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Abstract— This paper presents an experimental framework
for the measurement of the viscoelastic properties of tissue
mimicking material. The novelty of the presented framework
is in the use of longitudinal wave excitation and the study of the
longitudinal wave patterns in finite media for the measurement of
the viscoelastic properties. Ultrasound is used to track the longi-
tudinal motions inside a test block. The viscoelastic parameters of
the block are then estimated by two methods: a wavelength mea-
surement method and a model fitting method. Connections are
also made with shear elastography. The viscoelastic parameters
are estimated for a number of homogeneous phantom blocks. The
results from the new methods are compared to the conventional
rheometry results.

I. INTRODUCTION

The viscoelastic characterization of tissue and tissue mim-
icking material is of interest in many areas of biomedical
research. The variability in tissue stiffness due to anatomical
features, as well as the changes incurred in tissue stiffness due
to pathology, has led to the development of elastography as
a clinical imaging modality [1]–[5]. In general, elastography
involves observation of mechanical deformation patterns inside
tissue by means of a clinical imaging system and use of these
patterns to infer mechanical properties of the tissue being
imaged.

To create deformation inside tissue different methods have
been devised. Acoustic excitation by sound waves was used
by Lerner et al. [6], [7]. Ophir et al. proposed quasi-static
compression [8]. Rudenko et al. used acoustic radiation force
of focused ultrasound to create shear waves inside tissue
[9], [10]. Sandrin et al. used external shakers which create
longitudinally polarized shear waves [11]–[13]. Excitation by
two or more sources of slightly different frequencies has also
been considered. The sources are focused ultrasound in the
work by Fatemi and Greenleaf [14]. They are shear wave
sources in the work by Hoyt et al. [15]. Among these works,
only Ophir et al. used compressional excitation, and only in the
quasi-static settings. In all the other cases, either dominantly
shear excitation is used, or the compressional excitation is
ignored or suppressed by taking the curl of the displacement
field.
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To quantitatively study the effectiveness of elastography
imaging methods in providing images of viscoelastic proper-
ties of tissue, it is of interest to test these methods on phantoms
with known anatomical features of known viscoelastic proper-
ties. A number of researchers are involved in the development
of phantoms with adjustable viscoelastic properties [16]–[23].

Some researchers have used conventional rheometry to
validate the results obtained from their elastography techniques
[24], [25]. Other researchers have developed specific methods
for measuring viscoelastic properties of the phantom and soft
tissue specimens [26], [27]. Srinivasan et al. used a nanoin-
denter to measure elasticity [28] . Kalanovic et al. compared
the results of elasticity measurements with a commercial
indenter to the results obtained from their developed shear
rheometry device [29]. Egorov et al. have developed a soft
tissue elastometer which uses a small profile indenter and a
scale to measure the applied force [30]. They concluded that
the validity of their results depends on the size of the tissue
sample relative to the size of the indenter. Samani et al. also
used a small profile indenter to measure elasticity [31]. FEM
was used in their work to study the geometric constant relating
the force to the indentation. In their work magnetic resonance
imaging based elastography was also proposed for the purpose
of rheometry.

Mechanical wave propagation in elastic continua has been
studied extensively and is well understood [32], [33]. Some
viscoelastic continua have also been studied with certain
assumptions about the viscoelastic behavior of the matter [34],
[35]. In general the stress-strain relationship for a material
can be very complex. The assumption usually made is that
the stress-strain relationship can be modeled by linear time
invariant differential equations.

Low frequency shear waves were used in the work of
Catheline et al. for the measurement of the viscoelastic
properties of tissue [36]. Longitudinally polarized transient
shear waves were produced mechanically and the resulting
displacements were tracked by ultrasound speckle tracking to
give measurements of the wave speed and attenuation through
an inverse problem approach. It was shown that a Voigt model
fits the visoelastic behavior of the living tissue better than a
Maxwell model.

It is the objective of this research to:
• Show theoretically and experimentally that low frequency

longitudinal waves can propagate in a tissue mimicking
material of finite dimensions at speeds which are much
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lower than those normally associated with ultrasound
propagation.

• Show experimentally that it is possible to use ultrasound-
based speckle tracking techniques to track the longitudi-
nal waves.

• Show theoretically and experimentally that the measured
displacements caused by longitudinal wave propagation
can be used to estimate the viscoelastic properties of the
tissue mimicking material.

To this end, a new framework is developed for viscoelastic
characterization of tissue and phantom specimens by using
longitudinal wave excitation and validated against the conven-
tional rheometry.

We start by a brief review of longitudinal wave equations in
elastic media in Section II. The experimental setup, material,
and methods used are presented in Section III. Section IV is
devoted to the presentation of our rheometry methods. The
experimental results are presented in Section V and discussed
in Section VI. We conclude the paper in Section VII.

II. THEORY OF WAVE MOTION

In this section the theory of wave motion in elastic media is
briefly reviewed and the notation used in the article presented.
The presentation is adopted from [33]. We start with the model
of an elastic medium. We use u(x) to denote the displacement
vector field. τij and εij are used to denote the stress and strain
tensors. By definition:

εij =
1
2

(
∂

∂xj
ui +

∂

∂xi
uj

)
. (1)

The fundamental conservation equations in a medium can then
be expressed as:

mass : ∂
∂tρ +

∑
i

∂
∂xi

(ρu̇i) = 0 , (2)

momentum :
∑

j
∂

∂xj
τji + ρfi = ρüi , (3)

angularmomentum : τij = τji i 6= j , (4)
energy : ρė =

∑
ij τjiε̇ij . (5)

where ρ(x) is the density, f(x) is the force per unit mass vector
field, and e(x) is the internal energy per unit mass. These
equations hold regardless of the type of the medium. To model
the specific behavior of different media, they are concatenated
by a set of constitutive equations. These equations model the
stress-strain behavior of the medium.

