Vectorized Backpropagation

Advanced Topics in VLSI: Deep Learning
Brad Quinton, Scott Chin



https://www.singulosresearch.com/
https://www.singulosresearch.com/about

Learning Objectives

* Extend our understanding of backpropagation to vectorized
operations

* Be able to do Assignment 3
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Overview

* Review of vectorized operations and notations on neural networks

* Introduce vectorized backprop for vector-in vector-out operations
* Recap: Example with tanh activation function
* Example with relu activation function

* Introduce vectorized backprop for matrix-in matrix-out operations
e Example with matrix multiplication

* backprop through cost function

* Backprop through broadcasted operations
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Review of Vectorized Operations
on Neural Networks
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Recall why we want vectorized code

* The faster you can compute all your gradients, the faster you can do
one iteration of parameter updates during gradient decent

* The faster you can do one iteration of gradient decent, the faster it is
to complete the training of your model

* Finding a good model for your application is an iterative process
(Train, Assess, Adjust, repeat). The faster you can train, the faster you

can go iterate.
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Recall why we want vectorized code

* Modern CPUs, GPUs, and special purpose Al silicon all gain
computational efficiency by grouping key operations together so they

can be executed in para”el iPhone 12 A14 Processor Announced October 12, 2020

* This is called vectorization

Machine
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Layer O (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

2] _
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Consider the following neural network
This is not a compute graph. Each node represents a neuron
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Layer O (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

nx = n[o] = 2 n[l] = n[z] = n[g] = 3

[1]
O W1’1
[1]
O/ Wiz

O00O0
OO0

 Each node has a weight associated with a node from previous layer
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Layer O (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

nx = n[o] = 2 n[l] = n[z] = n[g] = 3

O 1,0
O 1.

O00O0
OO0

 Each node has a weight associated with a node from previous layer
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Layer O (Input Layer) Layer 1

My :n[o] =2
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O

Layer 2

a2l —

O00O0

Layer 3 (Output Layer)
nl3l = 3

OO0

Each node has a weight associated with a node from previous layer
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Layer O (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

nx = n[o] = 2 n[l] = n[z] = n[g] = 3

:Pl—|
=

OO0
O00O0
OO0

O

 Each node has a weight associated with a node from previous layer
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Layer O (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)
n, = nlo =2 nltl =5 nl?l = 4 nt3l =3

O00O0
OO0

5,2

O}?OOO

 Each node has a weight associated with a node from previous layer
* ji.e.each node in layer [ has nl'=1! weights

« There are nlInodes in layer [
Therefore, there are nlt * nll=11 weights associated with a layer  susumonscor.cun

[ J
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Layer O (Input Layer) Layer 1

W has shape (5, 2)
- (1] [1] 7

Wit Wi
Won  Woj
i =[uf) i
Win Wy
il
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Layer 2

a2l —

O00O0

Layer 3 (Output Layer)
nl3l = 3

OO0

« e can write all the Weights for a layer as a matrix with shape (n[l
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Layer O (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)

nx = n[o] = 2 n[l] = n[z] = n[g] = 3

O

B

N

OO0
O00O0
OO0

W has shape (5,2) | W2l has shape (4, 5) W3l has shape (3, 4)

* We can write all the weights for a layer as a matrix with shape (n[l] n[l‘l])cmn
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Layer O (Input Layer) Layer 1

O |«
O ¥

W has shape (5, 2)

Layer 2

a2l —

O00O0

W2l has shape (4, 5)

 Each node has its own bias parameter
* There are nl'nodes in layer
 Therefore, there are nlY biases associated with a layer
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Layer 3 (Output Layer)
nl3l = 3

OO0

W3l has shape (3, 4)

Brad Quinton Scott Chin



https://www.singulosresearch.com/
https://www.singulosresearch.com/about

Layer O (Input Layer)
n, = nl0l = 2

O
O

W has shape (5, 2)

B has shape (5,)

Bl =[pll pll pl

Layer 2
nl2l =

O00O0

W2l has shape (4, 5)

1 1
b o

Layer 3 (Output Layer)
nl3l = 3

OO0

W3l has shape (3, 4)

* We can write all the biases for a layer as a vector with shape (n[l], )
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Layer O (Input Layer)
n, = nl0l = 2

O
O

W has shape (5, 2)

B has shape (5,)

W2l has shape (4, 5)

B!2] has shape (4,)

Layer 3 (Output Layer)
nl3l = 3

OO0

W3l has shape (3, 4)

* We can write all the biases for a layer as a vector with shape (n[l], )
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Layer O (Input Layer)
n, = nl0l = 2

O
O

W has shape (5, 2)

B has shape (5,)

W2l has shape (4, 5)

B!2] has shape (4,)

Layer 3 (Output Layer)
nl3l = 3

W3l has shape (3, 4)

BB! has shape (3,)

* We can write all the biases for a layer as a vector with shape (n[l], )
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Layer O (Input Layer)
n, = n[o] =2

O
O

Layer 2

a2l —

W has shape (5, 2)

B has shape (5,)

\4

O00O0

| >

W2l has shape (4, 5)

B!2] has shape (4,)

 Each node in a layer produces an output
* There are nl'nodes in layer

 Therefore, there are nl!l outputs from each layer
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Layer 3 (Output Layer)

nl3l = 3

OO0

W3l has shape (3, 4)
BB! has shape (3,)
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Layer O (Input Layer)
n, = nl0l = 2

O
O

Layer 2
nl2l =

W has shape (5, 2)

B has shape (5,)

O00O0

| >

W2l has shape (4, 5)

B!2] has shape (4,)

Al has shape (5,)

A [l gl Gl G gl

2 Qs

A, Qg

Layer 3 (Output Layer)
nl3l = 3

OO0

W3l has shape (3, 4)
BB! has shape (3,)

* We can write all the outputs for a layer as a vector with shape (n[l], )
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Layer O (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)
n, =nl0l =2 nlll = nl2l = nl3l = 3

: _
O

\4

v

O0O0O00O
O000O
OO0

W has shape (5,2) | W2l has shape (4, 5) W3l has shape (3, 4)

B has shape (5,) B!2] has shape (4,) BB! has shape (3,)

Al has shape (5,) A2l has shape (4,)

* We can write all the outputs for a layer as a vector with shape (n[l], )
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Layer O (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)
n, =nl0l =2 nlll = nl2l = nl3l = 3

: _
O

3]

\ 4

v

O0O0O00O
O00O0
OO0

W has shape (5,2) | W2l has shape (4, 5) W3l has shape (3, 4)

B has shape (5,) B!2] has shape (4,) BB! has shape (3,)

Al has shape (5,) A2l has shape (4,) ABl has shape (3,)

* We can write all the outputs for a layer as a vector with shape (n[l], )
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Layer O (Input Layer) Layer 1 Layer 2

nx = n[o] = 2 n[l] = n[z] =

O
O

O0O0O00O
O00O0

W has shape (5,2) | W2l has shape (4, 5)

B has shape (5,) B'?] has shape (4,)

Al = X has shape (2,)  Al'' hasshape (5) A%l has shape (4,)
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Layer 3 (Output Layer)
nl3l = 3

OO0

W3l has shape (3, 4)
BB! has shape (3,)
¥ = AB! has shape (3,)
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Layer O (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)
n, = n[o] =2 n[l] — n[z] = 4 n[g] =3

O
O

O0O0O00O
O00O0
OO0

W has shape (5,2) | W2l has shape (4, 5) W3l has shape (3, 4)

B has shape (5,) B!2] has shape (4,) BB! has shape (3,)

Al = X has shape (2,)  A!Y! has shape (5,) A2l has shape (4,) ¥ = AB! has shape (3,)

Computing the output of one i node in layer [:

zH = Z Wi[’ll] al ™t 4 bl-[l] ay] = g(z''"h

l
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Layer O (Input Layer)
n, = n[o] =2

W has shape (5, 2)

B has shape (5,)

Al = X has shape (2,)  A!Y! has shape (5,)

Computing the output of one i node in layer [:

A=Y Wl el bl
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Layer 2
nl2l = 4

O00O0

W2l has shape (4, 5)

B!2] has shape (4,)

l l
=g

A2l has shape (4,)

[1] _ . [1] _[O]
Zz =Wz, 04

a£1] =g (Z£1])

Layer 3 (Output Layer)
nl3l = 3

OO0

W3l has shape (3, 4)
BB! has shape (3,)
¥ = AB! has shape (3,)

[1] [0] [1]
320, + b3
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Layer O (Input Layer) Layer 1

al’ = x, O 2 = 8 gl0) gl pn

ot A =l ol )+
[0] _
=% z3' =wyy @y +wypay’ + by
W32
bl O 21 = it glo] 4 1gI01 4 pln
o e [1] [0 [1]
O 43 Wsy @y twg,a; + by

W has shape (5, 2)

B has shape (5,)

Al = X has shape (2,)  A!Y! has shape (5,)
7111 has shape (5,)

* We can write all the z terms for a layer as a vector with shape (n[l], )

Brad Quinton Scott Chin
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Layer O (Input Layer) Layer 1

[0] _
al’ = x, O L D B M O

[1] [1] _ . [1] [0] [1]
O\ W31 Z, =Wy, 04 twy,a 2 +b
[0] _
R Y 730 = wyj @i +wgjay + by
W32

A = w2l w4 1

218 = Wl ) gl 8

Wl has shape (5, 2)
7 = matmul(w, alo1) + plil
B has shape (5,)

" # In NumPy
Al%) = X has shape (2,) Al has shape (5,) Zl = np.matmul (W1, AO) + Bl

7111 has shape (5,)
* Instead of computing each of these 5 z terms one at a time, we can do it
in a single vectorized operation using matrix operations

Brad Quinton Scott Chin
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Layer O (Input Layer)
n, = nl0l = 2

Al = X has shape (2,)
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W has shape (5, 2)
B has shape (5,)
Al has shape (5,)
7111 has shape (5,)

L1
Z1

[1] _

Zy

[1]
Z3

[1] _

Zy

[1] _
Zg

7[1] —

=l Wl 4 ol

ol ol gl
= wyy ai’ + wyya) + by
ol ol gl 4
[1] _[O] [1] [0 [1]
=Ws, a; +Wws,a, +bg
= matmul(W 111 glol ) + Bl
o [1] [1] 7
Wit Wi b{l]
[1] [1]
Wo1 Wi 0] bE]

[1] (1] ||% (11| —
W31 Wi L[O] tlbs | =
[1] [1] 2 [1]
Wye1 Wyp b,

[1] [1] [1]
W51 Ws, b

[1] 0]

Wii a4

[1] _[O]
W14

[1] _[O]
W31 44

[1] _[O]
Wyi1 Q4

[1] 0]

(W51 Q4

+wyjay +b] [
+W2[] £]+b ZE]
+wigay! + b3t =21
Fwlal 4 | [
el | |
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Layer O (Input Layer) Layer 1

[0] _
al’ = x, Q 2 = W gl 4 ol 4 Qlt] = g (211)
[1] (1] _ . [1] [0] 1, [1] _ [1]
O\ W31 O Z; = W1 05 T W;,a 2 +b a, _g(Zz )
[0] _ 1 1] [0 1 [1] [1]
a; =Xz Ll Zg]zws[l]ag]+wg[2]2 + b, L1] a; =g(z3)
3,2
a1 _ 111 [O] [1] 0] [1]
bgl] O Zy = WupQp twgya, t+b, az[l.l] =49 (Z£1])
1 1
O Aol el =g ()
W has shape (5, 2)
Al = g(Z01]
B has shape (5,) (%)

Al = X has shape (2,)  A!Y! has shape (5,)
7111 has shape (5,)
* We also want to use vectorized operations to compute all the activation
outputs of the layer in one operation
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Layer O (Input Layer)
n, = Tl[o] =2

Al = X has shape (2,)

slide 30/219

W has shape (5, 2)
B has shape (5,)
Al has shape (5,)
7111 has shape (5,)

L1 [1]

Z; = Wia
-l
-l
A -l
A9 -

e

e

e

al®

!

A = g(z1)

p

Zq

A

[1]
Z3

A

[1]

[1]7

|z |

[1] [0
+ws,a,

+b

+W1[12] a, +b [1]

+W3[12] a, +b -
+W£1] 0]+b1]

+p.!

