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Abstract

In this paper, we investigate the effect of multi–band orthogonal frequency division multiplexing

(MB–OFDM) ultra–wideband (UWB) interference on narrowband (NB) receivers. For this purpose,

we first derive the exact moment generating function of MB–OFDM UWB interference. Based on

this result, we develop analytical expressions for the amplitude probability distribution (APD) and

the bit error rate (BER) of a binary phase–shift keying NB receiver. These expressions can be effi-

ciently numerically evaluated and the presented analysis is general enough to encompass non–fading

and various fading NB channels. We show that for NB signals with, respectively, much smaller and

much larger bandwidths than the MB–OFDM sub–carrier spacing a Gaussian approximation (GA)

and an impulsive GA (IGA) of the MB–OFDM UWB interference lead to accurate performance

predictions. However, for most NB channel models and signal bandwidths the exact BER analysis

has to be used to obtain meaningful results. An exception is the Rayleigh fading NB channel where

both GA and IGA yield tight approximations of the exact BER regardless of the NB signal bandwidth.

1This work was presented in part at the IEEE Vehicular Technology Conference (Spring–VTC), Melbourne,

May 2006, and in part at the IEEE International Conference on Communications (ICC), Istanbul, June 2006.
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1 Introduction

In 2002, the US Federal Communications Commission (FCC) opened the frequency range from 3.1

GHz to 10.6 GHz for unlicensed operation of ultra–wideband (UWB) radios with a maximum power

spectral density of -41.3 dBm/MHz. Since then UWB has emerged as an important technology for

short–range high data rate wireless communication. A natural consequence of the unprecedented

large bandwidth of UWB signals is the potential of causing harmful interference to narrowband

(NB) systems. Although ideally UWB interference should be negligible compared to the Gaussian

background noise, depending on the location of the UWB interferer this may not be true considering

a thermal noise floor of -114 dBm/MHz. Therefore, it is important to accurately investigate the

performance degradation of coexisting NB receivers in the presence of UWB interference.

Most existing UWB interference studies have considered either direct–sequence UWB (DS–UWB)

or impulse radio time–hopping UWB (TH–UWB), cf. e.g. [1, 2, 3, 4]. The literature on multi–band

orthogonal frequency division multiplexing (MB–OFDM) UWB interference is comparatively sparse.

This is surprising as MB–OFDM UWB had been a strong candidate for standardization by the

IEEE for high–rate wireless personal area networks (WPANs) [5] and has been recently adopted as a

standard by the ECMA [6]. In [7, 8], it has been shown that the interference from MB–OFDM UWB

devices can be modeled as impulsive noise if the bandwidth of the victim receiver contains several

MB–OFDM sub–carriers. The impact of MB–OFDM interference on an IEEE 802.11a wireless

local area network (WLAN) receiver was evaluated experimentally in [9], while the impact of MB–

OFDM interference on a C–band digital television (DTV) receiver was studied via simulations and

experiments in [10] and [11], respectively. However, a general and exact analysis of MB–OFDM

UWB interference is not available in the literature, and the impact of MB–OFDM UWB on the

performance of NB receivers is not well understood.

In this paper, we provide a comprehensive analysis of MB–OFDM UWB interference and make

the following contributions.

• We derive the exact moment generating function (MGF) and the exact amplitude probability

distribution (APD) [11] of MB–OFDM UWB interference.

• Based on the MGF, we derive analytical expressions for the exact bit error rate (BER) of a

binary phase–shift keying (BPSK) NB receiver impaired by MB–OFDM UWB interference and

additive white Gaussian noise (AWGN). The obtained expressions allow for an efficient numer-

ical evaluation and are applicable to non–fading channels as well as all commonly encountered
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fading channel models including Rayleigh, Ricean, Nakagami–m, and Nakagami–q fading.

• For NB signal bandwidths much smaller and much larger than the MB–OFDM sub–carrier

spacing, we show that the MB–OFDM interference model can be simplified using a Gaussian

approximation (GA) and an impulsive GA (IGA), respectively. We provide the MGF for the

GA and the IGA, respectively, and derive the corresponding APD and BER expressions for

BPSK NB receivers.

• Exploiting the obtained APD and BER results we show that the accuracy of the GA and the

IGA does not only depend on the NB signal bandwidth but also on the properties of the NB

channel. We demonstrate that for Rayleigh fading and sufficiently high signal–to–interference

ratios the BERs for GA and IGA are identical and closely approximate the exact BER regardless

of the NB signal bandwidth. For other fading models and non–fading channels GA and IGA

generally become accurate if Bs < 0.05∆f and Bs > 5∆f , respectively, where Bs and ∆f

denote the NB signal bandwidth and the MB–OFDM sub–carrier spacing, respectively.

• For 0.05∆f ≤ Bs ≤ 5∆f the provided exact BER expressions have to be used to obtain

meaningful results. For these NB signal bandwidths the BER of the NB receiver strongly

depends on the carrier frequency offset between NB signal and MB–OFDM signal, the NB

signal bandwidth, the number of MB–OFDM frequency bands, and the NB pulse shape.

Organization: In Section 2, the considered system and transmission model is introduced. In Section

3, the exact MGF of MB–OFDM UWB interference and two simple approximations thereof are de-

rived, and exact and approximate expressions for the APD of MB–OFDM are provided. Exact and

approximate BER expressions for a BPSK NB receiver impaired by MB–OFDM UWB interference,

AWGN, and (possibly) fading are developed in Section 4. Numerical results are presented and dis-

cussed in Section 5, and conclusions are drawn in Section 6.

Notation: In this paper, [·]∗, E{·}, Pr{A}, and ⊗ denote complex conjugation, statistical expecta-

tion, the probability of event A, and convolution, respectively. In addition, <{·} and ={·} refer to

the real and imaginary parts of a complex number, respectively.

2 System Model

In this section, the considered signal and channel model is introduced. In addition, the MB–OFDM

UWB signal and the NB receiver processing are described in detail.
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2.1 Signal and Channel Model

We consider the scenario where an MB–OFDM UWB transmitter is in close proximity to a coherent

NB receiver. In order to capture the main effects of MB–OFDM interference on an NB signal while

maintaining mathematical tractability, we adopt the same simple channel model2 as e.g. [2, 9, 8].