If we assume a homogeneous isotropic elastic medium,
under small strains, the constitutive equations widely used are

τij = λ(ε11 + ε22 + ε33)δij + 2µεij , (6)

where δij is equal to one if i = j, and zero otherwise. λ and
µ are called the Lamé constants.

A number of other constants are also defined based on the
Lamé constants,

E = µ(3λ + 2µ)/(λ + µ) = Young′s modulus , (7)

ν =
1
2
λ/(λ + µ) = Poisson′s ratio , (8)

K = λ +
2
3
µ = bulk modulus . (9)

The inverse of the equation (6) can be expressed in terms of
these constants as

εij =
1 + ν

E
τij −

ν

E
(τ11 + τ22 + τ33)δij . (10)

At this point, it is worth defining the scope of our problem
in terms of these parameters in dealing with soft human tissue
and tissue mimicking material. It has been found experimen-
tally that these materials are nearly incompressible [37], [38].
Hence the Poisson’s ratio ν for these materials is very close to
0.5. In this respect, the material under study is closer to liquids
such as water and hydraulic oils than to solids such as steel
and aluminum. In terms of having a definite shape, a tissue
mimicking material is closer to solids than liquids. A number
of consequences follow from these peculiar properties:

ν ≈ 0.5 , (11)
λ � µ , (12)
E ≈ 3µ , (13)
K ≈ λ . (14)

In the rest of this article it is assumed that the relations (11)
to (14) hold.

The equations (2) to (6) form a complete set of equations for
the displacement fields, stresses and density and can be used to
derive the most general form of the wave equation [32], [33].
For our purposes it suffices to consider some special cases.
We are particularly interested in longitudinal (compressional)
waves. The two cases of interest are plane waves in an infinite
medium, and plane waves in a finite block of medium.

A. Longitudinal Plane Waves in an Infinite Medium

In this case, it is assumed that particle motion is only in
one direction (x1 direction), i.e. u2 = u3 ≡ 0. Also because
of the symmetry of the plane wave, there is no variation of u1

in the x2 and x3 directions, i.e. ∂u1/∂x2 = ∂u1/∂x3 ≡ 0.
These assumptions can be used to derive the wave equation

for a longitudinal plane wave propagating in the x1 direction
in an infinite elastic medium,

(λ + 2µ)
∂2

∂x2
1

u1 = ρ
∂2

∂t2
u1 . (15)

This equation predicts that the wave speed would be

cinf =

√
λ + 2µ

ρ
. (16)

Because of the assumptions, in this case the strain tensor
takes the form

ε11 =
∂

∂x1
u1 , (17)

εij = 0 otherwise . (18)

The stress tensor can be found using the constitutive equations
(6),

τ11 = (λ + 2µ)ε11 , (19)
τ22 = λε11 , (20)
τ33 = λε11 , (21)
τij = 0 otherwise . (22)
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It is evident from these equations that an infinitesimal cubic
volume in the medium experiences normal forces acting on
all of its surfaces as the plane wave propagates through that
small volume.

Before we move on to the next case, it is important to
mention that the wave speed which is widely reported and
accepted in the literature for ultrasound is

cUS =

√
K

ρ
=

√
λ + 2

3µ

ρ
(23)

where K is the adiabatic compressibility in the case of fluids
and bulk modulus in the case of solids [39]. If the tissue is
modeled as a fluid and the longitudinal wave propagation as
an adiabatic phenomenon, the wave speed would be cUS. If it
is modeled as an elastic solid, the wave speed would be cinf

of equation (16). However the difference between these two
numbers is much smaller than the accuracy of the practical
measurements in this research, so cinf will be used throughout
this paper as the ultrasound speed.

Based on ultrasound theory and a large body of evidence,
when a small source of longitudinal vibrations (piezoelectric
crystal) with sub-millimeter dimensions is placed on the skin,
with the human body as the propagation medium, the pulses
travel with a speed given by (23) or (16). Therefore for a sub-
millimeter wave source of high frequency, the body acts as an
infinite medium. As will be shown in the next subsection, the
same is not true for all cases of longitudinal wave propagation
in solids.

B. Longitudinal Plane Waves in a Finite block of a Medium

Another case of special interest is the propagation of lon-
gitudinal waves in material blocks. In this case the effects of
finiteness of media should also be taken into account. More
specifically, if a rectangular block of material is subjected to
a spatially uniform, possibly time varying force on one of its
surfaces, a longitudinal wave would propagate in the block.

The study of waves of this type could be facilitated by
making some assumptions about the stress and strain patterns
inside the block. Two main assumptions are made here: that the
“strain is uniform on each cross section of the block at every
instant”, and that “plane sections remain plane under stress”.
These assumptions make it possible to model the phenomenon
as a one-dimensional problem.

We further elaborate on these assumptions. A medium with
a finite cross section acts as a waveguide for elastic waves.
At each frequency of excitation a number of spatial modes
are excited. Each of these modes has its own wave speed
associated with it. As a result the wave speed depends on the
frequency of excitation. Now consider an infinitely long rod
of finite cross section which experiences a spatially uniform
low frequency compression over its cross section. Under
these conditions the dominant mode of the rod has a wave
pattern which satisfies the assumptions made here [32]. More
precisely, at low frequencies only the first mode is excited and
the amplitude of vibrations is almost constant over the cross
section. This justifies the use of the assumptions made here
and the use of a 1D model.