1
ail = g (")
1
= g (1)
1
= g (1)
1
ay! = g (24"
1
az[; 1 _ g (ZE])
Using elementwise-vector operation
# In NumPy
Al = np.tanh(Z1l)

Brad Quinton Scott Chin
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Layer O (Input Layer) Layer 1

A Compute Graph for one neuron

My :n[o] =2

W has shape (5, 2)

[1]
B'*! has shape (5,) Z£ 1 W3[11] a£01 + W3[12] 2 b[l agl] —g (25[1])

Al = X has shape (2,)  A!Y! has shape (5,)
7111 has shape (5,)
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Layer O (Input Layer)
n, = nl0l = 2

O aEO] = X1

Al = X has shape (2,)

slide 32/219

O0O0O00O

W has shape (5, 2)
B has shape (5,)
Al has shape (5,)
7111 has shape (5,)

A1 = 1 L0 4 IO 4 bl

AN = 1 g0 |y 100y 1
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Layer O (Input Layer) Layer 1
nx = n[o] =2 n[l] =

O
O

O0O0O00O

W has shape (5, 2)

B1] has shape (5,) Since we know we can compute the outputs using the following
vectorized operations, we can consider instead a compute graph that
employs the corresponding vectorized operations

Al = X has shape (2,)  A!Y! has shape (5,)

Z1 has shape (5,) Z1 = matmul(w, Al0]) 4 gl

Al = g(z1)
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Layer O (Input Layer Layer 1
y (Inp yer) Y Corresponding Compute Graph using

_ . [0] — 1] _
Ny = nlol =2 nltl = Vectorized Operations

O
O

O0O0O00O

B! has shape (5,) Since we know we can compute the outputs using the following

vectorized operations, we can consider instead a compute graph that
employs the corresponding vectorized operations

W has shape (5, 2)

Al = X has shape (2,)  A!Y! has shape (5,)

Z1 has shape (5,) Z1 = matmul(w, Al0]) 4 gl

Al = g(z1)
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Layver O (Input Layer Layer 1
y (Inp yer) [1]\’ (n[o] ) Corresponding Compute Graph using
n == )

_ . [0] —
Ny = nlol =2 Vectorized Operations

O
O

AlO]

(nl1)) (nl1]) (nlt])
O 7111 Al

O0O0O00O

W has shape (5, 2)

B has shape (5,)

Let’s now consider the shapes on the various compute
graph nodes

Al = X has shape (2,)  A!Y! has shape (5,)

Z1 has shape (5,) Z1 = matmul(w, Al0]) 4 gl

Al = g(z1)
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Layer O (Input Layer Layer 1
y (Inp yer) [1]\’ 2) Corresponding Compute Graph using
n — )

_ . [0] —
Ny = nlol =2 Vectorized Operations

O
O

AlO]

(5,) (5,) (5,)
O 7[1] Al

O0O0O00O

W has shape (5, 2)

B has shape (5,)

Let’s now consider the shapes on the various compute
graph nodes

Al = X has shape (2,)  A!Y! has shape (5,)

Z1 has shape (5,) Z1 = matmul(w, Al0]) 4 gl

Al = g(z1)
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Layer O (Input Layer)
n, = nl0l = 2

O
O

Al = X has shape (2,)

slide 37/219

O0O0O00O

W has shape (5, 2)

B has shape (5,)
Al has shape (5,)
7111 has shape (5,)

Layer 2
nl2l = 4

O00O0

W2l has shape (4, 5)
B!2] has shape (4,)

A2l has shape (4,)
7121 has shape (4,)

Layer 3 (Output Layer)
nl3l = 3

OO0

W3l has shape (3, 4)
BB! has shape (3,)

¥ = AB! has shape (3,)
7131 has shape (3,)

Brad Quinton Scott Chin
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Layer O (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)
n, = n[o] =2 n[l] =5 n[z] =4 n[g] =3
X

Alll Al2] 1%
O\\“ mat Z[l] @ \“ mat Z[3] @ \q mat Z[3] @

mul mul mul

I‘ witl ’ w2l ’ w3l ’

A0l = x W has shape (5, 2) W2l has shape (4, 5) W3l has shape (3, 4)
has shape (2,)

B has shape (5,) B!2] has shape (4,) BB! has shape (3,)
Al has shape (5,) A2l has shape (4,) ¥ = AB! has shape (3,)
7111 has shape (5,) 7121 has shape (4,) 7131 has shape (3,)
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Layer O (Input Layer)

Ny :TL[O] =2

i

)

Aol = x
has shape (2,)

slide 39/219

(5,2)

wiil
IO

W has shape (5, 2)

B has shape (5,)

Al has shape (5,)
7111 has shape (5,)

W2l has shape (4, 5)
B!2] has shape (4,)

A2l has shape (4,)
7121 has shape (4,)

Layer 3 (Output Layer)
nl3l = 3

W3l has shape (3, 4)
BB! has shape (3,)

¥ = AB! has shape (3,)
7131 has shape (3,)

Brad Quinton Scott Chin
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Layer O (Input Layer)

Ny :TL[O] =2

i

)

Aol = x
has shape (2,)
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(5,2)

wiil
IO

W has shape (5, 2)

B has shape (5,)

Al has shape (5,)
7111 has shape (5,)

W2l has shape (4, 5)
B!2] has shape (4,)

A2l has shape (4,)
7121 has shape (4,)

Layer 3 (Output Layer) /

, [/  Training

W3l has shape (3, 4)

BB! has shape (3,)

¥ = AB! has shape (3,)

7131 has shape (3,)

Brad Quinton Scott Chin
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(5,2)

wil

5,)
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Consider two training sample, i.e. m=2

All Al2]

Y
° @ S @ @ S @ @ " @
(5,2) (4,5)

) ) ) 3) L
) ) 3) ° O

5,) (4,) 3,)
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Consider two training sample, i.e. m=2 For sample 1, X

Al A2 7@

@ @ . @ @ . @ @ - @
(5,2) (4,5)

2, 1
@) (5,) CORON 3,) L
@ (5» ) @ (4, ) (3, ) ’
(,) (4,) 3,) Q O

5,) (4,) 3,)
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Consider two training sample, i.e. m=2 For sample 2, X(?)

Al 41212 7@

@ @ e @ @ . @ @ . @
(5,2) (4,5)

2, 2
2) (5,) O NN 3,) L@
O Y ©F S

) @) 3) @ O

5,) (4,) 3,)
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Consider two training sample, i.e. m=2 For sample 2, X(1

Al A2 7@

@ @ e @ @ . @ @ . @
(5,2) (4,5)

) (5,) ' ) 5 3,) L®
HTO 670 676
) @) 3) @ O
) @) 3)

In practice, we don’t want to do this one at a time! Too slow!
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Consider two training sample, i.e. m=2

Al Al210) 7

@ 71110 @ FAEI[EY @ @ FAEI[EY

\ ?(2)

7[31(2)
, (3, ) L(2)
07 Yo7 FO'E
G) @) 3) @ O
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Consider two training sample, i.e. m=2

Al A2 7@

@ 71110 @ FAEI[EY @ @ FAEI[EY

\

7@
VA 7 7[31(2)
f L(2)
o7 PoT Poro
G) @) 3) @

1 m
— J =_ZL(0
m 4
=1
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Consider two training sample, i.e. m=2

Al A2 7@

@ 71110 @ FAEI[EY @ FAEI[EY
2,

slide 48/219 Brad Quinton Scott Chin
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We can continue extending this graph for additional training samples

But we can do even more vectorization
Al Al21D) %4¢0)

@ 71110 @ @ FAEI[EY

) 5.2)

slide 49/219 Brad Quinton Scott Chin
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Layer O (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)
n, = TL[O] =2

OF

(ny,)
A0l = x W has shape (5, 2) W2l has shape (4, 5) W3l has shape (3, 4)
has shape (2,) 3
B has shape (5,) B!2] has shape (4,) BB! has shape (3,)
Al has shape (5,) A2l has shape (4,) ¥ = AB! has shape (3,)
7111 has shape (5,) 7121 has shape (4,) 7131 has shape (3,)

slide 50/219 Brad Quinton Scott Chin
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Layer O (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)
n, = TL[O] =2

OF

(ny,)
A0l = x W has shape (5, 2) W2l has shape (4, 5) W3l has shape (3, 4)
has shape (2,) 3
B has shape (5,) B!2] has shape (4,) BB! has shape (3,)
Al has shape (5,) A2l has shape (4,) ¥ = AB! has shape (3,)
7111 has shape (5,) 7121 has shape (4,) 7131 has shape (3,)

slide 51/219 Brad Quinton Scott Chin
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Layer O (Input Layer)
n, = n[o] =2

OF

(n,)

Aol = x
has shape (2,)

slide 52/219

Layer 1

AN _
LU _

[1](1)

[1](1)

Wt has shape (5, 2)

B has shape (5,)
7111 has shape (5,)
Al has shape (5,)

[1](1)

_ @

Goal is to calculate:

O NOIS

11 %1

[] (1) [1]
2,1 X1 Wy X, " + b,

=l 4wl ol

2@ 4, M@
Xq 422+b

witl
W41 4

1 1 1
=B e ol

1 _

[1] (2) _

[1] (2) _

[ 1@) _

[ 1@) _

IO NI NOMIAY

plL@ L@
211 222+b2

@ Ws[z] §)+b1]

witl I
W51 X 5

Brad Quinton Scott Chin
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Layer O (Input Layer) Layer 1 Goal is to calculate:

ny =nl =2 AN _ 1@ 0 L I 1@, 1)
@ 20D = [ D 1 i O PP §)+b£1]
A0 = Wl bl 4ol AN = Wl w4l
A1 = Wi w1 2wl 4w 4 )
20D = I Dy 1 i 2@ = [ @ [, @  pl

* Collect all inputs into matrix X so now its shape goes from(n,, ) to (n,, m)
i.e. one column for each sample

Wt has shape (5, 2)

B has shape (5,)

Consider m=2 7111 has shape (5,)
Al has shape (5,)

Brad Quinton Scott Chin

slide 53/219


https://www.singulosresearch.com/
https://www.singulosresearch.com/about

Layer O (Input Layer) Layer 1 Goal is to calculate:

= nlo0l =
N, ="n 2 R MO MOFIAD 02 = W@ 1,3yl
1 1 1 1 [1](2) [ ] (2) [ ] (2) [1]
@ 20D = @ 1,0l wil 2@ 4wl ® 4 pl
1](1 1 1] (1 1 [1](2) witl (2 [1],.(2)
(ny, m) ZS[,]()—Ws[l]x§)+W3[’2]X§)+b£] W31 X1~ T WX, +b
1](1 1 1 [](2) [1] (2) [1],.(2)
AT 2D i 4 10 = Wl 4 w4
1](1 1 1 1 [](2) [] (2) [1],.(2) [1]
00 Bl 4o} WL+ wlla? 4}
* Collect all inputs into matrix X so now its shape goes from(n,, ) to (n,, m)
i.e. one column for each sample
* Use the same vectorized operation as before
[1] — [1] [1]
ql0l — y w1 has shape (5, 2) 5 = matmul(W ,X) + B
has shape (2, 2)
B has shape (5,)

Consider m=2 7111 has shape (5,)
Al has shape (5,)

Brad Quinton Scott Chin
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Layer O (Input Layer) Layer 1 Goal is to calculate:

= nlo0l =
N, ="n 2 AL MO N O R 0@ = 1@ 1, @) i
1 1 1 1 [1](2) [ ] (2) [ ] (2) [1]
@ 20D = @ 1,0l wit 2@ 1wl @ o pl
1](1 1 1] (1 1 [1](2) witl (2 [1],.(2)
N~ R A N Wil 2@ 4l 4
1](1 1 1 [](2) [1] (2 [1] (2
1D = 0wl 4o} = w1+ D 4o}
1](1 1 1 1 [](2) [] (2) [1],.(2) [1]
A1) 8w 4 WL+l +
* Collect all inputs into matrix X so now its shape goes from(n,, ) to (n,, m)
i.e. one column for each sample
* Use the same vectorized operation as before
[1] — [1] [1] . [1] ’
A0l — x w!il has shape (5, 2) VAR IE matmul(W ,X) + B if}:ape Of|Wf hdoesn t change
-1 1] - ) L e result of the matrix
has shape (2, 2) (1] W1[ 1] W1[2] bP] bP] ol [1]
B'*! has shape (5,) 1] 1] SR multiply is shape (n ,m)
. _ Wi Wapo b,” b i.e. one column per sample
Consider m=2 711 has shape (5,) R 2D P ?1] %1] ( P ple)
1] = (W31 W32 a @) TPz b3
A" has shape (5,) 1] 1] | X2 = X2 plil
Wa1 Wyo 4 4
1 1 [1] [1]
Wei Wag . Lbs ™ bg

Brad Quinton Scott Chin
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Layer O (Input Layer) Layer 1 Goal is to calculate:
= nlo0l =
n, =nlo =2 L MO IR LI MORWAL

11 %1

(ny, m)

[](1) = witl M 4

[] (1) [1]
2,1 X1 Wy X, " + b,

A0 < Wl 4 w4l

[1](1)

