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Abstract

In this paper, we investigate the effect of multi-band orthogonal frequency division multiplexing
(MB-OFDM) ultra—wideband (UWB) interference on narrowband (NB) receivers. For this purpose,
we first derive the exact moment generating function of MB-OFDM UWB interference. Based on
this result, we develop analytical expressions for the amplitude probability distribution (APD) and
the bit error rate (BER) of a binary phase—shift keying NB receiver. These expressions can be effi-
ciently numerically evaluated and the presented analysis is general enough to encompass non—fading
and various fading NB channels. We show that for NB signals with, respectively, much smaller and
much larger bandwidths than the MB-OFDM sub—carrier spacing a Gaussian approximation (GA)
and an impulsive GA (IGA) of the MB-OFDM UWB interference lead to accurate performance
predictions. However, for most NB channel models and signal bandwidths the exact BER analysis
has to be used to obtain meaningful results. An exception is the Rayleigh fading NB channel where

both GA and IGA yield tight approximations of the exact BER regardless of the NB signal bandwidth.

IThis work was presented in part at the IEEE Vehicular Technology Conference (Spring-VTC), Melbourne,
May 2006, and in part at the IEEE International Conference on Communications (ICC), Istanbul, June 2006.
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1 Introduction

In 2002, the US Federal Communications Commission (FCC) opened the frequency range from 3.1
GHz to 10.6 GHz for unlicensed operation of ultra—wideband (UWB) radios with a maximum power
spectral density of -41.3 dBm/MHz. Since then UWB has emerged as an important technology for
short—range high data rate wireless communication. A natural consequence of the unprecedented
large bandwidth of UWB signals is the potential of causing harmful interference to narrowband
(NB) systems. Although ideally UWB interference should be negligible compared to the Gaussian
background noise, depending on the location of the UWB interferer this may not be true considering
a thermal noise floor of -114 dBm/MHz. Therefore, it is important to accurately investigate the
performance degradation of coexisting NB receivers in the presence of UWB interference.

Most existing UWB interference studies have considered either direct—sequence UWB (DS-UWB)
or impulse radio time—hopping UWB (TH-UWB), cf. e.g. [1, 2, 3, 4]. The literature on multi—band
orthogonal frequency division multiplexing (MB-OFDM) UWB interference is comparatively sparse.
This is surprising as MB-OFDM UWB had been a strong candidate for standardization by the
IEEE for high—rate wireless personal area networks (WPANSs) [5] and has been recently adopted as a
standard by the ECMA [6]. In [7, 8], it has been shown that the interference from MB-OFDM UWB
devices can be modeled as impulsive noise if the bandwidth of the victim receiver contains several
MB-OFDM sub—carriers. The impact of MB-OFDM interference on an IEEE 802.11a wireless
local area network (WLAN) receiver was evaluated experimentally in [9], while the impact of MB-
OFDM interference on a C-band digital television (DTV) receiver was studied via simulations and
experiments in [10] and [11], respectively. However, a general and exact analysis of MB-OFDM
UWB interference is not available in the literature, and the impact of MB-OFDM UWB on the
performance of NB receivers is not well understood.

In this paper, we provide a comprehensive analysis of MB-OFDM UWB interference and make

the following contributions.

e We derive the exact moment generating function (MGF) and the exact amplitude probability
distribution (APD) [11] of MB-OFDM UWB interference.

e Based on the MGF, we derive analytical expressions for the exact bit error rate (BER) of a
binary phase—shift keying (BPSK) NB receiver impaired by MB-OFDM UWB interference and
additive white Gaussian noise (AWGN). The obtained expressions allow for an efficient numer-

ical evaluation and are applicable to non—fading channels as well as all commonly encountered
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fading channel models including Rayleigh, Ricean, Nakagami—m, and Nakagami—q fading.

e For NB signal bandwidths much smaller and much larger than the MB-OFDM sub—carrier
spacing, we show that the MB—OFDM interference model can be simplified using a Gaussian
approximation (GA) and an impulsive GA (IGA), respectively. We provide the MGF for the
GA and the IGA, respectively, and derive the corresponding APD and BER expressions for
BPSK NB receivers.