In particular, the received signal in equivalent complex baseband representation is modeled as

r(t) = ac(t) s(t) + g ejθg i(t − τ) + n(t), (1)

where s(t), i(t), and n(t) denote the transmitted NB signal, the transmitted MB–OFDM UWB

(interference) signal, and AWGN with one–sided power spectral density N0, respectively. We assume

that the NB channel is approximately time invariant during one NB symbol duration Ts. Therefore,

the NB channel gain can be modeled as a constant ac(t) = ac , a ejθa, where a , |ac| and θa denote

the magnitude and the phase of ac, respectively. For non–fading channels a = 1, whereas for fading

channels a is a positive random variable with probability density function (pdf) pa(a) and variance

σ2
a , E{a2} = 1. Due to the proximity of the MB–OFDM transmitter and the NB receiver and the

lack of synchronization between the two devices, the associated channel is modeled as non–fading

with constant magnitude g and uniformly distributed phase θg ∈ [−π, π). The relative delay τ of

the MB–OFDM signal compared to the NB signal is uniformly distributed in the interval [0, Ts).

The NB signal s(t) is given by

s(t) =

√

Es

Ts

∞
∑

k=−∞
b[k] p(t − kTs), (2)

where Es, b[k], and p(t) denote the symbol energy, the kth transmit symbol, and the NB pulse shape,

respectively. Although our analysis can be extended to any quadrature amplitude modulation (QAM)

and pulse amplitude modulation (PAM) format using the general approach3 presented in [15], we

assume in the following BPSK modulation, i.e., b[k] ∈ {±1}. This simplifies the exposition but all

fundamental and qualitative results obtained in this paper also apply to higher order modulations.

2We note that for large NB signal bandwidths a more elaborate, frequency–selective channel model may be

more appropriate. However, for such a model an analytical interference study may not be feasible. In addition,

our results in Fig. 8 suggest that frequency selectivity of the interference channel does not have a large impact

on the error rate of the NB system.
3In [15], it has been shown that the BER of PAM can be expressed as a sum of terms wiPe(bia) where wi and

bi are constellation dependent constants and Pe(a) is the BER for BPSK for channel amplitude a. A similar

statement is true for the QAM case, cf. [15].
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Furthermore, we assume that p(t) has a square–root Nyquist (SRN) frequency response [12], which

is true for example for band–limited square–root raised cosine (SRRC) and time–limited rectangular

(REC) pulse shapes.

2.2 MB–OFDM UWB Signal Model

The adopted model for the MB–OFDM UWB transmit signal i(t) closely follows the IEEE.802.15.3a

standard proposal [5]. More precisely, i(t) is modeled as [5]

i(t) =
1√
Ns







∞
∑

k=−∞

Ns/2
∑

n=−Ns/2

n6=0

an[k] ej2πn∆f(t−kTi) w(t − kTi) ej2πfMB[k]t






ej2πf0t, (3)

where Ns, ∆f , and Ti denote the number of non–null sub–carriers, the sub–carrier spacing, and the

OFDM symbol duration, respectively, and where we took into account that the zeroth sub–carrier

is a null sub–carrier. In the following, we discuss the remaining variables in Eq. (3) more in detail.

MB–OFDM data symbols an[k]: The MB–OFDM data symbols an[k] are taken from a 4–QAM

alphabet, i.e., an[k] ∈ {±1± j}, and their statistical properties influence the interference statistics.

The standard proposal [5] specifies seven different data rate modes. All modes involve channel

coding but this does not have a noticeable effect on the interference statistics since the coded bits

are interleaved before they are mapped to an[k]. Therefore, for MB–OFDM data rates of 320 and

480 Mb/s the data symbols an[k] can be assumed independent, identically distributed (i.i.d.) with

respect to both time index k and sub–carrier index n. In contrast, for data rates below 320 Mb/s

each OFDM symbol is repeated once in time, i.e., an[2k] = an[2k + 1], ∀k, and for the two lowest

data rates (55 and 80 Mb/s) the MB–OFDM data symbols have also a conjugate symmetry with

respect to sub–carrier index n, i.e., an[k] = a∗
−n[k], 1 ≤ n ≤ Ns/2.

OFDM pulse shape w(t): The OFDM pulse shape w(t) is rectangular and given by [5]

w(t) =







1 TP ≤ t < Ti − TG

0 otherwise
(4)

where TP and TG , Ti−(TP +1/∆f) denote the prefix duration and the guard interval, respectively.

Frequency offsets f0 and fMB[k]: fMB[k] and f0 are a time–dependent, periodic and a constant

frequency offset, respectively. fMB[k] ∈ {(nb − 1)Ns∆f |nb ∈ {1, 2, . . . , NB}} is used to switch

between the NB MB–OFDM frequency bands [5], and f0 represents the offset of the NB signal with
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respect to the zeroth sub–carrier of the first MB–OFDM band (fMB[k] = 0). Each MB–OFDM

frequency band is active only 100/NB % of the time, and the order in which the different bands

are used is determined by a so–called time–frequency code. In the following, we assume that the

time–frequency code

fMB[k] = (kmodNB)Ns∆f, (5)

is applied and that the NB signal lies fully in the first MB–OFDM frequency band. We note that

our analysis can be easily adapted to the case where the NB signal is affected by two MB–OFDM

frequency bands and to other time–frequency codes. In general, different time–frequency codes will

lead to different NB system error rates. The frequency hopping of the MB–OFDM signal and its

effect on the NB signal are schematically shown in frequency and time domain in Figs. 1a) and 1b),

respectively. In Fig. 1, NB = 3 is valid and for the time domain representation of the MB–OFDM

signal only the contribution of the relevant first frequency band is depicted.

For all numerical examples presented in Section 5 the MB–OFDM parameters are chosen ac-

cording to standard proposal [5] unless stated otherwise, cf. Table 1.