Now assume that the wave is propagating in the x1 direc-
tion. The fact that the block has free boundaries on its sides
causes the lateral stresses to vanish on the surfaces,

τ22 = 0 , (24)
τ33 = 0 , (25)
τij = 0 i 6= j . (26)

Because of the assumptions made, these conditions hold
throughout the block. If not, the infinitesimal volumes lo-
cated around the boundary of the block, would be (axially)
compressed more, because of the absence of lateral stresses,
than internally located infinitesimal volumes. As a result plane
sections would not remain plane anymore which contradicts
the assumptions. Moreover, the top and bottom boundaries of
the block should be frictionless slip boundaries to prevent any
external lateral forces on them.

Now the constitutive equation (10) gives

ε11 =
1 + ν

E
τ11 −

ν

E
τ11

=
1
E

τ11 , (27)

or equivalently

τ11 = Eε11

=
µ(3λ + 2µ)

λ + µ
ε11 . (28)

As a result, the equation of a longitudinal wave propagating
in the x1 direction in the block would be

µ(3λ + 2µ)
λ + µ

∂2

∂x2
1

u1 = ρ
∂2

∂t2
u1 . (29)

This equation predicts that longitudinal waves propagate in the
block at a speed of

cfin =

√
µ(3λ+2µ)

λ+µ

ρ
=

√
E

ρ
. (30)

A comparison of (30) with (16) shows that the propagation
speed of longitudinal (compressional) waves is different in fi-
nite blocks as compared to infinite media of the same material.
For nearly incompressible material cfin ≈

√
3µ/ρ =

√
3cS

where cS =
√

µ/ρ is the shear wave speed in the infinite
medium. This speed is in the order of 1 to 10m/s for soft
tissue which is much smaller than cinf which is approximately
1540m/s.

Since cfin is much smaller than cinf , it is possible to track
the longitudinal wave propagation in blocks of tissue using
pulsed ultrasound. Our objective is to perform rheometry
measurements by studying the longitudinal wave patterns
inside finite blocks of tissue phantoms. In the next section the
apparatus and methods used to create these wave patterns and
collect data are presented. The proposed rheometry methods
for analyzing the collected data follow in Section IV.
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III. EXPERIMENTAL METHODS AND SETUP

In this section the experimental setup is discussed, and
the acquired data are described. For ultrasound elastography
studies, a device has been developed which is capable of
applying dynamic compressions to a phantom while it is being
imaged by an ultrasound probe. The detailed description of this
device can be found in [40].

Figure 1 shows a simplified schematic of this device.
The device has two plates between which the phantom is
compressed. The upper plate is connected to the chassis and
does not move. This plate has an opening for an ultrasound
probe, and fitted by a linear array ultrasound probe. The lower
plate is confined to move in one direction by a linear bearing.
This plate is connected to a cam follower mechanism sitting
on a cam driven by a controlled DC motor.

Fig. 1. Simple schematic of the rheometry device

For testing, a rectangular phantom block is placed between
the two plates and the height of the upper plate is adjusted to
have some pre-compression on the phantom to ensure contact
with the ultrasound transducer is maintained. By (24) - (26)
it is required that the top and bottom surfaces of the block
only experience forces in the vertical direction. To match the
experimental conditions to the theoretical ones, ultrasound gel
was used as a lubricant on the top and bottom surfaces of the
phantom in contact with the plates to reduce the friction.

Super Soft PlasticTM (M-F Manufactureing Co., Inc. Fort
Worth, Tx, USA), a PVC (Poly Vinyl Chloride) based plastic,
was used as the phantom material. The stiffness of this material
can be adjusted by adding Plastic SoftenerTM or Plastic
HardenerTM provided by the same company. SigmaCell R©
Cellulose, Type 50 (Sigma-Aldrich Inc., St Louis, MO, USA)
was added to the phantoms as the ultrasound scatterer to de-
velop the speckle pattern needed for ultrasound-based motion
tracking. For each 100mL of liquid plastic, 1mL of cellulose
was added. We used a 40mm×30mm×30mm mold to fabri-
cate five homogeneous blocks with different stiffnesses. The
fabrication parameters, together with the measured densities
and ultrasound speeds cinf for these phantoms are summarized
in Table I. The densities were measured by weighing the

TABLE I
FABRICATION AND MEASURED PROPERTIES OF THE FIVE TEST PHANTOMS

Plastic Hardener Softener density ultrasound
phantom (volume (volume (volume (kg/m3) speed

No portion) portion) portion) ±5% (m/s)±1%

1 4 0 2 1020 1420
2 5 0 1 1030 1420
3 6 0 0 990 1410
4 5 1 0 1010 1440
5 4 2 0 1030 1410

TABLE II
PARAMETERS OF THE ULTRASOUND IMAGING SYSTEM

parameter value
probe type L9–4 linear array
center frequency 4MHz
sampling frequency 20MHz
depth of focus 25mm
imaging depth 40mm
Doppler pulse repetition frequency 2.5kHz
number of samples acquired 75,472

phantoms with a precision scale, and measuring the block di-
mensions with calipers and dividing the mass by the calculated
volume. The ultrasound speed was found by first measuring the
depth to the bottom of the phantom on a B-mode ultrasound
image which is displayed on the ultrasound machine assuming
an ultrasound speed of 1540m/s, and then correcting the speed
so that the measured depth matches the height of the phantom.
As can be seen, the density and cinf are not greatly affected
by changing the proportion of Plastic to Softener or Hardener.

