 1
G Re{L} ∑

`∈L P
`
L −P̃ 1

G Re{L̃} ∑
`∈L P̃

`
L

(a) (b)(a) (b)

(a) (b)

(a) (b)

(a) (b)

1 32 4

5

Fig. 8: Upstream active-power tracing in the 5-bus distribution feeder.
System loss allocated to each load. Case (a): before DG at bus 5;
case (b): after DG at bus 5.

the feeder (marked in red) is allocated to bus 1 (the feeder
head). Such an allocation scheme would be useful in operating
a vertically integrated power system in which the utility bears
the cost of transmission losses. Since this system contains only
one generator, there is no ambiguity in allocating generator
contributions to loads and loss. Thus, the method in [1] yields
the same numerical results.

2) Upstream Tracing: The upstream tracing method en-
ables unbundling transmission losses so they can be allocated
to each consumer in the distribution network. Extracting the
real part of (34), we get the disaggregation of the active-power
injection of each load into components that are: i) sourced
from the feeder head at bus 1, and ii) allocated to system loss.
Particularly, components of each load allocated to the system
loss are reported in the table in Fig. 8 for cases (a) and (b).
We note that the contribution of a load to loss is affected
by two factors: the amount of power demanded by that load
and its proximity to the feeder head. As a trend, loads that
are located further down the feeder contribute more to loss,
see, e.g., contributions from buses 4 and 5 as compared with
those from buses 2 and 3 in case (a). On the other hand,
in case (b), the load at bus 5 demands less power from the
feeder head, and so it contributes less to the system loss. We
compare upstream tracing results obtained via the proposed
method with the one in [1], and the results are summarized in
Table VI. In contrast to Example 4, for this case, we see that
the results closely match those obtained from the approach
in [1]. This is presumably due to the fact that reactive-power
components of loads have little effect on line active-power
flows.

C. Bilateral Transaction Allocation

Bilateral transactions are power-trade agreements between
suppliers and consumers of electricity. While the financial
agreement is settled on a node-to-node basis, the physical paths
taken by the transacted power depend on the network topology
and parameters. Applying the proposed downstream and up-
stream tracing methods to the Western Electricity Coordinating
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Fig. 9: Tracing active power in the 9-bus network for the base case.
(a) Downstream tracing of P 1

G = 0.720 p.u., P 2
G = 1.63 p.u., and

P 3
G = 0.850 p.u. (b) Upstream tracing of P 5

L = −0.900 p.u., P 7
L =

−1.00 p.u., and P 9
L = −1.25 p.u.
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Fig. 10: Contributions of (a) loads and (b) generators for all bilateral
transactions of magnitude 1.00 p.u. in the WECC system. (x → y
represents a transaction where generator at bus x increases output by
1.00 p.u. and load at bus y increases consumption by 1.00 p.u.)
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Fig. 11: (a) Downstream and (b) upstream active-power tracing in
the WECC system after the 1→ 5 bilateral transaction of 1.00 p.u.

Council (WECC) 3-machine 9-bus system, we illustrate how
all generators and loads contribute to a bilateral transaction.
As a base case, extracting the real part of the generator
disaggregation in (27), Fig. 9a shows the downstream active-
power tracing from generators to loads. Conversely, upstream
active-power tracing is obtained from the real part of (34) and
is shown in Fig. 9b.

In Figs. 11a–11b, we plot downstream and upstream dis-
aggregations resulting from all possible bilateral transactions
between generator-load pairs of magnitude 1.00 p.u. in the
WECC network. Notice that the origin and destination buses
assume the largest fraction of the transactions in each case.
Closer inspection reveals a slew of nonlinear effects. For
instance, the remainder of the buses do not appear to contribute

in proportion to their electrical distances from each transac-
tion consistently. More importantly, these results conclusively
demonstrate that all nodes in the network contribute to all
bilateral transactions. While this is intuitive, our approach
allows one to numerically quantify contributions of nodal
injections and withdrawals to transactions.

VI. CONCLUDING REMARKS AND FUTURE WORK

We developed a circuit-theoretic method to trace complex-
power injections from generators to loads (and vice versa).
The proposed method leveraged a suite of circuit-theoretic
constructs to arrive at the disaggregation of generator (load)
complex-power injections into constituent parts, each of which
are attributable to loads (generators) and losses. We presented
applications of power tracing to loss allocation in distribution
networks and bilateral transaction allocation in transmission
networks. With numerical case studies, we demonstrated that
the proposed method can be implemented with limited compu-
tational burden, applies to networks with arbitrary topologies,
and reflects the coupling between active- and reactive-power
injections.

As part of future work, applications of power tracing to
fixed-cost allocation, transmission-services pricing, and val-
idating bilateral transactions for distribution-network markets
could be developed. From a theoretical perspective, decoupling
assumptions that are common to power systems analysis could
be leveraged to not only obtain insights on dependence of
tracing coefficients on network attributes but also potentially
facilitate computations. Finally, while we provide comparisons
of numerical results with those obtained from the proportional
sharing method in [1], exhaustive numerical case studies that
compare the present approach with a wider body of previous
ones could be performed.
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