2.3 NB Receiver Processing

The NB receiver performs matched filtering and sampling of the continuous–time received signal

r(t). Taking into account the SRN property of the NB pulse shape p(t) and the normalization
∫∞
−∞ |p(t)|2 dt =

√

Ts/Es, the discrete–time received signal can be expressed as

rc[k] = r(t) ⊗ p∗(−t)|t=kTs = ac b[k] + ic[k] + nc[k], (6)

where ic[k] , g ejθg i(t − τ) ⊗ p∗(−t)|t=kTs and nc[k] denote the complex MB–OFDM UWB inter-

ference and the complex AWGN, respectively. The resulting decision variable for BPSK transmission

is

r[k] , <{e−jθarc[k]} = a b[k] + i[k] + n[k], (7)

with real AWGN n[k] , <{e−jθanc[k]} and

i[k] , <{e−jθaic[k]} = <{g ejθ i(t − τ) ⊗ p∗(−t)|t=kTs}, (8)

where phase θ , θg − θa is uniformly distributed in [−π, π). The estimated data symbol b̂[k] is

obtained as b̂[k] = 1 if r[k] ≥ 0 and b̂[k] = −1 if r[k] < 0.
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For future reference, we define the signal–to–noise ratio (SNR) and the signal–to–interference

ratio (SIR) as

SNR ,
E{(ab[k])2}
E{2(n[k])2} =

1

2σ2
n

=
Es

N0
and SIR ,

E{(ab[k])2}
E{2(i[k])2} =

1

2σ2
i

, (9)

respectively. Here, σ2
n , E{(n[k])2} and σ2

i , E{(i[k])2} denote the variance of n[k] and the

variance of i[k], respectively.

3 MB–OFDM UWB Interference Analysis

In this section, we first derive an expression for the exact MGF Φi, E(s) of the MB–OFDM UWB

interference i[k]. Subsequently two approximate models for MB–OFDM UWB interference are

provided and the associated MGFs are given. In addition, exact and approximate expressions for the

APD are developed.

3.1 Exact Moment Generating Function (MGF) of i[k]

Before we calculate the exact MGF, we first reformulate and simplify the analytical expression for

i[k].

3.1.1 Reformulation of i[k]

Based on Eqs. (3) and (8) the MB–OFDM interference signal can be expressed as

i[k] = <











∞
∑

κ=−∞

Ns/2
∑

n=−Ns/2

n6=0

g ejθ αn(kTs − κTi − τ) an[κ]











, (10)

where the coefficients αn(kTs − κTi − τ) are defined as

αn(kTs − κTi − τ) ,
1√
Ns

p∗(−t)⊗ ej2πn∆f(t−τ−κTi)w(t− τ − κTi) ej2π(fMB[κ]+f0)(t−τ)
∣

∣

∣

t=kTs

. (11)

Adopting the time–frequency code in Eq. (5) and assuming that the NB signal lies fully in the first

MB–OFDM frequency band, Eq. (10) can be simplified to

i[k] = <











∞
∑

κ=−∞

Ns/2
∑

n=−Ns/2

n6=0

g ejθ ej2πf0NBκTi βn(τk − NBκTi) an[NBκ]











, (12)
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where τk , kTs − τ and βn(t) is given by

βn(t) =
1√
Ns

∞
∫

−∞

ej2π(n∆f+f0)u p∗(u − t) w(u) du =
1√
Ns

Ti−TG
∫

TP

ej2π(n∆f+f0)up∗(u − t) du. (13)

Alternatively, using Parseval’s theorem [12], βn(t) may be obtained from

βn(t) = ej2π(n∆f+f0)t
1√
Ns

∞
∫

−∞

ej2πf(t−[1/(2∆f)+TP ])P ∗(f + n∆f + f0)
sin(πf/∆f)

πf
df, (14)

where P (f) denotes the Fourier transform of p(t). Since any NB pulse shape p(t) is essentially limited

in time and frequency, the coefficients βn(τk −NBκTi) are approximately zero if, respectively, κ and

n exceed certain upper and lower limits, cf. Eqs. (13) and (14).

We note that for other time–frequency codes specified in [5] similar simplified expressions for

i[k] can be found.

3.1.2 Conditional Moment Generating Function

Now, we are ready to derive the MGF of i[k] conditioned on τk and phase offset θ4

Φi|θ,τk
(s) , E{e−s i[k]|θ, τk}. (15)

For evaluation of Eq. (15), the statistical properties of the MB–OFDM data symbols an[k] are

important. We first note that because of the frequency hopping dictated by the time–frequency

code in Eq. (5) the NB signal is affected only by every NBth MB–OFDM symbol. Therefore,

assuming NB ≥ 2 the repetition of every MB–OFDM symbol in time for data rates below 320 Mb/s

has no impact on the interference statistics. However, the dependence introduced by the conjugate

symmetry for MB–OFDM data rates of 55 and 80 Mb/s affects the interference statistics seen by

the NB signal if the NB signal spectrum is non–zero for both positive and negative sub–carrier

frequencies. Therefore, we consider in the following two different cases.

C1) No conjugate symmetry (MB–OFDM data rates of more than 80 Mb/s): In this case, the

MB–OFDM data symbols can be modeled as i.i.d. random variables and using Eq. (12) we can

4Although Eq. (15) differs from the usual definition of the MGF by the negative sign in the exponential, we

still refer to Φi|θ,τk
(s) as MGF. Strictly speaking Φi|θ,τk

(s) as defined in Eq. (15) is the Laplace transform of

the conditional pdf of i[k].
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rewrite Eq. (15) as

Φi|θ,τk
(s) =

∞
∏

κ=−∞

Ns/2
∏

n=−Ns/2

n6=0

E
{

exp
(

−s<
{

gejθej2πf0NBκTiβn(τk − NBκTi)an[NBκ]
)}

∣

∣

∣
θ, τk

}

. (16)

If we furthermore take into account that the MB–OFDM data symbols are equi–probable 4–QAM

symbols, we arrive at the conditional MGF

Φi|θ,τk
(s) =

∞
∏

κ=−∞

Ns/2
∏

n=−Ns/2

n6=0

cosh
(

s<{gejθej2πf0NBκTiβn(τk − NBκTi)}
)

cosh
(

s={gejθej2πf0NBκTiβn(τk − NBκTi)}
)

. (17)

Finally, for numerical evaluation of Φi|τk,θ(s) we replace Eq. (17) by

Φi|θ,τk
(s) '

κu
∏

κ=−κl

nu
∏

n=−nl
n6=0

cosh
(

s<{gejθej2πf0NBκTiβn(τk − NBκTi)}
)

cosh
(

s={gejθej2πf0NBκTiβn(τk − NBκTi)}
)

, (18)

where κl, κu, nl, and nu are suitably chosen upper and lower limits which ensure βn(τk−NBκTi)} ≈
0 if κ 6∈ [−κl, κu] or n 6∈ [−nl, nu], cf. Section 3.1.1. Depending on the system parameters, typically

20 to 100 terms are required in Eq. (18) to achieve an accurate approximation of Eq. (17).