2@ 4, M@
Xq 422+b

witl
W41 4

A0 < WD 4 WD 4

* Use the same vectorized operation as before

[1
Al = x W has shape (5,2) 21" = matmul(W!,X) + Bl
[ [

has shape (2, 2) (W w
B has shape (5,) 1[11] 1[12]
. Wo1 Wapo
Consider m=2 711 has shape (5,) R 1 x1(1) x§2)
1] =[Ws1 W2 || @ @]
A" has shape (5,) 1] a1 (X277 %
We1 Wi
[1] [1]
W1 Ws»
# In NumPy

slide 56/219 Zl = np.matmul(wWl, AO0) + Bl

@ _ 1@ 1@ i)
ANG _ 1@ 1, @)yl
21 X1 22 X3 +b2

[1](2) [] (2) [] 2)
W3q Xy~ T W35X, +b

A9 < Wl 2 4 D 4 1l

[](2) [] (2) [1] () [1]
Wg1 X1~ + Wg,Xx; " + bg

* Collect all inputs into matrix X so now its shape goes from(n,, ) to (n,, m)
i.e. one column for each sample

Shape of W doesn’t change
The result of the matrix
multiply is shape (nlt!,m)
(i.e. one column per sample)
Conceptionally, shape of B[],
doesn’t change, but to do the
math, we need to stack
copies of B In practice, this
is done via broadcasting

Brad Quinton Scott Chin
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Layer O (Input Layer) Layer 1 Goal is to calculate:

_ . [0] —
n, =n" =2 AL MO N O R 0@ = 1@ 1, @) i
1 1 1 1](2 2 1
@\ [](1) Wz[l]xf) 2[2]()+b£] []() 2[1] i) 2[2]§)+b£]
1|(1 1 1 1 1 1](2 2 2
o) AN = wla® e wllxP ! 1Y = w0 w4 b
1|(1 1 1 2 2 2
A0 W e+l I < W sl
1](1 1 1 1 [ 1@) _ [ 1.2 [1] [1]
A1) 8w 4 WL+l +
* Collect all inputs into matrix X so now its shape goes from(n,, ) to (n,, m)
@ i.e. one column for each sample
* Use the same vectorized operations as before
1] _ 1 1
Aol = x w1l has shape (5, 2) zM = matmul(wt, x) + Bl
r (1] [1] - T -
has shape (2, 2) w w pltl plil L@ 1)
B has shape (5,) 1[11] 1[12] 1 1 1 1
W w plil pll LW [11(2)
Consider m=2 2,1 2211, @ @ 2 2 2 2
I 1 L ptl plilf = | @ 1@
[1] 3,1 32 1 (1) (@ 3 3 3 3
AT has shape (5,) SURCTN LS I N YV EY R I CTCV I
Wa1 Wyo 4 4 Zy Zy
1 1 [1] (1] [1](1) [1](2)
W5[1] WrEz] bg " bg 'l lzg Zs

[1] [1]
* Shape of Z'*! now has more 2 columns (n'*, m) 8rad Quinton Scott Chin
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Layer O (Input Layer) Layer 1 Goal is to calculate:

n, =nltl =2 112)

11(1 1](1 _ [1](2)
a0 = g (1) = g (z1®)
[1](1) _ [1](1) 1](2) _ [1](2)
o) O =g (1) =g (1)
1](1 [1](1 1](2) _ [1](2)
= [ Im_ g (23 ( )) —g (Zs )
[1](1) [1](1) 1](2) _ [1](2)
0, = g(z,"") =9(z"?)
1](1 1](1 1](2) [1](2)
a1 = g (710) = g (210
Aol = x w1l has shape (5, 2)
has shape (2, 2)
B has shape (5,)

Consider m=2 7111 has shape (5, 2)
Al has shape (5,)

Brad Quinton Scott Chin
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Layer O (Input Layer) Layer 1 Goal is to calculate:

=nl0l =2
n n 12 _ [1](2
x agl](l) =g (z{l](l)) 1](2) _ g (21 ( ))
[1](1) _ [1](1) 1](2) _ [1](2)
o} =g (1) g (1)
1](1 [1](1 1](2) _ [1](2)
= HGIOp g(23 ()) —9(23 )
[1](1) [1](1) 1](2) [1](2)
=9 (") 9 (")
[1](1) _ [1](1) [11(2) _ [1](2)
as = g( Zs ) ds ( Zs )
’ * For activation, use elementwise-vector operation as before
@ « Shape of AY is now (n!Y, m) 4
In NumPy
Al = np.tanh(Z1)
Aol = x w1l has shape (5, 2) Al = g(Z1)
has shape (2, 2)
B has shape (5,)

Consider m=2 7111 has shape (5, 2)

Brad Quinton Scott Chin
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Layer O (Input Layer) Layer 1 Goal is to calculate:

n, =nlo =2 A1 g (ZP](D) U@ _ g (41](2))

@ agl](l) _ (zgl](l)) 1](2) =g (Z£1 (2))

P [1](1) =g (Zgl](l)) 1](2) =g (ngl (2))

[1](1) g( 4[1](1)) 1](2) ( £ (2))

agl](l) _ g( z[) ](1)) agl](Z) _ g( g ](2))

’ * For activation, use elementwise-vector operation as before
« Shape of AY is now (n!Y, m) P —

A0 — x w1 has shape (5, 2) Al = g(Z[l]) Al = np.tanh(Zzl)
s hape 2| iy e apen fola ) o) e g
Z[l](l) 1](2) [1](2)

AN 1@
RO
L0 1@

4 4
\_ZE](” A1) /

Consider m=2 7111 has shape (5, 2) ) agl](l) a’
) _ agl](l) £1](2)
[1](1) [1](2)
) a, Ay
[1](2)
) e

[11(1)
ac

Brad Quinton Scott Chin
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Layer O (Input Layer)
n, = nlol =2

OF

(n,)

Aol = x
has shape (2,)

slide 61/219

Layer 1 Layer 2 Layer 3 (Output Layer)

W has shape (5, 2) W 2] has shape (4, 5) W3l has shape (3, 4)
B has shape (5,) B!2] has shape (4,) BB! has shape (3,)

Al has shape (5,) A2l has shape (4,) ¥ = AB! has shape (3,)
7111 has shape (5,) 7121 has shape (4,) 7131 has shape (3,)

Training

Brad Quinton Scott Chin
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Layer O (Input Layer)
n, = nlol =2

OF

(ny, m)

Aol = x
has shape (2,)

slide 62/219

Layer 1 Layer 2 Layer 3 (Output Layer) /

W has shape (5, 2) W 2] has shape (4, 5) W3l has shape (3, 4)
B has shape (5,) B!2] has shape (4,) BB! has shape (3,)

Al has shape (5,) A2l has shape (4,) ¥ = AB! has shape (3,)
7111 has shape (5,) 7121 has shape (4,) 7131 has shape (3,)

Training

Brad Quinton Scott Chin
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Layer O (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)
n, = TL[O] =2

Training

(ny, m)

m
1 .
Alol — x Wl has shape (5, 2) W2l has shape (4, 5) w3l has shape (3, 4) ] = EZ L®
has shape (2,) 3 i=1
B has shape (5,) B!2] has shape (4,) BB! has shape (3,)
Al has shape (5,) A2l has shape (4,) ¥ = AB! has shape (3,)
7111 has shape (5,) 7121 has shape (4,) 7131 has shape (3,)
slide 63/219
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Vectorized Backpropagation



Don’t be intimidated!

* There’s nothing crazy (except maybe notation) about vectorized
backprop compared to what we have learned for scalar operations

* A vectorized operation is just a bunch of scalar operations done at the
same time

* So all our understandings of scalar backprop apply.
We are just considering multiple scalar operations at once.

e Cost is still a scalar

Brad Quinton Scott Chin
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From First Lectures on Neural Networks

* Vectorized backprop equations in Lecture
3 for a 2-layer neural network. You used
these in Assignment 2.

* \We will now learn how these are derived.

slide 66/219

dz? =@ -v)
dwl?l = idZ[Z]A[llT
m
gglz = L Z 1712)

m



Layer O (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)
n, = TL[O] =2

Training

(ny, m)

m
1 .
Alol — x Wl has shape (5, 2) W2l has shape (4, 5) w3l has shape (3, 4) ] = EZ L®
has shape (2,) 3 i=1
B has shape (5,) B!2] has shape (4,) BB! has shape (3,)
Al has shape (5,) A2l has shape (4,) ¥ = AB! has shape (3,)
7111 has shape (5,) 7121 has shape (4,) 7131 has shape (3,)
slide 67/219
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Layer O (Input Layer)
n, = TL[O] =2

OF

(ny, m)

Aol = x
has shape (2,)

Wl has shape (5, 2)

B has shape (5,)
Al has shape (5,)
711 has shape (5,)

W2l has shape (4, 5)
B!2] has shape (4,)

A2l has shape (4,)
7121 has shape (4,)

Layer 3 (Output Layer)

W3l has shape (3, 4) J=

BB! has shape (3,)

¥ = AB! has shape (3,)
7131 has shape (3,)

Purpose of backprop is to compute partial derivative of cost J w.r.t. each parameter
This is pretty much the whole essence of the neural network training algorithm

slide 68/219

Training
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(nl=1,m) Layer [ Vectorized Over m Training Samples
All—1] |

|
; (MMm) (0 m)  (nl,m)
; Alll

How do we extend our process of backprop to vector operations?

slide 69/219



Math — Derivative of a Scalar by a Vector

* Consider a function f with
* Vector input x = [xq, ..., Xp]
* Scalar output

* How does a change in each input x; affect the output?
* Gradient Vector

of _[of O Of

dx lox, ox,” " ax,

Brad Quinton Scott Chin
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slide 71/219

Math — Derivative of a Vector by a Vector

* Consider a function f with

* Vectorinput x = [xq, ..., Xy, |
* Vector output f = [f1, ..., fin ]

* How does a change in each input affect each output?

e Jacobian Matrix

of

0f1  0f;
dx; 0xq
0f1 0fz
dx, 0xo
0f1 0fz
0x, Oxy,

% _
dx4
Ofm
0x,

I

0x,,

Brad Quinton Scott Chin
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Vector of size n, Consider one node in our compute graph

X

Vector of size ng

f

Vector of size ny

y

slide 72/219 Brad Quinton, Scott Chin



Vector of size n,

Local Derivatives are Jacobian Matrices

X

Vector of size ny

af is shape
a (nx'”f)

Vector of size ng

5f is shape
a_y (ny.p)

y

slide 73/219

_afl afz afnf_
dxy 0xy  0xq
o |2 9f Ofny
v aa.cz 0x- 0x-
of, ofy  Ofy
0xp, O0xn, — O0xp,

f

Brad Quinton, Scott Chin



Vector of size n,

Local Derivatives are Jacobian Matrices

X

Vector of size ny

af is shape
ax (Ttx th)

Vector of size ng

5f is shape
a_y (ny.p)

y

slide 74/219

0/ 01> afnf_
dy1 dy1 T oy
of |2 02 Oy
ox dy, 0y dy;
df1 a1 afnf
_aYny a}’ny aYny_

f

Brad Quinton, Scott Chin



Vector of size n,

X

Local Derivatives are Jacobian Matrices

Vector of size ny

0f is shape
a (”x'”f)

Vector of size ng

is shape
(ny, ny)

y

slide 75/219

P
0f1

of ~|
Z
Ofn; |

f
)

— Shape (ng, 1)

Upstream gradient is with
respect to Cost J (a scalar)

i.e. How does each output f;
affect the Cost

Brad Quinton, Scott Chin



Vector of size n,

X

0f is shape
ax (nx'nf)

5f is shape
a_y (ny, ny)

Vector of size ny

y

Apply chain rule like before!

slide 76/219

Local Derivatives are Jacobian Matrices

Vector of size ng

f
0]

— Shape (ng, 1)

Upstream gradient is with
respect to Cost J (a scalar)

i.e. How does each output f;
affect the Cost

Brad Quinton, Scott Chin



Vector of size n, Local Derivatives are Jacobian Matrices
X

0f is shape
ax (nx'nf)

0] of aJ
dx  dxOf

Shape (n,,1) = (nx, nf)*(nf, 1)

Vector of size ng

f
)

— Shape (ng, 1)

af is shape
a_y (ny, ny)

Vector of size ny

y

Upstream gradient is with
respect to Cost J (a scalar)

i.e. How does each output f;
affect the Cost

Chain Rule application is Matrix-Vector Multiply

slide 77/219 Brad Quinton, Scott Chin



Vector of size n, Local Derivatives are Jacobian Matrices

X

0f is shape
a (N2 1)

0] of aJ
dx  dxOf

Shape (n,,1) = (nx, nf)*(nf, 1)