e Exploiting the obtained APD and BER results we show that the accuracy of the GA and the
IGA does not only depend on the NB signal bandwidth but also on the properties of the NB
channel. We demonstrate that for Rayleigh fading and sufficiently high signal-to—interference
ratios the BERs for GA and IGA are identical and closely approximate the exact BER regardless
of the NB signal bandwidth. For other fading models and non—fading channels GA and IGA
generally become accurate if B, < 0.05Af and B, > 5Af, respectively, where B, and Af
denote the NB signal bandwidth and the MB-OFDM sub—carrier spacing, respectively.

e For 0.05Af < B, < bAf the provided exact BER expressions have to be used to obtain
meaningful results. For these NB signal bandwidths the BER of the NB receiver strongly
depends on the carrier frequency offset between NB signal and MB-OFDM signal, the NB
signal bandwidth, the number of MB-OFDM frequency bands, and the NB pulse shape.

Organization: In Section 2, the considered system and transmission model is introduced. In Section
3, the exact MGF of MB-OFDM UWB interference and two simple approximations thereof are de-
rived, and exact and approximate expressions for the APD of MB-OFDM are provided. Exact and
approximate BER expressions for a BPSK NB receiver impaired by MB-OFDM UWB interference,
AWGN, and (possibly) fading are developed in Section 4. Numerical results are presented and dis-
cussed in Section 5, and conclusions are drawn in Section 6.

Notation: In this paper, [-]*, £{-}, Pr{A}, and ® denote complex conjugation, statistical expecta-
tion, the probability of event A, and convolution, respectively. In addition, ®{-} and 3{-} refer to

the real and imaginary parts of a complex number, respectively.

2 System Model

In this section, the considered signal and channel model is introduced. In addition, the MB-OFDM

UWB signal and the NB receiver processing are described in detail.
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2.1 Signal and Channel Model

We consider the scenario where an MB-OFDM UWB transmitter is in close proximity to a coherent
NB receiver. In order to capture the main effects of MB—OFDM interference on an NB signal while
maintaining mathematical tractability, we adopt the same simple channel model® as e.g. [2, 9, 8].

In particular, the received signal in equivalent complex baseband representation is modeled as
r(t) = ac(t) s(t) + g i(t — 1) + (1), (1)

where s(t), i(t), and n(t) denote the transmitted NB signal, the transmitted MB-OFDM UWB
(interference) signal, and AWGN with one—sided power spectral density Ny, respectively. We assume
that the NB channel is approximately time invariant during one NB symbol duration 7. Therefore,
the NB channel gain can be modeled as a constant a.(t) = a, = ae’%, where a = |a,| and 6, denote
the magnitude and the phase of a., respectively. For non—fading channels a = 1, whereas for fading
channels a is a positive random variable with probability density function (pdf) p,(a) and variance
02 £ £{a®} = 1. Due to the proximity of the MB-OFDM transmitter and the NB receiver and the
lack of synchronization between the two devices, the associated channel is modeled as non—fading
with constant magnitude g and uniformly distributed phase 6, € [—m, 7). The relative delay 7 of
the MB-OFDM signal compared to the NB signal is uniformly distributed in the interval [0, T).
The NB signal s(t) is given by

sty =)= S bk plt — KTL), (2)

where E, b[k], and p(t) denote the symbol energy, the kth transmit symbol, and the NB pulse shape,
respectively. Although our analysis can be extended to any quadrature amplitude modulation (QAM)
and pulse amplitude modulation (PAM) format using the general approach?® presented in [15], we
assume in the following BPSK modulation, i.e., b[k] € {£1}. This simplifies the exposition but all

fundamental and qualitative results obtained in this paper also apply to higher order modulations.