In all the experiments the lower plate was excited with
Gaussian white-noise, band-limited to 4–150Hz, while RF-
lines were collected for 30 seconds at a rate of 2500
lines/second in the Doppler mode from a single A-line. The
imaging system used was a Sonix RP ultrasound machine
(Ultrasonix Medical Corp., Richmond, BC, Canada). The
parameters of the imaging system are summarized in Table II.

The acquired RF-line data were processed off-line to obtain
the displacement profile of each point along the scan line.
Since the models used are 1D models, only the axial displace-
ments were calculated. Lateral displacements also occur which
could be used to improve the estimations in future work. The
algorithm used for displacement calculations is described in
[41]. The parameters used are summarized in Table III. We
use the notation um(x, t) to denote the measured displacement
of a point located at depth x at time t. It is worth mentioning
that both x and t are discrete variables in this notation.

The discrete Fourier transform was then applied to um(x, t)
to obtain the phasor displacement profile Um(x, jω). Fre-
quency domain averaging was also used, as provided by the
tfestimate function of MATLAB R© to smooth the data.
The data were normalized at each frequency separately so that
the element located at x = 40mm would have unit amplitude
and zero phase. This normalization does not have any effect
on the results, but it helps with the plotting of the phasor data.

At each frequency ω, Um(x, jω) is a complex-valued func-
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TABLE III
PARAMETERS OF THE SPECKLE TRACKING MOTION ESTIMATION

ALGORITHM

parameter value
number of blocks 80
block length 1mm
block overlap 50%
displacement measurement relative (corresponding to block velocity)
stretching not used

tion of x which gives the steady-state displacement phasor of
a point located at x inside the phantom, if the phantom were
excited with frequency ω. A typical phasor profile is plotted in
Fig. 2. Parts (a) and (b) show the amplitude and phase of the
phasor profile as a function of depth x, while part (c) shows the
same profile as a curve in the complex plane (parameterized
by the depth x). In the next section Um(x, jω) will be used
to characterize the viscoelastic properties of the phantoms.

To validate our estimation results, we collected conventional
rheometry data from the phantoms. This was achieved by a
modification to the device of Fig. 1, where the ultrasound
probe and upper plate were replaced by a force sensor (Load
Cell MDB-2.5, Transducer Techniques, Temecula, CA, USA).
The rheometry device was reported in a previous article [40].
More details about the rheometry method used in this article
can be found in the Appendix.

IV. PROPOSED RHEOMETRY METHODS

In this section two methods are introduced for analyzing the
obtained data presented in the previous section for estimation
of viscoelastic properties of tissue phantoms. We start by
deriving a viscoelastic model for the phantom block to be
used in these methods.

Longitudinal wave propagation in a viscoelastic block can
be modeled in a number of different ways [32], [33]. The
most complete model is obtained by solving the three dimen-
sional wave equation in a viscoelastic medium with boundary
conditions adopted to match that of the block. Except for
some special cases for which analytical solutions have been
derived [33], this model is quite difficult to solve and requires
numerical methods such as finite element methods. Thus
approximate models are usually used.

The simplest approximate model is the model presented in
equation (29) of subsection II-B. From now on for brevity
we denote the first coordinate by x ≡ x1. In the frequency
domain, this equation becomes

(jω)2ρU =
µ(3λ + 2µ)

λ + µ

∂2

∂x2
U

= E
∂2

∂x2
U. (31)

A next step in the modeling is the introduction of a first
order viscosity term. The Voigt model was shown to more
closely follow the behavior of the soft tissue [36]. In this case

(a)

(b)

(c)

Fig. 2. A typical normalized displacement phasor profile, belonging to
phantom No.3 at a frequency of 90Hz. The (a) magnitude and (b) phase
of the phasor profile (c) the same normalized phasor profile in the complex
plane. The profile is normalized to the phasor of the point at x = 40mm.

the wave equation becomes

(jω)2ρU = E
∂2

∂x2
U

+Bjω
∂2

∂x2
U, (32)

where B models first order viscosity effects. This is basically
equivalent to assuming a Voigt model for the stress-strain
relation of the material. The ratio B/E is called the relaxation
time.

Note that both of the equations (31) and (32) have the form

(jω)2U = c2
fin(ω)

∂2

∂x2
U , (33)
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where cfin(ω) is a complex frequency-dependent wave speed
given by,

c2
fin(ω) =


E

ρ
, for (31)

E

ρ
+ j

Bω

ρ
, for (32) .

(34)

The steady state solution to (33) can be found easily. Con-
sider the characteristic equation of this differential equation,

s2 +
ω2

c2
fin(ω)

= 0 , (35)

and denote its roots by s1(ω) = −s2(ω) = α(ω) + jβ(ω).
Then, the steady state solution to (33) is of the form:

U(x, jω;E,B) = A1 exp ((α(E,B) + jβ(E,B))x)
+A2 exp ((−α(E,B)− jβ(E,B))x) , (36)

where A1 and A2 are determined by boundary conditions.
In our experimental setup (Fig. 1), the sample is confined

at x = 0, i.e. u(0, t) ≡ 0, as a result

U(0, jω) ≡ 0 = A1 + A2 , (37)

and therefore A2 = −A1. The phasor solution (36) in this
case could be simplified to obtain,

U(x, jω) = 2A1 (cos(βx) sinh(αx)
+j sin(βx) cosh(αx)) , (38)

where A1 is determined by the amplitude of the excitation at
x =40mm. This solution is similar to a standing wave solution.
However in a standing wave solution all the points have the
same phase, whereas in equation (38) different spatial points
have different phases. If the viscosity is negligible (α = 0)
standing waves are produced.