C2) Conjugate symmetry (MB–OFDM data rates of 55 and 88 Mb/s): Using similar steps as

above but taking into account an[k] = a∗
−n[k], 1 ≤ n ≤ Ns/2, the conditional MGF is obtained as

Φi|θ,τk
(s) =

∞
∏

κ=−∞

Ns/2
∏

n=1

cosh
(

s<{gejθej2πf0NBκTiγn(τk − NBκTi)}
)

cosh
(

s={gejθej2πf0NBκTiδn(τk − NBκTi)}
)

, (19)

where γn(t) , βn(t)+β−n(t) and δn(t) , βn(t)−β−n(t). For numerical evaluation of Eq. (19) the

products can be truncated in a similar way as in Eq. (18).

In the remainder of this paper, we will assume Case C1) and i.i.d. MB–OFDM data symbols.

However, all analytical results presented are also valid for Case C2) and conjugate symmetric data

symbols if the conditional MGF in Eq. (19) is used instead of the one in Eq. (17).

3.1.3 Exact Moment Generating Function

Since we assume that both the phase offset θg and the delay τ of the MB–OFDM interferer are

uniformly distributed random variables, cf. Section 2.1, we have to average Φi|θ,τk
(s) with respect
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to θg and τ or equivalently with respect to θ and τk, respectively. After averaging over θ, we can

express the MGF of i[k] conditioned τk as

Φi|τk
(s, τk) , E{Φi|θ,τk

(s)} =
1

2π

∫

2π

Φi|θ,τk
(s) dθ. (20)

Since it is shown in Appendix A that Φi|τk
(s, τk) is periodic in τk with period NBTi, the unconditional

MGF can be obtained by averaging Φi|τk
(s, τk) over any interval of length NBTi. Since τ is assumed

to be uniformly distributed, τk is also uniformly distributed and the exact MGF of i[k] can be

computed as

Φi, E(s) =
1

2πNBTi

∫

NBTi

∫

2π

Φi|θ,τk
(s) dθ dτk. (21)

Φi, E(s) can be efficiently numerically evaluated as Eq. (21) only involves two integrals with finite

limits and Φi|θ,τ (s) may be replaced by the approximation in Eq. (18).

3.2 Approximate Models for MB–OFDM UWB Interference

In this subsection, we discuss two simplified MB–OFDM UWB interference models which are good

approximations of the exact model if the NB signal bandwidth Bs , 1/Ts is much smaller and much

larger than the MB–OFDM sub–carrier spacing ∆f , respectively.5

3.2.1 Gaussian Approximation (GA)

We first consider the case where the NB signal has a very small bandwidth Bs compared to the

sub–carrier spacing frequency ∆f , i.e., Bs � ∆f which also implies Ts � Ti. In this case, Eqs. (13)

and (14) show, respectively, that βn(τk − NBκ) is non–zero over a large interval of κ and a small

interval of n since p(t) is a broad pulse in the time domain whereas P (f) is a narrow pulse in

the frequency domain. Therefore, in Eq. (12) for certain values of n many independent random

variables with non–zero (and similar) variances are added in the summation over κ. This suggests

that the central limit theorem can be invoked and i[k] may be approximated as a real Gaussian

random variable with MGF

Φi, GA(s) = es2σ2

i /2. (22)

5We note that the exact amount of spectrum occupied by the NB signal heavily depends on the adopted pulse

shape p(t), of course. In order to facilitate a unified treatment of different pulse shapes, we refer to Bs = 1/Ts

as the NB signal bandwidth here.
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In this case, the multi–band nature of the MB–OFDM UWB interference does not affect the MGF.

We note however that for a given Bs the number of non–zero terms added in Eq. (12) decreases

with increasing NB implying that the GA becomes less accurate.

3.2.2 Impulsive Gaussian Approximation (IGA)

Now, we assume that the bandwidth Bs of the NB signal6 is large compared to the sub–carrier spacing

frequency ∆f , i.e., Bs � ∆f and Ts � Ti. Thus, if fMB[k] = 0 the MB–OFDM signal impairs the

NB signal for several NB symbol durations Ts. After the MB–OFDM signal has hopped to a different

center frequency fMB[k] > 0 it will not affect the NB signal for a duration of NBTi − 1/∆f , where

we took into account that i[k] is also zero during the prefix and the guard interval. These time–

domain considerations show that only approximately a fraction of ρ , 1/(NB∆fTi) NB symbols

are affected by the MB–OFDM signal.

If an NB symbol is impaired by the MB–OFDM signal (i.e., if fMB[k] = 0), βn(τk − NBκ) will

have non–zero values only for a single value of κ = κ0. However, for κ0, βn(τk − NBκ0) will be

non–zero for a large number of sub–carriers n since P (f) is a broad pulse, cf. Eq. (14). Therefore,

i[k] in Eq. (12) involves a sum of many independent random variables with similar variances and

the central limit theorem applies.

To summarize, for Bs � ∆f , 100 ρ % of the NB symbols are impaired by approximately Gaussian

interference, whereas 100 (1−ρ) % of the NB symbols do not experience any interference. Therefore,

in this case, the MGF of i[k] can be approximated as

Φi, IGA(s) = 1 − ρ + ρ es2σ2

i /(2ρ). (23)

We note that similar IGA models for MB–OFDM have also been reported in [7, 8].