Vector of size ng

f
)

— Shape (ng, 1)

af is shape

Vector of size ny

y E

rdf1 0f1 0f1 a_f1 . . .
%, 9%, oxny || 01 Upstream gradient is with
o] _9F9] _ | : : of, respect to Cost J (a scalar)
ox  OxOf o o 0 .
Ing Ong o O] i.e. How does each output f;
0x; ' 0x 0x o]
Sooh TR e FY: affect the Cost
nf

Chain Rule application is Matrix-Vector Multiply

slide 78/219 Brad Quinton, Scott Chin



Chain Rule — Matrix-Vector Multiply

9] _ 919
dx Ox of

slide 79/219 Brad Quinton, Scott Chin
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Chain Rule — Matrix-Vector Multiply

9] _9f9] |
dx 0x 0f

8 -
dx1
da]
dx,

é}

| 0Xp,,

df1 0f2
axl ’ axl ’

afy 9fy

)
1 0Xp, 0Xn,

afnf'

6x1

afnf

0Xn,

Shape (n,,1) = (nx, nf)*(nf, 1)

Brad Quinton, Scott Chin
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Chain Rule — Matrix-Vector Multiply

_a_]_
axl i afl afZ
6] axl'axl’
NI IN l B
dx 0x 0f : of of
* 1 2
d] . '3
Jﬁ, ny 9Xny
/ _Sxﬁx-

Jacobian

afnf'

6x1

afnf

0Xn,

Shape (n,,1) = (nx, nf)*(nf, 1)

Brad Quinton, Scott Chin



Chain Rule — Matrix-Vector Multiply

slide 82/219

_ a_] -
dxq 0f1 0f;
a] axl ! 6x1 !
dx dx df : of of
* 1 2
0] dxn, 0
Ny X1y
/ \——oxn ]

Jacobian

afnf'

6x1

afnf

0Xn,

Shape (ny, 1) = (ny,ne)*7s, 1)

Brad Quinton, Scott Chin



Chain Rule — Matrix-Vector Multiply

slide 83/219

aJ
ox

o 0l
0x1 0f1 0f> Ofne]| 0f1
0 0x1 0xq’ 0x d]
oy 6] 9] o 1 1 . a |l ==
P af dx, | = : ) : df2
X : :
0fi Odfz afnf 6:
o] 0xn, O0Xn, 0xn, | J
_axnx_ _afnf_

Shape (n,,1) = (nx, nf)*(nf, 1)

o] 0fy 9] af2 a] +0fnf aJ
dx; O0x,0f 6x1 afz dx4 afnf

Brad Quinton, Scott Chin



Chain Rule — Matrix-Vector Multiply

_a_]_

slide 84/219

| 0Xp,,

axl
9]
axz

6. Ji

0f1 0f2

axl ! axl !

afy 9fy

)
1 0Xp, 0Xn,

Shape (n,,1) = (nx, nf)*(nf, 1)

0]

_0f1 0]

afz 6]

d0x4

- 0x;0f;

ax1 afz

_ﬂ_
Ofne]| 0f1
oxy || 2L

: df2
0 fn :
f
0xXn. | 9]
* _afnf_
axl afnf

Brad Quinton, Scott Chin



Vector of size n, Local Derivatives are Jacobian Matrices
X

0f is shape
ax (nx'nf)

0] of aJ
dx  dxOf

Shape (n,,1) = (nx, nf)*(nf, 1)

Vector of size ng

f
)

— Shape (ng, 1)

af is shape
a_y (ny, ny)

Vector of size ny

y

(3] af a] Upstream gradient is with
ay ay af respect to Cost J (a scalar)
i.e. How does each output f;
shape (1, 1) = (n, ny)*(ny, 1) affect the Cost l

Chain Rule application is Matrix-Vector Multiply
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Example:
Activation Function on Layer



Vectorized for multiple samples

slide 87/219 Brad Quinton Scott Chin
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Vectorized for one sample
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Vectorized for one sample

slide 89/219

Shapeis (n, ) Shapeis (n, )

Elementwise

Z tanh()

a

Example: Tanh Activation on Layer for one sample

Brad Quinton Scott Chin
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Example: Tanh Activation Function on Layer for one sample

Shapeis (n, ) Shapeis (n, )
7 [ Elementwise . A
tanh()

71 ‘tanh(z1)1 a4+
Z9y tanh(Zz) ar
A = tanh(Z) = tanh| (%3] | = |tanh(z3) | = |43
-Zn- ‘tanh(z,,)]l 9n-

slide 90/219 Brad Quinton, Scott Chin
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Example: Tanh Activation Function on Layer for one sample

Shapeis (n, )

Z

Local Gradients / Jacobian Matrix

0A
0Z

Elementwise

0 aq

tanh()

aaz

021
aal

021
aaz

OZZ

da,

022

aaz

0z,

0z,

da,,

(721
da,

0z,

da,

Shapeis (n, )

0z,

A
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Example: Tanh Activation Function on Layer for one sample

Shapeis (n, )

Z

Local Gradients / Jacobian Matrix

0A
0Z

Elementwise

0 aq

tanh()

aaz

021
aal

021
aaz

OZZ

da,

022

aaz

0z,

0z,

da,,

(721
da,

0z,

da,

0z,

Shapeis (n, )

A

0]
0A
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Example: Tanh Activation Function on Layer for one sample

Shapeis (n, ) Shapeis (n, )
7 : Elementwise . A
tanh()
0_] Remember: Cost is
0A  scalar!
Local Gradients / Jacobian Matrix
da, 0a, da,, This is a vector of shape
9z, 0z, =~ 0z, (n,) that tells us how a
a4 |9u 9da dan change in each element
57— |9%2 0z dz, a; of vector A will affect
3 o the Cost.
da, da, da,
0z, 0z, =~ 0z,
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Example: Tanh Activation Function on Layer for one sample

Shapeis (n, ) Shapeis (n, )
Elementwise
Z ' tanh() - A
0 dA 0
a—é = 37 01{1 0_] Remember: Cost is
e d0A
scalar!

Local Gradients / Jacobian Matrix

Matrix-Vector Multiply da, da, da, This is a vector of shape
9z, 0z, =~ 0z, (n,) that tells us how a
a4 |9u 9da dan change in each element
37 = 0z, 0z, 0z, a; of vector A will affect
3 o the Cost.
da, da, da,
0z, 0z, =~ 0z,
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Example: Tanh Activation Function on Layer for one sample

Shapeis (n, ) Shapeis (n, )
7 [ Elementwise . A
tanh()
9] 0Ad] 3]
0Z 0Z0A EV
Local Gradients / Jacobian Matrix Summary From Last Lecture
Remember: 00, o . o0 * Elementwise operation
a,=tanh(z;) 92 3 * Therefore only non-zero
a,=tanh(z,) 0A a_az 0 values are along diagonal
A7 Z
: 0Z : c * We don’t need to construct
a,= tanh(z,,) (°) ; da, the full Jacobian
" 9z,
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Example RelLU
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Example: ReLU Activation Function on Layer for one sample

A =relu(Z) =

slide 97/219

relu(z;)]

relu(z, )

relu(z,)
relu(z;)

‘max(z4,0)]
max(z,,0)
max(zs, 0)

' max(z,, 0).

Shape is (n, )

VA

0]
0Z

Shapeis (n, )

d]
0A

A
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Example: ReLU Activation Function on Layer for one sample

A =relu(Z) =

slide 98/219

Local Gradients { Jacobian Matrix

d0A
d0Z

relu(z;)]

relu(z, )

relu(z,)
relu(z;)

‘max(z4,0)]
max(z,, 0)
max(zs, 0)

' max(z,, 0).

da,,

021
da,

da,; da,
dz; 0z
da,; da,
=10z, 02z,
da, da,
0z, 0z,

022

da,

0z,

Shape is (n, )

VA

0]
0Z

Shapeis (n, )

d]
0A

A
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Example: ReLU Activation Function on Layer for one sample

A =relu(Z) =

slide 99/219

Local Gradients { Jacobian Matrix

d0A
d0Z

relu(z;)]

relu(z, )

relu(z,)
relu(z;)

‘max(z4,0)]
max(z,, 0)
max(zs, 0)

' max(z,, 0).

da,; da, da,,
521 521 021
da,; da, da,
— 622 522 022
da, da, da,
0z, 0z, 0z,
9] 0Ad]
0Z 0Z 0A

Shape is (n, )

VA

0]
0Z

Shapeis (n, )

d]
0A

A
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Example: ReLU Activation Function on Layer for one sample

A =relu(Z) =

slide 100/219

Local Gradients { Jacobian Matrix

d0A
d0Z

relu(z;)]

relu(z,)
relu(z;)

relu(z, )

‘max(z4,0)]
max(z,, 0)
max(zs, 0)

' max(z,, 0).

_aal 0 0
azl
LI
— 522
da,
00 oz,
d/ d0A d]

aZ ~ 9Z dA

Shape is (n, )

VA

0]
0Z

Shapeis (n, )

d]
0A

A

Since this is an elementwise vector operation, We
know that only the diagonal of the Jacobian will be

nonzero
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Example: ReLU Activation Function on Layer for one sample

relu(z;)] [max(z,0)] ray-
p () relugzzg maXEZZ, Og 22 Shapeis (n,) Shape is (n, )
= relu = |relu(z3) | = |max(z3,0) | = 3 Z A
_relu.(zn)_ _max(.zn, 0)l Gn- 9] 3]
| | | 0z 94
Local Gradients { Jacobian Matrix
_aal 0 0 i
E ans
dA | o % 0 daq . i
c’)_Z B . 622 § : 621 6a1
| ac}n a] da, 0]
o o0 . —= 2 _ *
! 0z, 07 dz, da;
Simplifies to this :
d/ d0A d] da, 0d]
— = ﬁ *
0Z — 97 9A 9z, 0a,
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Example: ReLU Activation Function on Layer for one sample

relu(z;)] [max(z1,0)]  ray-
) ) relugzzg maxgzz, Og gz Shape is (11, ) Shape is (n, )
= relu = |relu Z3)| — |max 23'0 = .3 Z A
_relu.(zn)_ _max(.Zn, 0)l Han d] dJ
BV 94
t
_aal 0] |
*
621 aal
a] aaz . 0]
a_Z — 622 : aaz
da, Jd]
*
0z, da,.
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Example: ReLU Activation Function on Layer for one sample

relu(z;)]
relu(z,)

A =relu(Z) = |relu(z3) | =

relu(z, )

a; = max(0,z;) = {(Z)‘

%_ 1, ZiZO
azi_o, Zi<0

slide 103/219

‘max(z4,0)]
max(z,, 0)
max(z3, 0)

' max(z,, 0).

Zi<0

0]

07z

Shapeis (n,) Shape is (n, )

9 9
a0z 0A

aal | 0] i

621 | aal

aaz | 0]

022 | aaz

dap | 0]

0z, | da,.
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Example: ReLU Activation Function on Layer for one sample

relu(z;)] [max(zq,0) A1 7
) W) relugzzg max%zz, Og gz Shape is (11, ) Shape is (n, )
= relu = |relu Z3)| — |max 23'0 = .3 Z A
_relu.(zn)_ _max(.Zn, 0)l Han d] dJ
EY 94
t
a; = max(0,z;) ={"" p * (
[ ( l) {0, Z; <0 aZl aal da. 5 1 % ﬂ, Zi =0
a] aaz a] di * ] = 4 aai
gai |1, z=0 ~— =0z, 0ay| 0z O 9J
da, Jd]
*
0z, da,.
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Example: ReLU Activation Function on Layer for one sample

A =relu(Z) =

a; = max(0,z;) = {0

da; (1,
aZi B O;

slide 105/219

relu(z;)]

relu(z, )

relu(z,)

relu(z;) | =

Zi,

ZiZO
Zi<0

‘max(z4,0)]
max(z,,0)
max(z3, 0)

' max(z,, 0).