In the following subsections, the derived models will be
used to propose two methods for the estimation of the vis-
coelastic parameters of the phantom blocks.

A. Peak to Node Method

This method can be used to estimate Young’s modulus for
a block of material, based on the longitudinal wave pattern
observed inside the block. From (38) the amplitude of the
solution, after some manipulation, can be found as

|U(x, jω)|2 = 4A2
1

(
sinh2(αx) + sin2(βx)

)
. (39)

Now if the viscosity is small, the model (31) can be used
and the solution to the characteristic equation (35) would be

α + jβ = j
ω√

E
ρ

, (40)

or,

α = 0 , (41)

β =
ω√

E
ρ

. (42)

In this case, (39) becomes

|U(x, jω)| = 2A1

∣∣∣∣∣∣sin
 ω√

E
ρ

x

∣∣∣∣∣∣ . (43)

The distance of a node to a peak, dnp, of the wave pattern
is equal to a quarter of the wavelength, therefore

cfin = (4 dnp)
ω

2π
, (44)

E = ρc2
fin . (45)

In our case the node is at x =0mm and at each frequency, the
peak is found by searching for a local maximum in a filtered
version of the amplitude of Um(x, jω).

In summary, the peak to node method estimates Young’s
modulus based on the peak to node distance of a measured
phasor profile Um(x, jω) using equation (45). But this method
does not provide estimates of viscosity or relaxation time. In
the next subsection another method is presented which also
estimates the viscosity.

B. Model Fitting Method

A more general method to characterize the viscoelastic
properties of the sample block is to use the characteristic
equation (35) to determine the complex wave speed, cfin(ω),
for different excitation frequencies, ω, experimentally, and
then use a parameterization of the viscoelastic properties, such
as that presented in (34) to find the particular parameters of
interest.

Alternatively, one of the parameterized models (34) can be
directly fitted to the data. We present this approach here. The
viscoelastic model was chosen and the general solution (36)
was fitted to the data by least squares optimization over the
parameters A1, A2, E and B. Thus for each frequency the
following cost function was minimized:

J(ω) =
∑

x

|Um(x, jω)− Um(x, jω;E,B)|2 . (46)

Figure 3 shows a typical fitted model. As can be seen the
model fits the data very well. In the next section the normalized
mean squared error (NMSE) is used to quantitatively ensure
that the model fits the data well.

V. RESULTS

The proposed rheometry methods of Section IV were ap-
plied to the data collected using the apparatus and methods of
Section III. The results for the five phantoms follow in this
section.

A. Peak to Node Results

The peak to node method was used to analyze the measured
phasor profiles Um(x, jω) for the five phantom blocks. Note
that (44) and (45) could be calculated at any frequency for
which there is a node and a peak present in the phasor profile
(see Fig. 2 (a)). As a result, this method cannot be used at very
low frequencies, since no peaks occur within the 40mm height
of the phantom. Figure 4 shows the estimated cfin(ω) for the
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(a)

(b)

(c)

Fig. 3. Fitted model to the measured displacement data. The data is the same
as that of Fig. 2, which is from phantom No. 3 at 90Hz. (a) absolute value
and (b) phase of the phasor profile (c) the same normalized phasor profile in
the complex plane.

test phantom No. 3 over the range of frequencies where this
method could be used. The average speed over this frequency
range, cfin, is equal to 7.5m/s and the standard deviation is
equal to 0.29m/s. The Young’s modulus calculated based on
this average speed is 55kPa.

The same method was used to estimate longitudinal wave
speed and Young’s modulus for the other four test phantoms.
The results are summarized in Table IV. Also presented are
the values obtained from conventional rheometry on the same
blocks. As can be seen the results are generally in good
agreement and this supports the validity of the model and thus
the assumptions.

Fig. 4. Estimated cfin(ω) for phantom No.3. Plotted in dark solid line is
the selected region for estimation of average speed. At lower frequencies no
peak occurs inside the block length.

TABLE IV
ESTIMATED VALUES OF LONGITUDINAL WAVE SPEED cfin AND YOUNG’S

MODULUS FOR THE TEST PHANTOMS USING THE PEAK TO NODE METHOD

peak to
average node conventional

wave freq. Young’s rheometry
speed range modulus Young’s

phantom ±std used ±std modulus±10%
No (m/s) (Hz) (kPa) (kPa) error

1 4.4±0.15 30–90 19±1.5 21 11%
2 5.2±0.25 40–110 28±2.1 32 11%
3 7.5±0.29 60–150 55±4.6 56 2%
4 8.7±0.27 70–150 76±6.0 76 0%
5 12 ±0.13 90–150 140±13 127 10%

B. Model Fitting Results

The model fitting approach was used to find the values of
Young’s Modulus E and relaxation time for the five phantom
blocks. Figure 5 compares the results to the conventional
rheometry results. In Fig. 5(a) the model-fitting and rheometry
values of the Young’s modulus, E, for different frequencies are
plotted. The model fitting plots are limited to frequencies for
which the normalized mean squared error defined by

NMSE =

√
J(ω)∑

x |Um(x, jω)−mean (Um(x, jω))|2
, (47)

is better than 10%. This threshold was used to ensure that
the model fitted the data well enough for further conclusions
to be valid. The rheometry plots are limited to 40Hz. As
expected, the values of E from model fitting matches with
rheometry values. The average values and standard deviations
are summarized in Table V.