3.3 Amplitude Probability Distribution (APD)

The National Telecommunications and Information Administration (NTIA) recommends APDs for

assessment of UWB waveforms [7, 11]. The APD is the complementary cumulative distribution

function of the amplitude of the interference signal i[k]

APD(y) , Pr{|i[k]| > y}. (24)

6Here, “narrowband” means that the bandwidth of the signal is small compared to the total MB–OFDM

UWB bandwidth, i.e., Bs � NBNs∆f .
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We note that the APD as defined in Eq. (24) deviates slightly from the one in [7, 11]. In [7, 11]

the APD of the complex UWB interference ic[k] is considered, whereas we consider the APD of the

real interference i[k], cf. Eq. (8), since only i[k] affects the decision variable, cf. Eq. (7). For the

GA and the IGA it is straightforward to show that the corresponding APDs are given by

APDGA(y) = 2 Q

(
√

y2

σ2
i

)

(25)

and

APDIGA(y) = 2ρ Q

(
√

ρy2

σ2
i

)

, (26)

respectively, where Q(x) , 1√
2π

∫∞
x

e−t2/2 dt denotes the Gaussian Q–function [12]. For the exact

MB–OFDM interference model a closed–form expression for the APD cannot be found but APDE(y)

can be evaluated numerically. For this purpose it is useful to note that the exact pdf pi, E(x) of i[k]

is an even function of x, since its Fourier transform Φi, E(jω) is a real and even function of ω [13].

Therefore, exploiting basic properties of the Laplace transform [14], we can express the exact APD

as

APDE(y) = 2

−y
∫

−∞

pi, E(x) dx =
1

πj

c+j∞
∫

c−j∞

Φi, E(s) e−ys d s

s
, (27)

where c is a positive constant lying in the region of convergence of the integral. An efficient numerical

evaluation of Eq. (27) is possible by applying a Gauss–Chebyshev quadrature rule, cf. e.g. [14]. This

results in

APDE(y) ' 2

K

K/2
∑

k=1

(

<{Φi, E(csk) e−ycsk} + ξk={Φi, E(csk) e−ycsk}
)

, (28)

where sk , 1 + jξk, ξk , tan([2k − 1]π/[2K]), and K is a sufficiently large integer. According to

[14] the best choice for c is that real–valued s which minimizes Φi, E(s) e−ys. Since the minimum

of Φi, E(s) e−ys is difficult to compute, we use c = smin = y/σ2
i instead, where smin minimizes

Φi, GA(s) e−ys. We found that this choice guarantees fast convergence of the sum in Eq. (28) and

K = 200 is sufficient to obtain accurate results. We note that although the evaluation of Eq. (28)

requires the numerical integration of three integrals [Eqs. (13), (21)], the computation of APDE(y)

is quite fast, since all integrals have finite limits.
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4 BER of BPSK NB Signals

In this section, the BER of BPSK NB signals impaired by AWGN and MB–OFDM UWB interference

is derived for transmission over non–fading and fading channels, respectively.

4.1 Preliminaries

In this subsection, we establish some basic results that are helpful for BER calculation. First, it is

convenient to introduce the MGF Φi+n,X(s), X ∈ {E, GA, IGA}, of the sum of MB–OFDM UWB

interference and AWGN for the different interference models discussed in Section 3. Exploiting the

fact that i[k] and n[k] are statistically independent Φi+n, X(s) can be obtained as

Φi+n,X(s) = Φi, X(s) Φn(s), X ∈ {E, GA, IGA}, (29)

where Φn(s) = es2σ2
n/2 denotes the MGF of n[k]. Using Eqs. (22), (23), and (29) it is not difficult

to show that for a given NB channel gain a and BPSK signaling the GA and the IGA result in BERs

Pe,GA(a) = Q

(
√

a2

σ2
n + σ2

i

)

(30)

and

Pe, IGA(a) = (1 − ρ) Q

(
√

a2

σ2
n

)

+ ρ Q

(
√

a2

σ2
n + σ2

i /ρ

)

, (31)

respectively. On the other hand, for any of the considered interference models and a given NB

channel amplitude a, we may express the BER of the BPSK NB receiver as

Pe,X(a) =

−a
∫

−∞

pi+n,X(x) dx =
1

2πj

c+j∞
∫

c−j∞

Φi+n, X(s) e−as d s

s
, X ∈ {E, GA, IGA}, (32)

where we have used as a similar approach as for derivation of Eq. (27). In the following subsections,

we use Eqs. (30)–(32) for calculation of the BER for non–fading and fading channels.

4.2 BER in Non–Fading Channel

In this case, we may set a = 1 in Eqs. (30)–(32) and replace Pe,X(a) by Pe,X. Using the definitions

of the SNR and the SIR in Eq. (9), the GA and the IGA result in a BER of

Pe,GA = Q

(

√

2

SNR−1 + SIR−1

)

(33)

Page 13 of 43 IEEE Transactions on Wireless Communications

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review

Nasri et al.: Analysis of Narrowband Systems Impaired by MB–OFDM UWB 13

and

Pe, IGA = (1 − ρ) Q
(√

2SNR
)

+ ρ Q

(√

2

SNR−1 + (ρ SIR)−1

)

, (34)

respectively. For SIR → ∞, Eqs. (33) and (34) simplify to the well–known BER expression for

BPSK transmission over a pure AWGN channel as expected, cf. [12, Eq. (5.2-5)]. We note that

Eq. (34) can also be found in [7, 8] and is reported here only for completeness.

For the exact MB–OFDM UWB interference model a closed–form solution for Pe,E cannot be

derived and the exact BER has to be evaluated numerically. This can be done efficiently by applying

the Gauss–Chebyshev quadrature rule already used for derivation of Eq. (28). This yields

Pe,E ' 1

K

K/2
∑

k=1

(

<{Φi+n,E(csk) e−csk} + ξk={Φi+n,E(csk) e−csk}
)

, (35)

where sk, ξk, K, and c are defined after Eq. (28). A good choice for c guaranteeing fast convergence

of the sum in Eq. (35) is c = smin = 1/(σ2
n + σ2

i ), where smin minimizes Φi+n, GA(s) e−s.

4.3 BER in General Fading Channels

For fading channels the NB amplitude a is a random variable with pdf pa(a). Furthermore, we

introduce the pdf pγ(γ) of the squared amplitude γ = a2. The average BER in fading channels can

be obtained by averaging the expressions for Pe,X(a), X ∈ {E, GA, IGA}, given in Eqs. (30)–(32)

over either pa(a) or pγ(γ).