2We note that for large NB signal bandwidths a more elaborate, frequency—selective channel model may be
more appropriate. However, for such a model an analytical interference study may not be feasible. In addition,
our results in Fig. 8 suggest that frequency selectivity of the interference channel does not have a large impact

on the error rate of the NB system.
3In [15], it has been shown that the BER of PAM can be expressed as a sum of terms w; P, (b;a) where w; and

b; are constellation dependent constants and P.(a) is the BER for BPSK for channel amplitude a. A similar

statement is true for the QAM case, cf. [15].
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Furthermore, we assume that p(t) has a square-root Nyquist (SRN) frequency response [12], which
is true for example for band—limited square—root raised cosine (SRRC) and time—limited rectangular

(REC) pulse shapes.

2.2 MB-OFDM UWRB Signal Model

The adopted model for the MB-OFDM UWB transmit signal i(t) closely follows the IEEE.802.15.3a
standard proposal [5]. More precisely, i(t) is modeled as [5]

00 N /2
1 | | |
’L(t) — Z Z an[k] e]27mAf(t—kTi) w(t . k)ﬂ) e]27thB[k:}t e]27‘(’f0t’ (3>
VN |~ N
n#0

where N, Af, and T; denote the number of non—null sub—carriers, the sub—carrier spacing, and the
OFDM symbol duration, respectively, and where we took into account that the zeroth sub—carrier
is a null sub—carrier. In the following, we discuss the remaining variables in Eq. (3) more in detail.
MB-OFDM data symbols a,[k]: The MB-OFDM data symbols a,[k| are taken from a 4-QAM
alphabet, i.e., a,[k] € {£1 £ j}, and their statistical properties influence the interference statistics.
The standard proposal [5] specifies seven different data rate modes. All modes involve channel
coding but this does not have a noticeable effect on the interference statistics since the coded bits
are interleaved before they are mapped to a,[k]. Therefore, for MB-OFDM data rates of 320 and
480 Mb/s the data symbols a,[k] can be assumed independent, identically distributed (i.i.d.) with
respect to both time index k and sub—carrier index n. In contrast, for data rates below 320 Mb/s
each OFDM symbol is repeated once in time, i.e., a,[2k] = a,[2k + 1], Vk, and for the two lowest
data rates (55 and 80 Mb/s) the MB-OFDM data symbols have also a conjugate symmetry with
respect to sub—carrier index n, i.e., a,[k] = a*, [k], 1 <n < Ng/2.
OFDM pulse shape w(t): The OFDM pulse shape w(t) is rectangular and given by [5]
w(t) = 1 Tp§t<7}-—TG )
0 otherwise
where Tp and Ty = T, — (Tp+1/Af) denote the prefix duration and the guard interval, respectively.
Frequency offsets fy and fyg(k]: fus[k| and f, are a time—dependent, periodic and a constant
frequency offset, respectively. fuplk] € {(ny — 1)N;Af|n, € {1,2, ..., Ng}} is used to switch
between the Ny MB-OFDM frequency bands [5], and f; represents the offset of the NB signal with
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respect to the zeroth sub—carrier of the first MB-OFDM band (fugs[k] = 0). Each MB-OFDM
frequency band is active only 100/Ng % of the time, and the order in which the different bands
are used is determined by a so—called time—frequency code. In the following, we assume that the

time—frequency code
Suplk] = (kmodNp)N,AF, (5)

is applied and that the NB signal lies fully in the first MB-OFDM frequency band. We note that
our analysis can be easily adapted to the case where the NB signal is affected by two MB-OFDM
frequency bands and to other time—frequency codes. In general, different time—frequency codes will
lead to different NB system error rates. The frequency hopping of the MB—-OFDM signal and its
effect on the NB signal are schematically shown in frequency and time domain in Figs. 1a) and 1b),
respectively. In Fig. 1, Ng = 3 is valid and for the time domain representation of the MB-OFDM
signal only the contribution of the relevant first frequency band is depicted.

For all numerical examples presented in Section 5 the MB-OFDM parameters are chosen ac-

cording to standard proposal [5] unless stated otherwise, cf. Table 1.