In Fig. 5(b) the optimized values of the relaxation times to-
gether with the values obtained from the conventional rheom-
etry are presented. Note that both axes are in logarithmic scale
in this figure. Again the data of the conventional rheometry are
limited to 40Hz. As can be seen from this figure, the general
trends and values of relaxation times from model fitting match
that of conventional rheometry. Also a power-law decrease
in the relaxation time with the increase of the frequency is
observed which is consistent with the previous reports [40].
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(a)

(b)

Fig. 5. (a) Estimated value of the Young’s modulus and (b) relaxation
times for the five phantoms at different frequencies of excitation. The lower
frequency graphs (4–40Hz) are from conventional rheometry and the higher
frequency graphs (above 40Hz) are from model fitting.

TABLE V
ESTIMATED VALUES OF LONGITUDINAL WAVE SPEED cfin AND YOUNG’S

MODULUS FOR THE TEST PHANTOMS USING THE MODEL FITTING METHOD

model
fitting conventional

wave freq. Young’s rheometry
speed range modulus Young’s

phantom ±std used ±std modulus±10%
No (m/s) (Hz) (kPa) (kPa) error

1 4.2±0.15 50–60 18±1.3 21 16%
2 5.0±0.18 40–80 26±1.9 32 18%
3 7.4±0.29 55–130 55±4.4 56 2 %
4 8.7±0.34 60–135 77±6.1 76 1 %
5 11.3±0.46 75–150 132±11 127 4 %

VI. DISCUSSION

It has been shown experimentally by Catheline et al. [36]
that when a finite block of viscoelastic material is vibrated
by a compressional exciter with a small cross sectional area,
two waves propagate in the block: a compressional wave
which parts almost instantaneously at the speed of ultrasound,
i.e. 1540m/s, and a longitudinally polarized slow shear wave,
which follows with the shear wave speed, i.e.

√
µ/ρ which is

around 1-10m/s. The shear wave can be tracked by ultrasound
speckle tracking and the displacements can be used to measure
the viscoelastic properties of the block.

We have shown here that when a finite block of viscoelastic
material is vibrated by a compressional exciter with a large
cross sectional area which covers the entire top surface of
the block, instead of the longitudinally polarized slow shear
wave, a slow longitudinal wave propagates with the speed
cfin =

√
E/ρ ≈

√
3µ/ρ which is around 5-15m/s. This

longitudinal wave can also be tracked by ultrasound speckle
tracking and the displacements can be used to measure the
viscoelastic properties of the block.

To show how the size of the exciter affects the wave
speed we conducted two different experiments with the same
phantom block, namely block No. 1, similar to the experiments
of [36]. In the first experiment, a plate exciter was used which
covered the entire top surface of the phantom. The surface
was lubricated with ultrasound gel to minimize the friction
between the plate and the phantom. A single period of 50Hz
sinusoid was used as a transient excitation. The exciter was an
open loop voice coil. Therefore the actual mechanical vibration
transferred to the phantom was not exactly a single period of
50Hz, but had some tail. One scan line (A-line) was sampled
at 5kHz and the displacements tracked. The displacements
at different depths are plotted as a function of time in Fig.
6(a). By looking at the wave front the speed is approximately
3.7m/s. This speed is

√
3µ/ρ which was also reported in

Tables IV and V. The slight difference is due to a few months
time interval between the conduction of the experiments. The
properties of the phantom have shifted slightly over time.

The same phantom was used for a second experiment. This
time, instead of the plate, a small screw was connected to
the voice coil, which acted almost like a point source. The
result for this case is presented in Fig. 6(b). The speed from
this figure is approximately 2.3m/s. This is the wave speed
Catheline et al. reported in [36], i.e. the shear wave speed√

µ/ρ.
Note that in both cases Fig. 6(a) and (b), just after the

compression is applied, a compressional wave front is gen-
erated which propagates through the phantom at the speed of
ultrasound, i.e. 1420m/s. The initial propagation of this wave
front cannot be tracked by the ultrasound, since the speed of
ultrasound is the same as the wave speed. This wave front
probes the boundaries of the medium and gets reflected back.
However the displacements caused by multiple reflections of
this wave from the boundaries are present in the phantom. The
displacements, as shown by Sandrin et al. [13], are very small
and can barely be detected by our speckle tracking algorithm.

Super Soft PlasticTM was shown to be a promising phantom
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Fig. 6. (a) The result of the excitation with a plate which covers the top
surface of the phantom (b) The result of the excitation with a point source.

Fig. 7. Obtained Young’s modulus as a function of the volume portion of
Plastic Softener or Hardener added during the fabrication of the phantoms

material for elastography studies, as its Young’s (and hence
shear) modulus can be adjusted over a wide range (15–
150kPa), without changing its density and the speed of ultra-
sound cinf (Table I). Figure 7 summarizes the Young’s modulus
obtained vs. the volume portion of hardener or softener used
in the fabrication process for this material. However, the
relaxation time and its frequency dependent behavior is not
dependent on the volume portion of Softener or Hardener,
as the graphs in Fig. 5(b) almost overlap for the five test
blocks. Therefore without any additives, this material by itself
is unsuitable for creating phantoms with significant viscosity
contrast.

In the previous sections, measurement results for cinf (ultra-
sound speed) and E were presented. If a purely elastic medium
is assumed, these measurements can be used to obtain all
the elastic parameters. Other elastic parameters, namely Lamé
constants λ and µ, and Poisson’s ratio ν could be easily found
using the relations (7) to (9). The parameters are summarized
in Table VI for the five phantoms. The values of the Young’s
modulus from the model fitting method were used in the
calculations.