Zi<0

0]
0Z

Shape is (n, )

VA

0]
0Z

Shapeis (n, )

A

0]
0A

Simply copy over upstream
gradient or setto O

_aal 6] i (
621 0611 aai a] ﬂ’ Z; > 0
da, 0] * =4 0a;
% Ozi aai 0 0
022 aaz \ ’ Zj <
da, 0d] Extremely efficient implicit
.0z, Odanl  Jacobian matrix-vector multiply!
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Example: ReLU Activation Function on Layer for one sample with Numbers

Zi, Zi >0
a; = max(0, z;) {0, z; < 0 Shape is (1, ) Shape is (1, )
(3] / A
a] -, Zi >0
— = 0al~ d/ dJ
aZi —— —
0 z; <0 0Z 04
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Example: ReLU Activation Function on Layer for one sample with Numbers

Z; z: =0
— O, ) = L L
a; = max(0, z;) {0, z; <0 Shape is (n,) Shape is (1, )
(3] / A
6] -_—, Zi > 0
a— = 1 6ai d] o]
Z; . 37 0A
0 z; <0 07 04
Forward Propagation
- 0.8 1
7 - | 12
—0.5
L 0.1 -
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Example: ReLU Activation Function on Layer for one sample with Numbers

Z; z: =0
a; = max(0,z;) =1V p
L (0,z;) {0, z; <0 Shape is (n, ) Shape is (n, )
(3] / A
6] -_—, Zi =0
a_ = < 6ai d] d]
Zi . a7 JA
\O, z; <0 07 0A
Forward Propagation
- 0.8 1 0.8
7 - | 12 A= |12
—0.5 0
L 0.1 L0. 14
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Example: ReLU Activation Function on Layer for one sample with Numbers

0]

9z;

Zi, Zi >0

a; = max(0,z;) = {O 2, <0

(o)
M)ai’
\O, Zi<0

ZiZO

Forward Propagation

/ =

r 0.8 7
1.2

—0.5
- 0.1 -

A=

10.87
1.2

0
-0.1-

Back Propagation

o]
0A

slide 109/219

—0.27

0.5
—0.3

-—0.6-

Shape is (n, )

VA

0]
0Z

Shapeis (n, )

d]
0A

A
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Example: ReLU Activation Function on Layer for one sample with Numbers

a; = max(0,z;) = {

Zi, Zi >0

0, Zi <0
((’)]
a] -, Zi >0
3, { 0a;
l \O, Zi <0
Forward Propagation
- 0.8 7 0.8
7| 12 A= |12
—0.5 0
L 0.1 A L0. 14
Back Propagation
—0.27 —0.27
9 o5 9/ |05
d0A —0.3 a0z 0
L—(.6- L—(.6-

slide 110/219

Shape is (n, )

VA

0]
0Z

Shapeis (n, )

d]
0A

A
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Example: ReLU Activation Function on Layer for one sample with Numbers

Z; zi =0
a; = max(0,z;) =1 L=
l ( l) {O’ Zi < 0 Shape is (n, ) Shape is (n, )
(9] / A
a] -, Zi =0
Zi - _Z
N zi <0 0z 94
Forward Propagation
- 0.8 1 0.8
s |12 A= |12
—0.5 0
L 0.1 0.1
Back Propagation Full Jacobian not needed!
—0.27 —0.21 1 0 0 O
9 _]o05 9 o5 94 1o 1 0 0
94  |-0.3 Z | 0 9Z [0 0 0 O
0.6 L—0.6- 0 0 0 1.

slide 111/219 Brad Quinton, Scott Chin



Backpropagation with Matrices
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Matrix of Shape (n,, m,.)

X

Matrix of Shape (ng, ms)

f

Matrix of Shape (n,, m,)

y
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Tensors

* For our purposes, Tensors are multidimensional arrays.

Examples with special names:
* A scalaris a Od Tensor
* A vectoris a 1d Tensor
* A matrix is a 2d tensor
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Matrix of Shape (n,,m,)  Local Derivatives are high-order Tensors

X

8f is shape

9 (1, My, mp, M) Matrix of Shape (ng, ms)

f

is shape

(”y' my, g, Mg )

Matrix of Shape (n,, m,)

y
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Matrix of Shape (n,,m,)  Local Derivatives are high-order Tensors

X

6f is shape

9 (1, My, mp, M) Matrix of Shape (ng, ms)

f

is shape

(”y' my, g, Mg )

Matrix of Shape (n,, m,)

y

% tells you how each of the (n,, m,) inputs

affects each of the (ng, ms) outputs
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Matrix of Shape (n,, m,)

Local Derivatives are high-order Tensors

X

Matrix of Shape (n,, m,)

dx

y

slide 117/219

6f is shape

(M2 Mo, g, )

is shape

(ny, my, ng,me)

Matrix of Shape (ng, ms)

f
)

— Shape (ng, myg)

Upstream gradient is with
respect to Cost J (a scalar)

i.e. How does each of the
(nf, mf) outputs affect the Cost

Brad Quinton, Scott Chin



Matrix of Shape (n,,m,)  Local Derivatives are high-order Tensors

X

0] of aJ
dx  dxOf

(N2, My, 1, M) *(np, M) = (N, M)

6f is shape

9 (1, My, mp, M) Matrix of Shape (ng, ms)

f
0]

— Shape (ng, myg)

is shape

(”y' my, g, Mg )

Matrix of Shape (n,, m,)

y

Upstream gradient is with
respect to Cost J (a scalar)

i.e. How does each of the
(nf, mf) outputs affect the Cost

Chain Rule application is Tensor-Matrix Multiply
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Matrix of Shape (n,,m,)  Local Derivatives are high-order Tensors

X

0] of aJ
dx  dxOf

(N2, My, 1, M) *(np, M) = (N, M)

6f is shape
& (M2 Mo, g, )

Matrix of Shape (ng, ms)

f
0]

— Shape (ng, myg)

is shape

(”y' my, g, Mg )

Matrix of Shape (n,, m,)

y

d] B af W Upstream gradient is with
a_y — ay 6f respect to Cost J (a scalar)
i.e. How does each of the
(ny, my, mp,myp)*(ng, my) = (ny, ) (nf, mg) outputs affect the Cost

Chain Rule application is Tensor-Matrix Multiply
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Example: Matrix Multiplcation
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Layer O (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)
n, = TL[O] =2

Training

(ny, m)

m
1 .
Al = x Wt has shape (5, 2) W2! has shape (4, 5) W B! has shape (3, 4) /= EZL(O
has shape (2,) 5 i=1
B has shape (5,) B!2] has shape (4,) BB! has shape (3,)
Al has shape (5,) A2l has shape (4,) ¥ = AB! has shape (3,)
7111 has shape (5,) 7121 has shape (4,) 7131 has shape (3,)
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Layer O (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer) /

n, = nlol =2
Training
(ny, m)
1 m
Al = x Wt has shape (5, 2) W2! has shape (4, 5) W B! has shape (3, 4) /= EZL(O
has shape (2,) i=1
B has shape (5,) B!2] has shape (4,) BB! has shape (3,)
Al has shape (5,) A2l has shape (4,) ¥ = AB! has shape (3,)
711 has shape (5,) 7121 has shape (4,) 7131 has shape (3,)
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Example: Matrix Multiplcation

Example:
n, =3
ny = 2
m =4
(ny, m)
(3,4)

slide 123/219
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slide 124/219

2
(nhrnx) 1
1 -2
3 1

n,m
(ny, m) i

—2
3

3
2
—1

4 -
—1]

—11

mat
mul

v

/o

4
8

2 -2 -2

-1 10

6

| (pm)
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Wx
2 =2 47

(Tlh; nx) 1 3 -1uw at ‘ f [4
1 -2 3 21x mul ] 8
3 1 2 1

() 2 2 -1 -1
d/ B af d] ﬂ 3

ow _ owof of

Brad Quinton, Scott Chin



Wx

(1) lZ -2 4]
. s 1w mat f 2 2
1 -2 3 21x mul ] 8 —1 10 6 (np, m)
(ny, M) [3 1 2 1

2 2 -1 -1l
g df d]
ow owof

I

* Jacobian is shape (n;, n,, n,, m)

A
af 8 —1 10 6

This can get big. For example:

*m =128

* n, =n, = 2048

* Full Jacobian is
2048*2048*2048*128*4bytes = 1TeraByte!
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2 =2 4]
(nh' nx) 1 3 —1
—2 3 2]
1 2 1
n,,m
(M, ™) 2 2 -1 -1
- d] dJ d] 1
dj
- owy, 0wy, Odwgg
ow aJ aJ a]
| aWZ’l aWZIZ 0W2’3_

slide 127/219

Wx

@ o A R e G

A
af 8 —1 10 6

e Let’s look at the Jacobian and see if we can
avoid forming it

. . G,
* Let’s start by computing gradients #
aj .
. av]v will have the same shape as w

* Let’s look at each element separately

e Each element tells us how much the one
weight w; ; affects J
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2 =2 47

(nh;nx) 1 3 —1
% _9  _
_ mat R f [4 2 2 2] (nh,m)
1 =2 3 21 x mul 8 -1 10 6
3 1 2 1
(1) 2 2 -1 -1
v . ] 3 2 -2 2
[ ] a7 18 -1 10 6
ﬂ Owyq | 0wy, 0wy af
ow af a] a/
| aWZ’l aWZIZ 0W2’3_
aj  odf 0]

owyq  Owyq Of
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Wx

() 2 =2 47
h» _
1 -2 3 21x mul 8 -1 10 6 v
3 1 2 1
n,,m
(M, ™) 2 2 -1 -1
py g o ] 13 2 -2 2]
] a7 8 —1 10 6
dJ af
— aW1,1 aW1,2 aW1,3
ow aJ aJ
0W2,1 6W2,2 0W2’3_
9] of a]

dw1,1 B dw1,1 | af

S TT—

How does the one weight w, ; affect J? Slice of the Jacobian.
How does the one weight wy ; affect f?
Derivative of a matrix by a scalar
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Math — Derivative of a Matrix by a Scalar

* Consider a matrix output function f with

e Scalar input x
e Matrix output F with shape (n, m)

* How does a small change the input, x, affect each output?

* Derivative is same shape as the output matrix

0f11 0f12
oF 0x " ox

X | 3fps 0fys
L Ox  Ox

slide 130/219

afl,m_

5.x

0 fr,m

dx -
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Wx

() 2 =2 47
h» _
1 -2 3 21x mul 8 -1 10 6 v
3 1 2 1
n,,m
(M, ™) 2 2 -1 -1
py g o ] 13 2 -2 2]
] a7 8 —1 10 6
dJ af
— aW1,1 aW1,2 aW1,3
ow aJ aJ
0W2,1 6W2,2 0W2’3_
9] of a]

dw1,1 - dw,1 | af

S TT—

How does the one weight w, ; affect J? Slice of the Jacobian.
How does the one weight wy ; affect f?
Derivative of a matrix by a scalar
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Wx

(1) 2 -2 4
h» -
X 1 3 1w mat R f [4 2 =2 —2] (‘l’l m)
1 -2 3 21x mul 8 -1 10 6 v
3 1 2 1
n,,m
(e, m) 2 2 -1 -1
) . 0] 3 2 -2 2]
[ ] EYs -1 1
a] af 8 0 6
awm 6W1,2 0w1,3

ow aJ i d]

| 0w,y 0wy, 0wyl

0f11 O0fiz O0fiz  Of14]
(3'] af 0] af (7W1,1 0W1,1 awl’l 5W1,1

owiq1 |0wyq | Of 0wy 1 df21 0fz22 O0fz3 O0fza
_(7W1,1 0W1,1 awl’l 5W1,1_

Derivative of matrix by scalar. So this will be a matrix with same shape as f
Let’s compute the values
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2 —2 4]
(Mp, Ny) -
i) T w na
[ -2 3 21X mul
N m 1 2 1 ‘
(em) 12 54
dJ dJ dJ
ﬂ owy1  Owy, 0wy
ow a] aJ aJ
| aWZ’l aWZIZ 0W2’3_
0f11 | 0fiz O0fiz 0f1a]
6] _ af 0] af _ aWLl 0W1,1 5W1’1 aWLl
ow, 1 0wy, Of owy 1 |0fz1 0fz2 0faz 0faa
_5W1’1 0W1,1 5W1’1 0W1,1_

slide 133/219

- f [g —21 Ig

A
of °

First we can write the equation for f] ;

0f11

5W1’1

fi1 =W11X11 +WyoXp1 + Wy3X34

X110 =1
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(Tlh;nx) 1 3 —1] wW at f 2 5 I
[1 -2 3 2 ‘ X mul ] l8 ~1 10 6] (Mp,m)
3 1 2 1
n,, m
(e, m) 21 2 -1 -1
) N ] B3 2 =2 2]
| ] 37 8 -1 10 6
ﬂ aW1,1 aW1,2 aW1,3 af
ow aJ aJ aJ
| aWZ’l aWZIZ 0W2’3_
1 0f 9z 9f14] fi1 =Wi1X11 + WyoXoq +Wyi3X3,
6] _ af 0] af _ 0W1,1 5W1’1 aWLl
owi; Owyq Of owy 1 |0fz1 0fz2 0faz 0faa 0fin 1
_5W1’1 0W1,1 6W1’1 an,l— aWLl — xl,l =
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(Tlh;nx) 1 3 _1JW at f 4 > I
[1 —2| 3 zlx mul ] l8 =1 10 6] (Mp,m)
3 |1 2 1
n,,m
(e, m) 2 12| -1 -1
) N ] B3 2 =2 2]
| ] 37 8 -1 10 6
ﬂ aW1,1 aW1,2 aW1,3 af
ow aJ aJ aJ
| aWZ’l aWZIZ 0W2’3_
1 02 | 9fz  9f14] fi2 = W11X12 + Wy2X20 + Wy3X35
6] _ af 0] af _ 0W1,1 5W1’1 aWLl
owi; Owyq Of owy 1 |0fa1 Ofz2 0faz 0faa Ofiz _
0wy, Owyq Owgq Owgq] dwi, X1,2 =
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f