For example, exploiting the alternative representation of the Q–function Q(x) =

1
π

∫ π/2

0
exp(− x2

2 sin2 ϕ
) dϕ [16] when averaging Eqs. (30) and (31) over pγ(γ) yields

Pe,GA =
1

π

π/2
∫

0

Φγ

(

1

(SNR−1 + SIR−1) sin2 ϕ

)

dϕ (36)

and

Pe, IGA =
1 − ρ

π

π/2
∫

0

Φγ

(

SNR

sin2 ϕ

)

dϕ +
ρ

π

π/2
∫

0

Φγ

(

1

(SNR−1 + (ρSIR)−1) sin2 ϕ

)

dϕ, (37)

respectively. Here, Φγ(s) , E{e−γs} denotes the MGF (as defined here) of γ. For the most im-

portant fading distributions (Rayleigh, Ricean, Nakagami–m, Nakagami–q) closed–form expressions

for Φγ(s) can be easily obtained, cf. e.g. [16, Table 3]. For example, for Rayleigh and Nakagami–m
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fading Φγ(s) = 1/(1 + s) and Φγ(s) = 1/(1 + s/m)m result, respectively. Using Eqs. (36) and

(37) the BER for the GA and the IGA can be efficiently computed by numerically evaluating one–

dimensional integrals with finite limits. We note that for Rayleigh fading Eqs. (36) and (37) can

be further simplified and closed–form expressions for Pe,GA and Pe, IGA can be obtained, cf. Section

4.4. This is also possible for Nakagami–m fading by exploiting results in [17].

On the other hand, averaging Eq. (32) over pa(a), we obtain for both the exact and the approx-

imate interference models

Pe,X = E{Pe,X(a)} =
1

2πj

c+j∞
∫

c−j∞

Φi+n,X(s) Φa(s)
d s

s
, X ∈ {E, GA, IGA}, (38)

where Φa(s) , E{e−as} denotes the MGF of a. Applying again a Gauss–Chebyshev quadrature rule,

we obtain

Pe,X ' 1

K

K/2
∑

k=1

(<{Φi+n, X(csk) Φa(csk)} + ξk={Φi+n,X(csk) Φa(csk)}) , (39)

where X ∈ {E, GA, IGA} and sk, ξk, K, and c have been defined before. The amplitude MGF

Φa(s) is readily available in the literature for all relevant fading distributions. For example, the

MGFs Φa(s) for Rayleigh, Ricean, Nakagami–q, and Nakagami–m fading can be found in [18, Table

I]7. Consequently, Eq. (39) can be used for efficient numerical computation of both the exact and

the approximate BERs for any relevant fading distribution. For fading channels it is more difficult

to find good values for c than for non–fading channels since Φa(s) typically involves confluent

hypergeometric series, cf. [18, Table I]. A suitable value is c = <{s′}/2, where s′ denotes that zero

of Φa(s) which has minimum real part. s′ can be found using standard numerical procedures [19].

Note that for the GA and the IGA Eq. (39) is an alternative to Eqs. (36) and (37), respectively,

where both options entail approximately the same complexity.

4.4 BER in Rayleigh Fading

For Rayleigh fading Eqs. (36) and (37) can be further simplified to

Pe,GA =
1

2

(

1 − 1
√

1 + SNR−1 + SIR−1

)

(40)

7Strictly speaking the characteristic function Φa(−jω) is given in [18, Table I]. However, the MGF can be

easily obtained by applying the substitution ω = js.
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and

Pe, IGA =
1

2

(

1 − 1 − ρ
√

1 + SNR−1
− ρ
√

1 + SNR−1 + (ρSIR)−1

)

, (41)

respectively. For SIR → ∞ both Eq. (40) and Eq. (41) simplify to the well–known BER expression

for BPSK transmission over a Rayleigh fading channel impaired by AWGN, cf. [12, Eq. (14.3.7)].

Furthermore, it can be shown that for SNR � 1 and SIR � 1 the GA, the IGA, and the exact

MB–OFDM UWB interference model all lead to the same BER

Pe,X ' 1

4

(

SNR−1 + SIR−1
)

, X ∈ {E, GA, IGA}. (42)

For the GA and the IGA Eq. (42) can be proved by applying 1/
√

1 + x ' 1 − x/2, |x| � 1, in

Eqs. (40) and (41), whereas the exact case is discussed in Appendix B.

Eq. (42) shows that for high SNRs and high SIRs the exact BER Pe,E in Rayleigh fading only

depends on the SNR and the SIR but is independent of other system parameters such as Bs, ∆f ,

and f0.

5 Results and Discussions

In this section, we use our analytical methods presented in the previous sections to study the

performance of BPSK NB receivers impaired by MB–OFDM UWB interference, AWGN, and possibly

fading. The MB–OFDM UWB parameters given in Table 1, an SRRC NB pulse with roll–off

r = 0.35, and the channel model introduced in Section 2 are employed unless stated otherwise.

In addition, to avoid distortion of the results by the null sub–carriers, we set f0 = 10∆f unless

specified otherwise.

5.1 APD Plot

Fig. 2 shows APD plots for MB–OFDM UWB interference with σ2
i = 1, f0 = 10∆f , and NB = 3.

The curves in Fig. 2 were generated using the results in Section 3.3 and adopting the format

recommended by the NTIA in [11, Appendix D], i.e., the x–axis shows the percentage of time for

which |i[k]| exceeds the ordinate. The GA yields approximately a straight line and is approached by

the exact APD for small (normalized) NB signal bandwidths Bs/∆f , whereas the IGA is approached

for large Bs/∆f , cf. Section 3.2. The more often a given ordinate is exceeded on average (i.e.,
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the larger the corresponding x–axis value), the higher the corresponding bit error rate will be. For

communications applications the x–axis interval below 1% is most relevant as it reflects the behavior

of the tails of the corresponding pdf. Therefore, Fig. 2 shows that for certain NB signal bandwidths

MB–OFDM UWB interference is more favorable than Gaussian noise with equal variance, whereas

impulsive noise has a more detrimental effect in the interval of interest. For example, |i[k]| exceeds

20 log10(y) = 6 dB for Bs/∆f = 0.15 only 10−4 % of the time, while Gaussian noise and impulsive

noise exceed this level 0.5% and 4% of the time, respectively. The APDs in Fig. 2 suggest that the

impact of MB–OFDM UWB interference on a NB receiver strongly depends on the bandwidth of

the NB signal.