TABLE VI
SUMMARY OF THE ELASTIC PROPERTIES OF THE FIVE TEST PHANTOMS

phantom λ µ E 0.5 - ν K
No (GPa) (kPa) (kPa) 1E-6× (GPa)

1 2.1 6.0 18 1.5 2.1
2 2.1 8.7 26 2.1 2.1
3 2.0 18 55 4.7 2.0
4 2.1 26 77 6.1 2.1
5 2.0 44 132 11 2.0

The speed of ultrasound cinf has little variability among
different soft tissue types which are usually scanned using
ultrasound imaging systems. This fact allows the conversion of
time scale of ultrasound RF-pulses to distance for ultrasound
image formation. This was also true for the Super Soft
PlasticTM used in our experiments. This fact has another
important consequence which has been noted by other scholars
as well [3]. Since soft tissue is nearly incompressible, λ � µ;
hence cinf is determined mainly by λ. In other words µ has no
contribution. Since the variability of density is also very low
(in living tissue and phantoms), λ should be almost constant.
As a result, the first Lamé constant, λ, is not an elastic
parameter of interest for creating contrast in elastograms. In
contrast, tissue stiffness is determined by Young’s modulus, E,
which for incompressible materials is equal to 3µ, and a great
variability exists here. As a result, the second Lamé constant,
µ, (or Young’s modulus, E) is the parameter of interest in
elastography.

From this discussion, a connection can be made between
elastography methods based on shear wave excitation and
methods based on longitudinal wave excitation. In shear wave
excitation, shear wave speed cS =

√
µ/ρ and hence shear

modulus, µ is sought. In longitudinal excitation, Young’s
modulus E = 3µ is sought. Hence these methods, although
different in many aspects, essentially use the same underlying
physical quantity to create elastogram contrast.

Another important point is that at low frequencies of ex-
citation the phase difference in oscillations of the different
points is low because of the large wavelength. Hence it is
more difficult if not impossible to estimate the viscoelastic
properties by using a low frequency. We conclude that a lower
limit for the frequency of excitation exists. Note that this
statement only applies to the estimation of the absolute values
of the viscoelastic properties using the wave equation; relative
estimations are still possible though. As a matter of fact, for
a static compression ∂u/∂t ≡ ∂2u/∂t2 ≡ 0. In this case the
wave equation (29) implies ∂2u/∂z2 ≡ 0. The wave equation
itself will become,

ρ× 0 = E × 0 , (48)

which cannot be inverted. However the strain, which is given
by ε = ∂u/∂z is not necessarily equal to zero. Assuming
a uniform stress, the strain is inversely proportional to the
Young’s modulus E, and hence relative values of E can be
obtained from the relative values of ε. If in addition, force
measurement is carried out, the relative values can be turned
into absolute values.

It was observed that one-dimensional models would not
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fit the data very well at higher frequencies of excitation. It
is known that a block of material acts as a wave-guide for
elastic wave propagation [32], and the wave speed depends
on the dimensions of the source (the excited modes of the
wave guide) as well as the frequency of excitation. Further
study of these effects is needed.

Finally, the assumption of a 1D model which was made
for the displacements is a limiting assumption. However, the
methods presented in this article are intended for rheometry
purposes, i.e. characterization of the viscoelastic behavior of
a test block assuming homogeneity. The traditional force-
displacement rheometry methods treat the entire test block
as one unit, while in the presented methods an insight into
internal vibrations inside the block is obtained as well. More-
over no force measurements are carried out. The presented
methods do not yield local viscoelastic properties and hence
are not presented as an alternative to any of the techniques
intended for that purpose. Many research groups are looking at
this problem, i.e. solving the inverse problem, from different
perspectives. In particular they use a more complete model,
such as a 2D or 3D model, for the local inversion. This article,
however, shows that longitudinal waves can also be a valid
candidate for forming elastograms and extending the inverse
problem methods to this type of excitation.

VII. SUMMARY AND CONCLUSION

In this article an experimental framework was presented for
viscoelastic characterization of tissue and tissue mimicking
material. Longitudinal wave excitation was used on five blocks
of test phantoms and displacements were imaged by an ul-
trasound system. Two methods were presented for analyzing
the displacements. The first method estimated the Young’s
modulus based on the distance from the peak to the node
of the standing wave patterns inside the block. The second
method used a model fitting scheme to find the values of
the Young’s modulus and the relaxation time. The results
were compared to conventional rheometry results obtained
using force-displacement measurements. For the elasticities
good agreement was observed which validated the theory.
For the viscosities, only the trends could be compared as the
measurements were over different frequency ranges.

We conclude that the speed of the longitudinal waves in
finite media can be orders of magnitude lower than their
speed in infinite media and in fact comparable to the speed of
shear waves. It is possible to track these waves by using the
ultrasound-based motion tracking techniques. The longitudinal
waves cannot simply be dismissed because of their presumed
high speed of propagation or their insignificant amplitude. The
viscoelastic properties of homogeneous phantom blocks can be
estimated by applying the methods presented in this article
on the longitudinal displacements. The methods are based
on fitting a longitudinal-wave-equation-based model to the
measured displacements. The estimated properties would be in
agreement with the gold standard values from the conventional
rheometry tests. Whether the human body or a particular
tissue sample in vivo or ex vivo can be regarded as a finite
medium, however, depends on the geometry of the setup and
the excitation used and needs further analysis.
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APPENDIX

The measurement of the viscoelastic properties of the tis-
sue phantoms at the frequencies considered in this article
(between 50Hz to 100Hz) by conventional rheometry (force-
displacement measurements) is a nontrivial problem. Here we
elaborate on this issue.