2.3 NB Receiver Processing

The NB receiver performs matched filtering and sampling of the continuous—time received signal
r(t). Taking into account the SRN property of the NB pulse shape p(t) and the normalization
ffooo Ip(t)|? dt = \/Ts/E;, the discrete—time received signal can be expressed as

re[k] = r(t) @ p*(—t) 1=k, = acb[K] + i[k] + n.[k], (6)

where i.[k] = ge’% i(t — 7) ® p*(—t)|i—rr. and n.[k] denote the complex MB-OFDM UWB inter-
ference and the complex AWGN, respectively. The resulting decision variable for BPSK transmission
IS

r[k] & R{e % [k]} = ablk] + i[k] + n[k], (7)

with real AWGN nk] = R{e 7%n,[k]} and
ik] 2 R{e i [k]} = R{g e i(t — 7) @ p"(~1)|i=ir. }, (8)

where phase 6 £ 6, — 6, is uniformly distributed in [—7, ). The estimated data symbol b[k] is
obtained as b[k] = 1 if 7[k] > 0 and b[k] = —1 if r[k] < 0.
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For future reference, we define the signal-to—noise ratio (SNR) and the signal-to—interference
ratio (SIR) as

L E@R? 1B o EL@R)} 1
SR E Rl T 202 M ¢ SRty T w9

respectively. Here, 02 £ £{(n[k])?} and o? = E{(i[k])?} denote the variance of n[k] and the

variance of i[k], respectively.

3 MB-OFDM UWB Interference Analysis

In this section, we first derive an expression for the exact MGF ®; g(s) of the MB-OFDM UWB
interference i[k]. Subsequently two approximate models for MB-OFDM UWB interference are

provided and the associated MGFs are given. In addition, exact and approximate expressions for the

APD are developed.

3.1 Exact Moment Generating Function (MGF) of i[k]

Before we calculate the exact MGF, we first reformulate and simplify the analytical expression for

ik].

3.1.1 Reformulation of i[k]

Based on Egs. (3) and (8) the MB-OFDM interference signal can be expressed as

o0 Ns/2
ik =R > > gl (kT — kT, — 7) anls] p | (10)
K=—00 n=—Ns/2
n#0

where the coefficients o, (kTy — kT; — 7) are defined as

an(kTs — kT, — 7-) A p*(—t) ® ejQWnAf(t—T—ﬁTi)w(t —r— K,TZ) e)2m (fus[k]+fo) (t—7) ) (11)

1
\/ﬁs t=kTs

Adopting the time—frequency code in Eq. (5) and assuming that the NB signal lies fully in the first
MB-OFDM frequency band, Eq. (10) can be simplified to

(o] Ns/2

=Ry S S g PN G NoKT) 0, [Npk] | (12)

K=—00 n=—Ns/2
n#0
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where 73, £ kT, — 7 and 3, (t) is given by

[ee] Ti—TG
1 : 1 ,
Bn(t) = / I AT folu x4, — t) w(u) du = / eI AS Oy (y — t) du. (13)
VN, VN5
— 0 Tp

Alternatively, using Parseval's theorem [12], /3,,(t) may be obtained from

—_

B, () = eI DI o)t / P [/CADTE) (£ L nAf 4 f,) sin(n//A/) df,  (14)
T

N, /

where P(f) denotes the Fourier transform of p(t). Since any NB pulse shape p(t) is essentially limited
in time and frequency, the coefficients 3, (7. — NgkT;) are approximately zero if, respectively, k and
n exceed certain upper and lower limits, cf. Egs. (13) and (14).

We note that for other time—frequency codes specified in [5] similar simplified expressions for

i[k] can be found.