(M, Ny) -
v sl a
[1 -2 3 21x mul
n,m 3 1 2 1‘
(1) 2 12| -1 -1
dJ dJ dJ
ﬂ Owyy 0wy, 0wy
ow a] a/ a/
| aWZ’l aWZIZ 0W2’3_
1 _> 0fiz O0f1a7
6] _ af 0] af _ 5W1’1 aWLl
owy 1 0wy, Of owy 1 |90fz1 0fz2 0faz  0faa
_5W1’1 0W1,1 5W1’1 0W1,1_

slide 136/219

0]

of

s =5 10 6] (wm

32—22]

fi2 = Wp1X12 +WyoXo + Wy3X35
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f

(M, Ny) -
v s =l a
[1 -2 13| 21x mul
n,m 3 1 2 1‘
(1) 2 2 |-1 -1
dJ dJ dJ
ﬂ Owyy 0wy, 0wy
ow a] a/ a/
| aWZ’l aWZIZ 0W2’3_
1 _> 0fi3 | 0f1,47
6] _ af 0] af _ 5W1’1 aWLl
owy 1 0wy, Of owy 1 |90fz1 0fz2 0fzz 0faa
_5W1’1 0W1,1 5W1’1 0W1,1_

slide 137/219

0]

of

s 5 o 6] (wm

32—22]

f13 =Wp1X13 +WyoXo3 + Wy3X33

0fiz
5W1’1

=X13 =3
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(np, Ny) 1 3 1]
— W _ .
mat R f [4 2 2 2] (nh» m)
[1 -2 3 2 ‘ x mul 8 -1 10 6
3 1 2 1
n,, m
(M, m) 2 2 -1 -1
N o o ] 13 2 -2 2]
[ | a7 18 —1 10 6
ﬂ aW1,1 aW1,2 aW1,3 af
ow aJ dJ aJ
| aWZ’l aWZIZ 0W2’3_
1 _7 3 4] fi3 = Wi1X13 + WipXa3 + Wi3x33
6] _ af 0] af _ aWLl
owy 1 0wy, Of owy 1 |0fa1 0fz2 Ofzz 0faa 0fiz _ 3
Oowyr Owyp Owyq Owqql owy1 ¥13 =
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(np, ny) 1 3 -1lw at ‘ f [4 ) _2]( )
1 -2 3 |2 «x mul ] 8§ -1 10 64 V™
(R, m) [2 % —21 —11
a7 18 —1 10 6
ﬂ aW1,1 aW1,2 aW1,3 af
ow aJ aJ aJ
| aWZ’l aWZIZ 0W2’3_
1 —2 3 2 _
0 fia =W11X14 + W12X24 + Wy3X34
a] af d] 3 f —|0f21 0f22 0f23 | 0f24
(’)Wl,l B aWLl . ﬁf Wl'l _awl,l an,l aVvl,l dWl,l_ af1,4-

= X14 = 2
5W1’1
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(np, ny) 11 3 —-1jw . f . Y
1l-2 3 271x mul ] l8 ~1 10 6] (Mp,m)
oo B35
o) a9 0] 3 2 -2 2
| | 37 8 -1 10 6
ﬂ an,l an,Z aW1’3 af
ow )| )] 9J
- aWZ,l aWZ,Z aW2’3_
[ 1 -2 3 y) b wy Xe d Woaa 1 b Wy
1 7217, 222, 3X3,
o _of oy [0k 0ha Ofs 0| TR
an,l _ an’l 'af W1,1 an,l an,l aW1’1 an,l_ afz’l iy
owy1
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2 —2 4]
(np,ny) 1 3 —1l w ot
[1 -2 3 21x mul
N,,m 31 1 2 1 ‘
Cem) 12 S5
a/ aJ aJ
ﬂ Owyy,  O0wyp 0wy
ow aJ aJ aJ
| aWZ’l aWZIZ 0W2’3_
of [1 -2 3 2
aJ of 9] . = |, 922 0f23 0f2a
(’)Wl,l B aWLl . af W11 é’Wl,l an,l an,l_

slide 141/219

> f [g _21 Ig _62] (np, m)

ﬂ32—22]

f21 =Wa1X11 + WaoXo1 +Wy3X34

0f21

— 0
0W1,1
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(nh; nx) 1 3

dJ aJ aJ
ﬂ 0wy 0wy, 0wy
ow aJ aJ aJ
| aWZ’l aWZIZ 0W2’3_
af
o) of @) _
f 5W1’1

slide 142/219

mat
mul
—2 3 2
afZ,Z af2,3 af2,4-
aWLl aWLl 0W1’1_

> f [g _21 Ig _62] (np, m)

ﬂ32—22]

fa2 = Wa1X12 + WoXoo +Wy3X35

0f2,2

— 0
0W1,1
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(nh; nx) 1 3

dJ aJ aJ
ﬂ 0wy 0wy, 0wy
ow aJ aJ aJ
| aWZ’l aWZIZ 0W2’3_
daf
o)  of 9 =L
1,1

slide 143/219

1

—2

mat

mul

3 2
0f23 0f24
0W1,1 awl’l_

v

f [g _21 Ig _62] (np, m)

ﬂ32—22]
af

fa2 = Wa1X12 + WoXoo +Wy3X35

0f2,2

— 0
0W1,1
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(nh; nx) 1 3

dJ aJ aJ
ﬂ 0wy 0wy, 0wy
ow aJ aJ aJ
| aWZ’l aWZIZ 0W2’3_
daf
o)  of 9 =L
1,1

slide 144/219

1

—2

mat

mul

3 2
0f23 | 0f24
0W1,1 awl’l_

v

f [g _21 Ig _62] (np, m)

ﬂ32—22]
af

f23 = Wp1X13+ Wy2X23 + Wy3X33

0f2,3

— 0
0W1,1

Brad Quinton, Scott Chin



2 —2 4]
(nh; nx) 11 -1l W
[1 —2 3 2 X
n,m 3 1 2 1 ‘
(1) 2 2 |-1 -1
[ 0] a/ N
ﬂ owy, 0wy, 0wy
ow aJ aJ aJ
| aWZ’l aWZIZ 0W2’3_
0
9] of ) f

slide 145/219

1

0

—2
0

mat
mul

3

P24

é’Wl,l

v

f [g _21 Ig _62] (np, m)

ﬂ32—22]

f23 = Wp1X13+ Wy2X23 + Wy3X33

0f2,3

— 0
0W1,1

Brad Quinton, Scott Chin



2 —2 4]
(nh; nx) 11 -1l W
[1 —2 3 2 X
n,m 3 1 2 1
(1) 2 2 -1 |-1
[ 0] a/ N
ﬂ owy, 0wy, 0wy
ow aJ aJ aJ
| aWZ’l aWZIZ 0W2’3_
0
9] of ) f

slide 146/219

1

0

-2 3
0 O

mat
mul

2

0f2,4
5W1’1

]

v

f [g _21 Ig _62] (np, m)

ﬂ32—22]
af

fo4 = Wp1X14 + Wi02X24 +Wy3X34

0f24

— 0
0W1,1

Brad Quinton, Scott Chin



Wx

(1, 12) 2 =2 4]
hr» Ttx 1 3 1w mat R f [4 2 =2 —2] (Tl m)
1 -2 3 21x mul 8 -1 10 6 h
n.,m 31 2 1
(1) 2 2 -1 -1l
aF 18 -1 10 6
ﬂ owy, 0wy, 0wy af
ow aJ aJ aJ
i 0W2,1 6W2,2 0W2’3_
aJ of 0] of [1 —2 3 2 Reminder:
= . = o . a
Owyy  Owyy Of owy, 0000 This is part of the fuIIJacoblané

slide 147/219
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2 —2 4
(nhrnx)
13 -Uw mat : f [4 R, —2] ()
1 -2 3 21x mul 8 -1 10 6 h
3 1 2 1
n,,m
(s ) L 2 -1 -1

9
af 8 —1 10 6

Now we can compute this

] of ] af =[1 -2 3 2
0 0 0 O

slide 148/219 Brad Quinton, Scott Chin



2 =2 4
(nhrnx) 1 3 —1J
1 -2 3 2
3 1 2 1
n,, m
(1) 2 2 -1 -1
rdf aJ a] 7
dj
- Owyq | 0wy, 0wy
ow aJ aJ ]
| aW2’1 6W2,2 0W2,3_
aj  df 0]
awl,l B 0W1,1 af

of

aWLl

|

1
0

Wx

mat

mul

-S4

-2 3 2

0

0 O

9
of ®

Remember:

The full operation is a 4D-Tensor Jacobian
multiply with a 2D-Tensor. We are only
looking at one part of this operation.

Inner product

(i.e. sum of elementwise multiply)

J]

6W1’1

=1%3+(=2)*2+4+3%(=2)+2*2+0%x8+0x(=1)+0x10+0%6 = —3

slide 149/219
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2 =2 47

(nh;nx) 1 3 1
—'w 9 _
_ mat R f l4 2 2 2] (n,, m)
1 =2 3 21 x mul 8 —1 10 6
3 1 2 1
n,,m
(M, ™) 2 2 -1 -1
o o A N
a] _3 af 8 —1 10 6

ow;, 0wgs
ow 19 oL oL
_aWZ’l 6W2,2 0W2’3_

Weight wy , has a -3 “impact” on Cost

o]  of 9] af =[1 -2 3 2]

5W1,1_0W1,1 af aVvl,l 0 0 0 0

dJ

T =1*x34+(—-2)*2+4+3*(—2)+2+x24+0x8+0x(—1)+0x10+0+6 = —3
1,1
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2 -2 4]
(nhrnx)
e 4 mat 2 m
1 -2 3 21x mul 8 -1 10 6 h
3 1 2 1
n,,m
N O R

N d] 32 —2 2
3F 18 -1 10 6
-3
ﬂ ow;, 0wy af
ow dJ aJ aJ
_aWZ’l OWZIZ 0W2,3 Summary SO far:
“ar o | ar o o oy We Iookgd .at h.ow to compute one eIemgnt of
dw,. Of | owi, OF Owis Of the multiplication between the full Jacobian
af d] of 9] of 9] Tensor with the upstream gradient matrix.
0w, Of 0wy, Of 0w,z Of. * Each element of the result depends on a slice

of the full 4D Jacobian Tensor.
e We looked at how to find a slice of the 4D
Jacobian Tensor
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(1) 2 =2 4
h» —
g s 1w mat . f l4 2 —2] ()
1 —2 3 21X mul -1 10 6 ho
3 1 2 1
n,,m
e ¢ 2 -1t _[8 1132
The Full 4D Jacobian Tensor:

- of  of  Of 7 _[ —232] of :[3121] of 12 2 -1 —1]
of _|owiy wi, dwps aw11 0 0 0 O aw12 000 o ow, oo 0 o0
ow [ of of _of _[o 0 0 0] _[o 0 0 o] of [0 0 0 o]

0wy 0w, 0wy 3l 6W21 -2 3 2 awzz 1 2 0w, 3 2 2 -1 -1

Shape: (np, ny, Ny, M) can also think of it as ((ny, ny), (ny, m))

For this example: shape is (2,3,2,4) and it’s easy to compute the whole thing

Remember this is not practical for any moderate deep neural network
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(i 11,) 2 =2 4
hr Tox 1 3 —-1w o
_ mat R f [4 2 2] (n,, m)
1 =2 3 21X mul 8 -1 10 6
(n,, m) 3 1 2 1
-2 2
2 2 -1 -1l
a7 l8 ~1 10 6
The Full 4D Jacobian Tensor:
rof  of  Of 7 af:1—232] of :[3121] of :l22—1 —1]
of |owy, Owi, dwis ow,; 10 0 0 0 aw12 0 0 0 0 aw13 00 0 0
ow | of _of of af:oooo] _[0000 loooo]
0wy 0w, 0wy 3l dw,, 11 -2 3 2 aw22 1 2 1 aw23 2 -1 -1

Notice any patterns to this Jacobian?
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2 -2 4
(nhrnx)
13 1w mat : f [4 — —2] ()
1 -2 3 21x mul 8 -1 10 6 h
3 1 2 1
n,,m
(e, m) 2 2 -1 -1 -2 2

S l8 —1 10 6
The Full 4D Jacobian Tensor:

rof  of  Of 7 af:1—232] af:[3121] af:l22—1 —1]
of |owr, Owr, 0wy, ow,; 10 0 0 0 6W12 0 0 0 0 aw13 00 0 0
ow | of _of of af:oooo] _loooo] looo o]

0wy 0w, 0wy 3l dw,, 11 -2 3 2 aw22 1 2 1 aw23 2 -1 -1

Each slice of the Jacobian is a copy of a row
from the other operand, x, and O’s otherwise!
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2 =2 4]
(nhrnx) 1 3 —1J

1 -2 3 2]

(n,, m) 3 1 2 1

2 2 -1 -1
The Full 4D Jacobian Tensor:
- Of of of af

af . aW]_,l 5W1,2 aWLg anl

ow | of  of  of

mat
mul

o

0w, 0wy, 0wy 3l 6W21

w o o w

|

f[4

Gwl )

_, O O M
NO ON

—1 Ig _62] (nh:m)
—2 21

—1 10 6
of :lz 2 -1 —1]
aw13 00 0 O
6W23 lo g —01 —01]

Recall: each element of downstream gradient is inner product between slice of Jacobian

and upstream gradient.