5.2 BER in Non–Fading Channel

In Fig. 3, we investigate the dependence of the exact BER on the NB pulse shape as a function of

Bs/∆f . SRRC impulses with various roll–off factors r are compared with a REC pulse of duration

Ts = 1/Bs for 10 log10(SNR) = 10 dB, f0 = 10∆f , NB = 3, and various SIRs. As expected,

all exact BERs approach the respective GAs and the IGAs for very small and very large NB signal

bandwidths, respectively. The GA is faster approached for smaller r than for larger r since in

the former case the corresponding time domain pulse shape decays more slowly. For medium NB

bandwidths (0.05 ≤ Bs/∆f ≤ 5) the exact BER depends significantly on the NB pulse shape,

especially for low SIRs. The simulation results for r = 0.2 and r = 0.8 confirm the exact BER

analysis.

The effect of the frequency offset f0 between the NB signal and the MB–OFDM signal on the

exact BER is studied in Figs. 4 and 5. Fig. 4 shows the exact BER vs. f0/∆f for the interference

limited case (i.e., SNR → ∞) assuming Bs = ∆f and NB = 3. Numerical results (solid lines) and

simulation results (markers) are in excellent agreement. For 10 log10(SIR) > 6 dB the BER strongly

depends on f0, where values of f0 close to the sub–carrier center frequency of 10∆f result in a

lower BER. We note that as long as border effects can be neglected the BER is periodic in f0 with

period ∆f . Fig. 5 depicts BER vs. Bs/∆f for 10 log10(SNR) = 10 dB, NB = 3, various f0/∆f ,

and various SIRs. The exact BER approaches the GA faster if the NB carrier frequency is between

two MB–OFDM sub–carriers (e.g. f0/∆f = 10.5), and it becomes independent of f0 if the NB

signal bandwidth exceeds twice the MB–OFDM sub–carrier spacing (Bs > 2∆f).

In Fig. 6, we investigate the impact of NB on the exact BER for 10 log10(SNR) = 10 dB,
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10 log10(SIR) = 15 dB, and f0 = 10∆f . While the exact BER for large Bs and the IGA depend

on NB, the exact BER for small Bs and the GA are independent of NB. However, the exact BER

approaches the GA faster for small NB as expected, cf. Section 3.2. The difference between GA and

IGA increases with increasing NB, as in the latter case the interference becomes more impulsive for

larger NB. We note that even for NB = 1 (i.e., conventional OFDM with only one band) GA and

IGA are not identical because of the non–zero prefix duration TP and the non–zero guard interval

TG, which are responsible for ρ = 1/(∆fTi) < 1 in this case.

Figs. 3, 5, and 6 show that for a given SIR NB signals with small bandwidths Bs are less

affected by MB–OFDM UWB interference than NB signals with large Bs. In addition, for non–

fading channels with the considered parameters the IGA upper–bounds the exact BER, whereas the

GA is approached from below by the exact BER for small NB signal bandwidths. In fact, from

the comparison of the GA and the exact BER in Figs. 3, 5, and 6 we can also conclude that in

non–fading channels for low–to–medium values of Bs the pdf of MB–OFDM UWB interference has

a more favorable impact on error performance than the Gaussian pdf, cf. discussion in Section 5.1.

We note that our analysis is restricted to uncoded NB systems and it is difficult to draw conclusions

for coded NB systems from it. For example, it is well–known that the capacity of channels with

impulsive noise is higher than that of channels with Gaussian noise [20]. The analysis of coded NB

systems under MB–OFDM interference is an interesting topic for future research.

5.3 BER in Fading Channel

Fig. 7 illustrates the dependence of the exact BER on the NB signal bandwidth Bs for Nakagami–m

fading with 10 log10(SNR) = 10 dB, 10 log10(SIR) = 10 dB, f0 = 10∆f , and NB = 3. We note

that m = 1 and m → ∞ correspond to Rayleigh fading and no fading, respectively. It is interesting to

observe that the performance difference between GA and IGA increases with increasing m. Similarly,

while the exact BER is almost independent of Bs for m = 0.5, 1, 2 (cf. also Section 4.4), a strong

dependence of the exact BER on Bs can be observed for m ≥ 5. This clearly shows that MB–OFDM

UWB interference should not be analyzed in isolation (as is done with the APD plots advocated by

the NTIA), but only in connection with the underlying NB channel.
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5.4 Impact of Different UWB Channel Models

So far we have assumed a flat channel model. While this is an appropriate model for small NB

signal bandwidths Bs, a frequency–selective channel model may be more appropriate for large Bs.

Therefore, we compare in Fig. 8 the analytical BER obtained for the channel model described in

Section 2 with simulation results for one (typical) realization of the CM1 and CM4 UWB channel

models defined in [21]. We have assumed a flat and non–fading NB channel for all BER curves

shown in Fig. 8, i.e., we assume that only the MB–OFDM interference channel is frequency selec-

tive. For CM1 and CM4 the impulse response is multiplied by a log–normal shadowing term, cf. [21].

To separate the effects of frequency–selectivity and log–normal shadowing, we show in Fig. 8 sim-

ulation results obtained with and without the log–normal term. Fig. 8 shows that the exact BER

obtained for a flat interference channel can serve as a good estimate for the BER for CM1 and CM4

UWB interference channels. The log–normal shadowing causes the simulated BER to deviate from

the exact BER also for small NB signal bandwidths, since the averaging of individual interference

terms which is essential for application of the central limit theorem does not affect the log–normal

shadowing. For large NB signal bandwidths and no shadowing the deviation from the exact BER is

larger for the more severely frequency–selective CM4 channel than for the CM1 channel. However,

for CM4 and large Bs the effects of shadowing and frequency–selectivity seem to balance each other

and the simulated BER is very close to the exact BER.

6 Conclusions

In this paper, we have provided a comprehensive analysis of MB–OFDM UWB interference and

its impact on BPSK NB receivers. Based on the MGF of MB–OFDM UWB interference, efficient

methods for numerical evaluation of the exact interference APD and the exact BER of a BPSK NB

receiver have been developed. Furthermore, we have introduced a GA and an IGA for MB–OFDM

UWB interference which result in simpler APD and BER expressions than the exact interference

model. Our numerical results suggest that, in general, the GA and the IGA give accurate results for

Bs < 0.05∆f and Bs > 5∆f , respectively. For the special case of a Rayleigh fading NB channel

both approximations are tight for sufficiently high SNR and SIR regardless of Bs. However, for

0.05∆f ≤ Bs ≤ 5∆f , in general, the BER of the NB receiver strongly depends on the carrier

frequency offset f0 between the NB signal and the MB–OFDM signal, the NB signal bandwidth,
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the number of MB–OFDM frequency bands, and the NB pulse shape.