3.1.2 Conditional Moment Generating Function

Now, we are ready to derive the MGF of i[k] conditioned on 7;, and phase offset 6*
D9, () & E{e* M0, 7.} (15)

For evaluation of Eq. (15), the statistical properties of the MB-OFDM data symbols a,[k] are
important. We first note that because of the frequency hopping dictated by the time—frequency
code in Eq. (5) the NB signal is affected only by every Ngth MB-OFDM symbol. Therefore,
assuming Np > 2 the repetition of every MB-OFDM symbol in time for data rates below 320 Mb/s
has no impact on the interference statistics. However, the dependence introduced by the conjugate
symmetry for MB-OFDM data rates of 55 and 80 Mb/s affects the interference statistics seen by
the NB signal if the NB signal spectrum is non—zero for both positive and negative sub—carrier
frequencies. Therefore, we consider in the following two different cases.

C1) No conjugate symmetry (MB—OFDM data rates of more than 80 Mb/s): In this case, the
MB-OFDM data symbols can be modeled as i.i.d. random variables and using Eq. (12) we can

4Although Eq. (15) differs from the usual definition of the MGF by the negative sign in the exponential, we
still refer to ®;)9 ;, (s) as MGF. Strictly speaking ®;¢ -, (s) as defined in Eq. (15) is the Laplace transform of
the conditional pdf of i[k].
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rewrite Eq. (15) as

Ny /2

0.7, (5) = H H & {exp (—sR {ge’’e*IoNBrT g (1), — NpKT;)an[Npk]) }

K=—00 n=—Ng/2
n#0

If we furthermore take into account that the MB-OFDM data symbols are equi—probable 4-QAM

e,rk} . (16)

symbols, we arrive at the conditional MGF

o0 N5/2
D05, (5) = H H cosh (s R{gei®es?mioNerTig (1, — NgkT))})
K=—00 n=—Ng/2
n#0

cosh (s S{gel?el?mIoNErTig (1) — NprT))}). (17)

Finally, for numerical evaluation of ®;,, ¢(s) we replace Eq. (17) by

DPijp - (5) ~ H H cosh (s%{gejeeﬂ”foNB”Tiﬁn(Tk—NBRE)})

K=—K] n=—1]

n#0

cosh (s S{gei?es?mioNerTig (1, — NBHE)}) ) (18)

where K, Ky, 1, and n, are suitably chosen upper and lower limits which ensure (3, (7, — NgrT;)} ~

0if K & [—Ki, Ky] Or 0 & [—ny, ny), cf. Section 3.1.1. Depending on the system parameters, typically
20 to 100 terms are required in Eq. (18) to achieve an accurate approximation of Eq. (17).

C2) Conjugate symmetry (MB-OFDM data rates of 55 and 88 Mb/s): Using similar steps as

above but taking into account a,[k] = a*,[k], 1 < n < N,/2, the conditional MGF is obtained as

[ee] N5/2

Qo (s) = H H cosh (s R{gei?er?mfoNerTin, (r NgrT;)})

K=—00 n=1
cosh (s ${ge/’e?*™oNBr G (1, — NpkT;)}) (19)
where 7, (t) £ B, (t) + B_n(t) and 8, (t) = B,(t) — B_n(t). For numerical evaluation of Eq. (19) the
products can be truncated in a similar way as in Eq. (18).
In the remainder of this paper, we will assume Case C1) and i.i.d. MB-OFDM data symbols.
However, all analytical results presented are also valid for Case C2) and conjugate symmetric data

symbols if the conditional MGF in Eq. (19) is used instead of the one in Eq. (17).

3.1.3 Exact Moment Generating Function

Since we assume that both the phase offset 6, and the delay 7 of the MB-OFDM interferer are

uniformly distributed random variables, cf. Section 2.1, we have to average <I>Z-|9,Tk(s) with respect
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to 6, and 7 or equivalently with respect to 6 and 7, respectively. After averaging over #, we can

express the MGF of i[k| conditioned 7, as

1

B (5 7) 2 &0 (9} = 3= | Dian(s)0, (20)

Since it is shown in Appendix A that ®;),, (s, Tk) is periodic in 7, with period NgTj;, the unconditional
MGF can be obtained by averaging ®;,, (s, 7;) over any interval of length N5T;. Since 7 is assumed
to be uniformly distributed, 7, is also uniformly distributed and the exact MGF of i[k] can be

computed as

1
P, = o7 Do dé dry. 21
o0 =gy [ bion(s) (21)

®; r(s) can be efficiently numerically evaluated as Eq. (21) only involves two integrals with finite

limits and ®;j5 -(s) may be replaced by the approximation in Eq. (18).