- d] d] adJ 7
ﬂ_ aW]_’l aW]_,Z 6W1,3
ow | dJ d] aJ

| 0w,y 0wy, 0wy

slide 155/219

of 9]

- 5W1,1 . af
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2 =2 47

(nhrnx) 1 3 1
—1] W _ _
_ mat f [4 2 2] (n,, m)
1 =2 3 21X mul -1 10 6
3 1 2 1
(ny, m) > 9 1 -1 < a] 3 2 =2 2]
ﬁ 8§ —1 10 6
The Full 4D Jacobian Tensor:
rof  of  Of 7 of _|[1_-2 3 2 of :[3 1 21 of :lz 2 -1 —1]
of |owy, Owi, dwis aw11 lo 0 o ol aw12 00 0 O aw13 00 0 O
ow | of _of of [o 0 0 0] _[o 0 0 0 lo 0 0 o]
0wy 0w, 0wy 3l 6W21 -2 3 2 OWZZ 1 2 1 6W23 2 -1 -1

Recall: each element of downstream gradient is inner product between slice of Jacobian
and upstream gradient. But only one non-zero row!

0]_[—3 9 12
54 51 =2 o  of 9]

0W1’1 B 0W1,1 . af

ow
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2 =2 47

(nhrnx) 1 3 1
__W _ _
_ mat f [4 2 2] (n,, m)
1 =2 3 21X mul -1 10 6
3 1 2 1
(ny, m) > 9 1 -1 < a] 3 2 =2 2]
af & -1 106
The Full 4D Jacobian Tensor:
rof  of  Of 7 af:1—232] afi[31211 af:l22—1 —1]
of |owy, Owi, dwis ow;; L0 0 0 0 aw12 lo o o ol aW13 00 0 0
ow | 9f  9f 9f af:oooo] [ 000 oo o
0wy 0w, 0wy 3l dw,, 11 -2 3 2 aw22 1 2 1 aw23 2 -1 -1

Recall: each element of downstream gradient is inner product between slice of Jacobian
and upstream gradient. But only one non-zero row!

0] 9 12
54 51 —2 aj  of 0]

dwi, 0wy, Of
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2 =2 47

(nhrnx) 1 3 1
__W _ _
_ mat f [4 2 2] (n,, m)
1 =2 3 21X mul -1 10 6
3 1 2 1
(ny, m) > 9 1 -1 < a] 3 2 =2 2]
ﬁ 8 —1 10 6
The Full 4D Jacobian Tensor:

- of of of af:1—232] af:[3121 _|22—1 —1!
of |owy, Owi, dwis ow,; 10 0 0 0 aw12 0 0 0 0 aw13 0 0 0
ow | of _of of af:oooo] _[0000 loooo]

0wy 0w, 0wy 3l dw,, 11 -2 3 2 aw22 1 2 1 aw23 2 -1 -1

Recall: each element of downstream gradient is inner product between slice of Jacobian
and upstream gradient. But only one non-zero row!

_:l 9 |17
w Ls4 51 =2 o]  of 9]

dwis 0wz Of
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2 =2 47

(nhrnx) 1 3 1
__W _ _
_ mat f [4 2 2] (n,, m)
1 =2 3 21X mul -1 10 6
3 1 2 1
(ny, m) > 9 1 -1 < a] 3 2 -2 2
af 8 —1 10 6
The Full 4D Jacobian Tensor:

- of  of  Of 7 _[ -2 3 2 of _ 31 2 1 af:l22—1 —1]
of |owy, Owi, dwis aw11 0 0 0 0 dwi, 100 0 0 aw13 00 0 O
ow | of of of of 10 0__0_ 0] of [0 0 0 0 looo o]

0w, 0wy, 0wyl dwp, 11 =2 3 2l Gw,, I3 1 2 1 aw23 2 -1 -1

Recall: each element of downstream gradient is inner product between slice of Jacobian
and upstream gradient. But only one non-zero row!

d =3 9 12
%_[54 51 —2 o]  of 9]

dwy,, 0wy, Of
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2 =2 47

(np, ny) _
1 -2 3 21x mul 8 -1 10 6 v
3 1 2 1

n,,m <

(7, m) 2 2 -1 -1 dj

Y pi Y

The Full 4D Jacobian Tensor:

rof  of  Of 7 af:1—232] af:[3121] af:22—1—1]
of |owr, Owr, 0wy, ow,; 0 0 0 0 ow,, 100 0 o oaw, lo 0o 0 o0
ow | of  of = of af_oooo] of 100 0 0 af_oooo]
0w, 0wy, 0wy s dw,, 1 -2 3 2 dws, 113 1 2 1| Bw,s 12 2 -1 —1

Recall: each element of downstream gradient is inner product between slice of Jacobian
and upstream gradient. But only one non-zero row!

d] _
aw=lst 51 2 oy of o

0W2,2 B aW2,2 . af
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(i 11,) 2 =2 4
hr Tx 1 3 —-1w o
_ mat f [4 2 2] (n,, m)
1 =2 3 21X mul -1 10 6
3 1 2 1
(ny, m) > 9 1 -1 < a] 3 2 -2 2
ﬁ |[8 —1 10 6]
The Full 4D Jacobian Tensor:
rof  of  Of 7 af:1—232] af:[3121 af:l22—1 —1]
of |owy, Owi, dwis dw;; 0 0 0 0 aw12 0 00 o odw, oo 0 o0
ow | of _of of af_oooo] _[0000 of 100 0 0
0wy 0w, 0wy 3l dw,, 11 -2 3 2 aw22 1 2 1 ow,, |2 2 -1 —1i

Recall: each element of downstream gradient is inner product between slice of Jacobian
and upstream gradient. But only one non-zero row!

-3 9
54 51 é] o] _ of 9]

aWz,s B aW2,3 af
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(nhr nx) 1 3 _1] W

mat 4 -2 =2
_F —2 3 2‘3( mul - f [ —1 10 6] (np, m)
3 1 2 1
n,,m <
(e, m) 2 2 -1 -1

The Full 4D Jacobian Tensor:

—l8_11§§

- df  Of  Of 1 Jdf |11 —2 3 2 daf =[3 1 2 1] daf =l2 2 -1 —1]
Of |owy; 0w, Owis aw11 o 0o o0 ol 6W12 0 00O aw13 0 0 O
ow [ of of _of _[o 0 0 0] _l 0 0 o] _lo 0 0 o]

0wy 0w, 0wy 3l 6W21 -2 3 2 GWZZ 3 1 2 1 6W23 2 -1 -1

Recall: each element of downstream gradient is inner product between slice of Jacobian
and upstream gradient. But only one non-zero row!

12 _ . | |
ow [54 51 —2 Furthermore, recall, Jacobian slices are just copies of rows

from x.
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(nhrnx) i :f :z]
w mat . f [4 2 -2 —2] (1)
n -2 3 21 x mul ] 8 —1 10 6 M, T
3 1 2 1
(ny, m) {2 5 1 —1 ﬂ 3 2 =2 2]

of 8§ —1 10 6
The Full 4D Jacobian Tensor:

.

of N or a o0

—— d Jacoblan Tens

Iw 't Nee [poeoo of _[0 0 0 0]
aWZ’l aWZ 2 31 2 1 6W2,3 2 2 -1 -1

Recall: each element of downstream gradient is inner product between slice of Jacobian
and upstream gradient. But only one non-zero row!

alzl——3| 9 12
ow

54 51 -2

Furthermore, recall, Jacobian slices are just copies of rows
from x. Therefore, don’t need Jacobian at all! Just look at x!
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2 =2 4
(nhrnx) 1 3 _1]W
mat R f [4 2 =2 —2] (ny, m)
1 -2 3 21 mul 8 —1 10 6 ho
3 1 2 1
(ny, m) ——— _JI ¢ ﬂ 3 2 =2 2]

6f 8 —1 10 6

.

of N or a o0

—— d Jacoblan Tens

Iw 't Nee [poeoo of _[0 0 0 0]
aWZ’l aWZ 2 31 2 1 6W2,3 2 2 -1 -1

Recall: each element of downstream gradient is inner product between slice of Jacobian
and upstream gradient. But only one non-zero row!

0] 9 12
54 51 -2

Furthermore, recall, Jacobian slices are just copies of rows
from x. Therefore, don’t need Jacobian at all! Just look at x!
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(nhrnx) i _32 _41_W
' mat R f [4 2 =2 —2] (1, m)
[ 21 x mul 8 -1 10 6 h)
% 1
(Nx, M) - = : 9] 3 2 -2 21

of 8§ —1 10 6
The Full 4D Jacobian Tensor:

.

of N or a o0

—— d Jacoblan Tens

Iw 't Nee [poeoo of _[0 0 0 0]
aWZ’l aWZ 2 31 2 1 6W2,3 2 2 -1 -1

Recall: each element of downstream gradient is inner product between slice of Jacobian
and upstream gradient. But only one non-zero row!

9 12]

c4 51 —2 Furthermore, recall, Jacobian slices are just copies of rows

from x. Therefore, don’t need Jacobian at all! Just look at x!
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(1) Y, 4]
o 13 -Uw mat . f [4 2 2 —2] ()
n -2 3 21 x mul ] 8 -1 10 6 ", M
3 1 2 1
() {2 2 -1 -1 of 3B _2 -2 2
ﬁ |[8 —1 10 6]
The Full 4D Jacobian Tensor:
_ 1 —1]
of N or a o0
- d Jacoblan Tens
ow tNee _[0000 of _10 0 0 o]
aWZ’l aWZ 2 3 1 2 1 6W2,3 2 2 —1 —1

Recall: each element of downstream gradient is inner product between slice of Jacobian
and upstream gradient. But only one non-zero row!

0_]=l—3 9 12

ow U4l 51 —2 Furthermore, recall, Jacobian slices are just copies of rows

from x. Therefore, don’t need Jacobian at all! Just look at x!
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() © A
LW mat 2 )
1 -2 3 21x mul 8 -1 10 6 ho
ey [ 12 1] I m 22
| ﬁ |[8 —1 10 6]
The Full 4D Jacobian Tensor:

| coblan Tensor a
tNeEdJa _[o 0 0 0 af 0 0 0 o]

3 1 2 U Gw,, 12 2 -1 -1

aWZ’l aWZ 2

Recall: each element of downstream gradient is inner product between slice of Jacobian
and upstream gradient. But only one non-zero row!

9] —
= [52 ﬁ izz Furthermore, recall, Jacobian slices are just copies of rows
from x. Therefore, don’t need Jacobian at all! Just look at x!
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N 2 -2 47
o 13 -Uw mat . f [4 I, —2]
[ 21 % mul ] g -1 10 6] M™M
3 1
(ny, m) _1 _1J| < a] 3 2 -2 2
ﬁ I[ -1 10 6]
The Full 4D Jacobian Tensor:
_ 1 —1]
of N or a o0
- d Jacoblan Tens
ow tNee _[0000 of _10 0 0 o]
aWZ’l aWZ 2 3 1 2 1 6W2,3 2 2 —1 —1

Recall: each element of downstream gradient is inner product between slice of Jacobian
and upstream gradient. But only one non-zero row!

_54 591 é] Furthermore, recall, Jacobian slices are just copies of rows
from x. Therefore, don’t need Jacobian at all! Just look at x!
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2 =2 4 7
(N 1y) l
1 -2 3 21X

(n,, m) 3 1 2 1
x 2 2 -1 -1

6] 6]
ow ﬁ

(np, Ny) 2y, m) (M, 1)

slide 169/219

Wx

ajl —2 2
af 8 —1 10 6

* No Jacobian require at all!