In conventional compression based force-displacement
rheometry, a block of test material with known dimensions
w × l × h is placed between two parallel plates (see Fig. 8).
One of the plates is actuated and can move to compress the

block. The force F needed to compress the material and the
displacement of the moving plate d are measured. The stress
and strain are found as,

εxx =
d

h
, (49)

τxx =
F

w × l
. (50)

The elasticity (stiffness) of the material is found as,

E =
τxx

εxx
. (51)

Conventional rheometry can also be used to study the
behavior of the stiffness as a function of frequency. For this
purpose the actuated plate of the device is excited by a time
varying waveform, causing a time varying strain and a time
varying stress. In this case, the stiffness would be

S(jω) =
F{τxx(t)}
F{εxx(t)}

. (52)

where F() is the Fourier transform. The extension of static
rheometry to a dynamic setting raises a number of very
important issues which affect the measurement results. The
first of these issues is the mounting of the force sensor. In
the static case, the force sensor can be fitted between either
of the plates and the rest of the device. In equilibrium the
forces are different only by the weight of the test block and
the weight of some parts of the force sensor. This difference
can be measured and the device can be calibrated for this
setting. In the dynamic case, however, there are significant
issues related to each of the possible fittings.

Assume that the force sensor is fitted between the actu-
ator of the device and the moving plate (Fig. 8). In this
case the measured force by the sensor not only includes
the applied force on the material block but also the inertial
forces necessary to accelerate the plate and the mass of the
block. The device needs to be calibrated, but the calibration
is much more complicated than in the static setting. The
inaccuracies involved in the measurements make this method
very challenging to implement.

Fig. 8. Simple schematic of the rheometry device in a conventional rheometry
configuration. In this configuration the force sensor measures the force on the
moving plate and moves with it.

Another option is to fit the force sensor between the fixed
plate and the chassis of the device (Fig. 9). Although in this
case the measured force is the force applied to the block
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to compress it from above, a second factor comes into play
which complicates the problem. Due to the finite speed of
propagation of longitudinal waves in the block, there would
be a time delay (and hence a phase difference) between the
measured force on the fixed end of the block and the force on
the moving end of the block. The higher the frequency of the
excitation, the larger the phase difference:

φ(ω) = ωt = ω
h

cfin
. (53)

If the velocity of the longitudinal waves cfin were known, this
formula could be used directly to compensate for the phase
difference,

S(jω) =
F{τxx(t)}
F{εxx(t)}

exp(jφ(ω)) , (54)

but this velocity is itself a function of the stiffness (30):

cfin =

√
E

ρ
=

√
real(S(jω))

ρ
. (55)

This makes the measurement more challenging, but still fea-
sible for low frequencies.

Fig. 9. Simple schematic of the rheometry device in a conventional rheometry
configuration. In this configuration the force sensor measures the force on the
static plate and does not move.

At higher frequencies, the problem becomes more severe.
In fact equation (52) only applies to infinitesimal volumes of
matter. Referring to Fig. 10, this equation states that if the only
forces acting on the infinitesimal volume are perpendicular
forces to the top and bottom surfaces, the strain and stress
in the vertical direction are proportional, the proportionality
factor being the Young’s Modulus E. Whether this equation
could be applied to a block of material depends on how similar
the conditions are to the infinitesimal setting.

As far as the frequency is concerned, in the infinitesimal set-
ting, the height of the block is always negligible with respect
to the wave length of a propagating wave. This is not always
true for a block. In other words, the block cannot always
be considered as a lumped element with lumped mechanical
properties equal to that of its infinitesimal elements. If the
wave length is comparable to the height of the block, equation
(52) would no longer be valid for the block.

One way to deal with the problem of the block not being a
lumped element at higher frequencies is to reduce the height
of the block, h. In other words, thin slabs could be used for

Fig. 10. The infinitesimal volume which is used in the definition of Elastic
modulus.

rheometry measurements. But going back to the question of
the similarity between the block and the infinitesimal settings,
the boundary condition that “the only forces acting on the
infinitesimal volume be perpendicular forces to the top and
bottom surfaces” can never be achieved with the block; without
any lubricant on the top and bottom plates of the device,
the material would stick to the plates because of the friction
and there would be tangential forces acting on the top and
bottom surfaces of the block. The middle portion of the block,
however, resembles the infinitesimal setting to a good extent.
But reducing the block height h reduces the effective middle
portion. Putting some lubricant helps but never removes the
friction. It might be worth mentioning that this problem mainly
appears for nearly incompressible material such as living tissue
and tissue phantoms. These materials have a high tendency to
expand laterally as they are compressed.

From this discussion, it follows that rheometry of soft
tissue by conventional compression type force-displacement
measurement at higher frequencies is not a trivial problem.
In fact the proposed ultrasound based rheometry technique
can be considered as a simple solution for this problem. Most
commercially available rheometry devices use shear rheometry
but their bandwidth is limited to 50Hz or bellow. Even with
higher bandwidth systems, similar issues would exist with soft
tissue since the test blocks would not be lumped at higher
frequencies.

In this report we validated our estimated elasticity values
with the values obtained from low frequency rheometry using
the second configuration (Fig. 9). The relaxation times how-
ever could not be validated directly, except for the general
trends.
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