A Periodicity of Φi|τk(s, τk)

The periodicity of Φi|τk
(s, τk) can be proved by replacing τk by τ ′

k , τk + NBλTi in Eq. (20)

Φi|τk
(s, τ ′

k) =
1

2π

∫

2π

∞
∏

κ=−∞

Ns/2
∏

n=−Ns/2

n6=0

cosh(s<{gejθej2πf0NBκTiβn(τk + NBλTi − NBκTi)})

cosh
(

s={gejθej2πf0NBκTiβn(τk + NBλTi − NBκTi)}
)

dθ,

=
1

2π

∫

2π

∞
∏

κ′=−∞

Ns/2
∏

n=−Ns/2

n6=0

cosh(s<{gejθej2πf0NB(κ′+λ)Tiβn(τk − NBκ′Ti)})

cosh
(

s={gejθej2πf0NB(κ′+λ)Tiβn(τk − NBκ′Ti)}
)

dθ

=
1

2π

∫

2π

∞
∏

κ′=−∞

Ns/2
∏

n=−Ns/2

n6=0

cosh(s<{gejθ′ej2πf0NBκ′Tiβn(τk − NBκ′Ti)})

cosh
(

s={gejθ′ej2πf0NBκ′Tiβn(τk − NBκ′Ti)}
)

dθ′

= Φi|τk
(s, τk), (43)

where we have used the substitutions κ′ = κ − λ and θ′ = θ + 2πf0NBλTi, respectively.

B Asymptotic BER in Rayleigh Fading

Based on Eq. (6) we can express the exact BER as

Pe,E = Pr{|acb[k] + ic[k] + nc[k] − acb[k]|2 > |acb[k] + ic[k] + nc[k] + acb[k]|2}

= Pr{|ac|2 + ac(ic[k] + nc[k])∗/2 + a∗
c(ic[k] + nc[k])/2 < 0}. (44)

For Rayleigh fading ac is a zero–mean Gaussian random variable. Using the results of [12, Appendix

B] we can express the exact BER conditioned on ic[k] as

Pe|ic,E =
1

2

(

1 − I0(y
2)e−y2

√

1 + 2σ2
n

)

, (45)
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where y2 , |ic[k]|2/(2
√

1 + 2σ2
n) and I0(·) denotes the zeroth order Bessel function of the first kind.

Assuming |ic[k]|2 � 1 and σ2
n � 1 and using the relations 1/

√
1 + x ' 1− x/2, I0(x) ' 1−x2/4,

and e−x ' 1 − x, which are all valid for x � 1, we obtain from Eq. (45)

Pe|ic,E = σ2
n/2 + |ic[k]|2/4. (46)

Averaging Eq. (46) over the (unknown) pdf of the interference yields the (unconditional) BER

Pe,E = σ2
n/2 + σ2

i /2, (47)

where we have used E{|ic[k]|2} = 2σ2
i which follows from the fact that ic[k] is rotationally symmetric

since θg is uniformly distributed in [−π, π). Now, Eq. (42) is easily obtained by combining Eq. (47)

with Eq. (9).
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Tables and Figures:

Table 1: MB–OFDM parameters [5].

Number of non–null sub–carriers Ns = 122

Sub–carrier spacing ∆f = 4.125 MHz

OFDM symbol duration Ti = 312.5 ns

Prefix duration TP = 60.61 ns

Guard interval TG = 9.47 ns

Frequency bands NB = 3
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NB Signal

a)

b)

MB−OFDM Signal

NB Signal

MB−OFDM Signal

f0

f

t

nb = 1 nb = 2 nb = 3

Ts 2Ts

NBTi 1/∆f

Figure 1: NB signal and MB–OFDM signal in a) frequency domain and b) time domain

for NB = 3. We note that for the time domain representation of the MB–OFDM signal

only the contribution of the relevant first frequency band is depicted.
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Figure 2: APD plot for different NB signal bandwidths Bs/∆f . σ2
i = 1, f0 = 10∆f ,

and NB = 3. Exact APD [Eq. (28)], GA [Eq. (25)], and IGA [Eq. (26)].
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Figure 3: BER vs. Bs/∆f for different NB pulse shapes and different SIRs.

10 log10(SNR) = 10 dB, f0 = 10∆f , and NB = 3. Exact BER [Eq. (35)], GA [Eq. (33)],

and IGA [Eq. (34)]. Markers: Simulation results.

Page 26 of 43IEEE Transactions on Wireless Communications

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review

Nasri et al.: Analysis of Narrowband Systems Impaired by MB–OFDM UWB 26

9.5 9.6 9.7 9.8 9.9 10 10.1 10.2 10.3 10.4 10.5
10

−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

B
E

R

f0/∆f

10 log10(SIR) = 0, 1, . . . , 11 dB

Figure 4: Exact BER vs. f0/∆f for different SIRs. Interference limited case (SNR →
∞), Bs = ∆f , and NB = 3. Markers: Simulation results. Solid lines: Numerical

results [Eq. (35)].
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Figure 5: BER vs. Bs/∆f for different f0/∆f and different SIRs. 10 log10(SNR) = 10

dB and NB = 3. Exact BER [Eq. (35)], GA [Eq. (33)], and IGA [Eq. (34)].
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Figure 6: BER vs. Bs/∆f for different NB. 10 log10(SNR) = 10 dB, 10 log10(SIR) = 15

dB, and f0 = 10∆f . Exact BER [Eq. (35)], GA [Eq. (33)], and IGA [Eq. (34)].
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Figure 7: BER vs. Bs/∆f for different fading parameters m. 10 log10(SNR) = 10 dB,

10 log10(SIR) = 10 dB, f0 = 10∆f , and NB = 3. Exact BER [Eq. (39)], GA [Eq. (36)],

and IGA [Eq. (37)].
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Figure 8: BER vs. Bs/∆f for different interference channels. 10 log10(SNR) = 10 dB,

10 log10(SIR) = 15 dB, and f0 = 10∆f . Exact BER for flat channel [Eq. (35)] and

simulation results for one realization of CM1 and CM4 UWB channel models.
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