* This matrix multiply yields same result as
doing the full 4D-Tensor Jacobian and
upstream gradient matrix multiply!

* Similar intuition as scalar multiply
— gradient is depending on value of
other operand
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2 =2 4 7
(N 1y) l
1 -2 3 21X

(n,, m) 3 1 2 1
x 2 2 -1 -1

6] 6]
ow ﬁ

(np, Ny) 2y, m) (M, 1)

slide 170/219

Wx

ajl —2 2
af 8 —1 10 6

* No Jacobian require at all!

* This matrix multiply yields same result as
doing the full 4D-Tensor Jacobian and
upstream gradient matrix multiply!

* Similar intuition as scalar multiply
— gradient is depending on value of
other operand
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2 =2 47

(nhlnx) l]_ 3 —]_W
1 -2 3 21x

3 1 2 1
n,, m
(e, m) 2 2 -1 -1

6] 6]
ow ﬁ

(np, Ny) 2y, m) (M, 1)

From Assignment 2 and Lecture 6

dw2l = = qz[21 4007

slide 171/219

Wx

ajl —2 2
af 8 —1 10 6

No Jacobian require at all!

This matrix multiply yields same result as
doing the full 4D-Tensor Jacobian and
upstream gradient matrix multiply!
Similar intuition as scalar multiply

— gradient is depending on value of

other operand
This is what you used in Assighment 2 and

saw In Lecture 6
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(M ) .

1 -2 3 21x

3 1 2 1
n,, m
(e, m) 2 2 -1 -1

J_y,
ow —ar%

(np, Ny) 2y, m) (M, 1)
d] - 0]

6‘x_W ﬁ

(N, m)=> (g, np) (M, M)
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No Jacobian require at all!

This matrix multiply yields same result as
doing the full 4D-Tensor Jacobian and
upstream gradient matrix multiply!
Similar intuition as scalar multiply

— gradient is depending on value of

other operand
This is what you used in Assighment 2 and

saw In Lecture 6
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Analyzing With a Scalar View

v"
(D)) () @@ 0000
EDEE) EEEE) @EEE)
@@0

oL oL

+ x « —
aW1,1 af1,1 12 af1,2 w3 af1,3 o 0f14
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Cost Function Revisited



Layer O (Input Layer) Layer 1 Layer 2 Layer 3 (Output Layer)
n, = TL[O] =2

Training

(ny, m)

m
1 .
Al = x Wt has shape (5, 2) W2! has shape (4, 5) W B! has shape (3, 4) /= EZL(O
has shape (2,) 5 i=1
B has shape (5,) B!2] has shape (4,) BB! has shape (3,)
Al has shape (5,) A2l has shape (4,) ¥ = AB! has shape (3,)
7111 has shape (5,) 7121 has shape (4,) 7131 has shape (3,)
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slide 176/219

Layer 3 (Output Layer) /
nl3l = 3 /
, [/  Training

1 .
W3l has shape (3, 4) J= _Z L®
BB! has shape (3,)

¥ = AB! has shape (3,)
7131 has shape (3,)

Brad Quinton Scott Chin
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Layer 3 (Output Layer) /

. [/ Training
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Layer 3 (Output Layer) /

. [/ Training
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Layer 3 (Output Layer) /

. [/ Training
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Layer 3 (Output Layer) /

. [/ Training
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Layer 3 (Output Layer) /

/  Training
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Layer 3 (Output Layer) /

_1 g_1
J=57 of m
f=) 10 9 _019

; oL OLOf
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Layer 3 (Output Layer) /

1
_1 g_1
J=57 of m
f=zL(i) 0_]_@0_] g—???
— oL odLof oL
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Summation is just addition

m
=1

Shape (m,) Scalar
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Summation is just addition

i e F=LMW 412 4.4 (M)

'= i=1 L™

Shape (m, ) Scalar “ L f
1, (m)
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Summation is just addition

m f = LD 1@ ... (M)
= z L
£ (1)
Shape (m,) Scalar “ 1(2) f
LM ﬂ

of
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Summation is just addition

m
: f = LD 1@ ... (M)
=1

- L(1)
Shape (m,) Scalar “

1(2)

Lm o) 9
of of

slide 187/219 Brad Quinton Scott Chin



https://www.singulosresearch.com/
https://www.singulosresearch.com/about

Layer 3 (Output Layer) /

/  Training
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Layer 3 (Output Layer) /

Shape (m,)
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Layer 3 (Output Layer) /

1 -
 Downstream gradients will be = Z L® 3 -
scaled by 1/ m 1=1 9 _ : Shape (m)
* Each sample is only makinga 1/ m oL 1
contribution to the final cost m

Brad Quinton Scott Chin
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Layer 3 (Output Layer) /
From Assignment 2 and Lecture 6
1
dwl2l = = gz[2140UT
m
aw!tl = idz[llXT
m
. . A0 1-
* Downstream gradients will be f Z L 9 "
scaled by 1/ m =1 — = : Shape (m)
* Each sample is only makinga 1/ m oL 1
contribution to the final cost m

Brad Quinton Scott Chin
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Broadcasting
(Addition of the Bias)
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(nl'-1, m) One Layer Vectorized Over m Training Samples
All-1]

(n[l], m) (n[l], m) (n[l], m)
Alll

slide 193/219



(nl'-1, m) One Layer Vectorized Over m Training Samples
All-1]
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(nl'-1, m) One Layer Vectorized Over m Training Samples
All-1]

(n[l], m) (n[l], m) (n[l], m)
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(nl'-1, m) One Layer Vectorized Over m Training Samples
All-1]
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(nl'-1, m) One Layer Vectorized Over m Training Samples
All-1]

(nthm)  (H,m) (nld,m)

a) o But B[l] is shape (nl4))

0Bl 9z and |sshape(n m)
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(n[l—l], m)
All-1]

slide 198/219

One Layer Vectorized Over m Training Samples

How did we add a (n[l],m) tensor with a
(n!",) tensor to get a (n!Y, m) tensor?!




(nl'-1, m) One Layer Vectorized Over m Training Samples
All-1]

Broadcasting!

How did we add a (n[l],m) tensor with a
(n!",) tensor to get a (n!Y, m) tensor?!

# In NumPy
Z2 = np.matmul (W2, Al) + B2

slide 199/219



Broadcasting/Replicating

] b{l] 7 Replicated m times I b{l] b{l] b{l] ]
l < > l l ,
gl — | b3 L g gl |B B 0
1 0 1
_bn[l]_ —bn[l] bn[l] bn[l]-
(nl)) (n¥,m)

* So now all operands of the addition are shape (n[l],m)

* Intuition: When calculating activations on the layer, the same
parameters are used for each of the m sample
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Broadcasting/Replicating

SAlUR Replicated m times gAlU 1] [1] 1
bl P bl bl bl
1] < > 1] 1] 1]
1] ] [1] ]
b i b b b
[
(Tl l]’) (Tl[ ]’m)
7zl = matmul(W[l],X) + Bl1]
PREURREE
11 1,2
1 1
Wai W L0 @
— Ws[ll] Ws[lz] [ 1(1) 1(2) + «— Recall from slide 51
[1] ] | X2~ X2
Wy1 Wyp
slide 201/219 Ws[’ll] Ws[’lz] Brad Quinton Scott Chin
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(nl'-1, m) One Layer Vectorized Over m Training Samples
All-1]

Modifying the compute graph to be a bit
more explicit in what is happening
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(nl'-1, m) One Layer Vectorized Over m Training Samples
All-1]
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Replicated m times

I
plt ! I | |

I

S |
o) |

I

I
pl4 | T T I
nlll

! Broadcast
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(n[l], ) (n[l], m)

Broad a]

cast

0z Each column is for one sample

Replicated m times Each row is for one unit of the layer

@
@ T
@

slide 206/219

Broadcast

Brad Quinton, Scott Chin

1 2 1
o) (1) o) (2) o) (m)
az{” 62{” 62{”

1 2
) o) D o) (2) o) (m)
37 = | \az1! o710 -\ ozl
. . . ) .
[1] ] [1]
] azn[l] azn[l] azn[l] |




(nI”,rn)
Broad
cast - a]
07
Replicated m times
<

[]
@
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Broadcast

Each column is for one sample
Each row is for one unit of the layer

3] €Y)

aJ
62{

(2) 3]
l]) ( aZ{l]

) (m)

J
0Z

e
_<

aJ
62£

aJ

)(4)

]

o) (1) (2)
6znm aznm

aJ
azg]

aJ
[1]
aznm

:
)
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Broad

cast

4

0]

0Z

Replicated m times

[]
@
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Broadcast

Each column is for one sample
Each row is for one unit of the layer

1 2
o) €)) o) 2 o) (m)
621[1] 621[” 621[”
1 2
) o) €)) o) 2 o) (m)
07 6Z£l] azgl] azgl]
e — :
[1] [1] [1]
] 6zn[l] azn[l] azn[l]
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Replicated m times
<
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Broadcast

Each column is for one sample
Each row is for one unit of the layer

J
0Z

aJ
az}”

aJ
azgl]

)|
X

aJ

(?ZP]

)

aJ

62{”
aJ

) (m)

>(m) 7

_(

aJ
[1]
6zn[l]

)m (
[1]
azn[l]

aJ

>(2) (
[1]
azn[l]

aJ

) (m)
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Broadcast

Each column is for one sample
Each row is for one unit of the layer

3] €Y)

aJ
62{

(2) 3]
l]) ( aZ{l]

) (m)

J
0Z

e
_<

aJ
62£

aJ

)(4)

]

o) (1) (2)
6znm aznm

aJ
azg]

aJ
[1]
aznm

:
)
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Broadcast

Each column is for one sample
Each row is for one unit of the layer

3] €Y)

aJ
é?z{

(2) 3]
) (o

) (m)

J
0Z

o)
_(

i

aJ
é7z£

aJ

)(4)

1]

(1 (2)
aZn[l] aZn[l]

aJ
é?zé”

aJ
[1]
azzlﬂ]

:
)
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(n[l], m)

Broad

cast

0]
0Z

Replicated m times

Broadcast

Each column is for one sample
Each row is for one unit of the layer

d]
0Z

) |
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(n[l], m)

Broad

cast

0]
0Z

Replicated m times

aJ

—— =777
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Broadcast

Each column is for one sample
Each row is for one unit of the layer

aJ
az}”

1) o (2)
) e
5] < 3] )(l) (a_]>(4)
07 azgl] azg]

o) (m)
62{”
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(n[l]’ ) (Tl[l], m)
Bl - ) o]
) 07
Replicated m times
<
L |
ny AL
4 g
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®

Broadcast
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Each column is for one sample
Each row is for one unit of the layer

i 6] (1) ( 3] )(2) ( 3] >(m)
621 az{] az{]
(m)
G () - G
97 622 622 azgl]
a]. (m)
(62 ) (aznl[]l]> (621[:[]”)

Brad Quinton, Scott Chin



Bl i o]
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0Z
Replicated m times
<
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l [ |
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% =777 Broadcast
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Each column is for one sample
Each row is for one unit of the layer

) )
62{1]

o] (
07 6Z£l]

)|
X

aJ

(?ZP]

G

P

aJ
62{”

aJ
azgl]

) (m) -
) (m)

1
1]
] 6zn[l]

aJ
az[l

|
nlll

)

aJ
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) (m)
]
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From Lecture 5

[1] Broad a
B - cast - ] dB[Z] — l Z dz[Z]
0Z m

rows

Replicated m times

< S dpl =lz dz0]
m

rows
b[l] T T T
1 # From Assignment 2
dB2 = 1/m * np.sum(dZ2, axis=1)
1 |
| | |
MR
nlll <

aJ

BTl =777 Broadcast
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(n[l], ) (n[l], m)

Broad a] 1
cast 2 dB[Z] — Z dZ[Z]
0Z m

rows

Replicated m times 1
< > B!l =_Z dz1l
m

From Lecture 5

rows

@

R

1 # From Assignment 2
@

dB2 = 1/m * np.sum(dZ2, axis=1)

Side Note:
* This highlights why average loss is more
practical than total loss.
* |t provides the 1/m term. Without it, the
T T T gradients on our parameters would increase
as m increases, and cause numerical
overflow issues.

—77? Broadcast
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Learning Objectives

* Extend our understanding of backpropagation to vectorized
operations

* Be able to do Assignment 3

slide 218/219 Brad Quinton Scott Chin



https://www.singulosresearch.com/
https://www.singulosresearch.com/about

| | . ® .
I -
" k N -?

. é V | 1
*

IT'S FINALLY OVER™


https://www.singulosresearch.com/
https://www.singulosresearch.com/about