3.2 Approximate Models for MB-OFDM UWB Interference

In this subsection, we discuss two simplified MB-OFDM UWB interference models which are good
approximations of the exact model if the NB signal bandwidth B, = 1/T, is much smaller and much

larger than the MB—OFDM sub—carrier spacing A f, respectively.®

3.2.1 Gaussian Approximation (GA)

We first consider the case where the NB signal has a very small bandwidth B, compared to the
sub—carrier spacing frequency Af, i.e., By < Af which also implies T > T;. In this case, Egs. (13)
and (14) show, respectively, that (3, (7w — Npgk) is non—zero over a large interval of x and a small
interval of n since p(t) is a broad pulse in the time domain whereas P(f) is a narrow pulse in
the frequency domain. Therefore, in Eq. (12) for certain values of n many independent random
variables with non-zero (and similar) variances are added in the summation over . This suggests
that the central limit theorem can be invoked and i[k] may be approximated as a real Gaussian
random variable with MGF

®; gals) = 72, (22)

5We note that the exact amount of spectrum occupied by the NB signal heavily depends on the adopted pulse

shape p(t), of course. In order to facilitate a unified treatment of different pulse shapes, we refer to By = 1/T5

as the NB signal bandwidth here.
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In this case, the multi-band nature of the MB-OFDM UWB interference does not affect the MGF.
We note however that for a given B; the number of non—zero terms added in Eq. (12) decreases

with increasing Np implying that the GA becomes less accurate.

3.2.2 Impulsive Gaussian Approximation (IGA)

Now, we assume that the bandwidth B, of the NB signal® is large compared to the sub—carrier spacing
frequency Af, ie., By > Af and T, < T;. Thus, if fyg[k] = 0 the MB-OFDM signal impairs the
NB signal for several NB symbol durations 7. After the MB—OFDM signal has hopped to a different
center frequency fyg[k] > 0 it will not affect the NB signal for a duration of NgT; — 1/Af, where
we took into account that i[k] is also zero during the prefix and the guard interval. These time—
domain considerations show that only approximately a fraction of p = 1/(NgAfT;) NB symbols
are affected by the MB-OFDM signal.

If an NB symbol is impaired by the MB-OFDM signal (i.e., if fuglk] =0), B.(7x — Npkr) will
have non—zero values only for a single value of Kk = kg. However, for kg, (,(Tx — Npkro) will be
non—zero for a large number of sub—carriers n since P(f) is a broad pulse, cf. Eq. (14). Therefore,
ilk] in Eq. (12) involves a sum of many independent random variables with similar variances and
the central limit theorem applies.

To summarize, for B, > Af, 100 p % of the NB symbols are impaired by approximately Gaussian
interference, whereas 100 (1—p) % of the NB symbols do not experience any interference. Therefore,

in this case, the MGF of i[k]| can be approximated as
i 1ca(s) =1 —p+ pe” /@), (23)

We note that similar IGA models for MB-OFDM have also been reported in [7, 8].

3.3 Amplitude Probability Distribution (APD)

The National Telecommunications and Information Administration (NTIA) recommends APDs for
assessment of UWB waveforms [7, 11]. The APD is the complementary cumulative distribution

function of the amplitude of the interference signal i[k]

A .

APD(y) = Pr{[i[k]| > y}. (24)

SHere, “narrowband” means that the bandwidth of the signal is small compared to the total MB-OFDM
UWB bandwidth, i.e., Bs < NgN;Af.
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We note that the APD as defined in Eq. (24) deviates slightly from the one in [7, 11]. In [7, 11]
the APD of the complex UWB interference i.[k| is considered, whereas we consider the APD of the
real interference i[k|, cf. Eq. (8), since only i[k| affects the decision variable, cf. Eq. (7). For the
GA and the IGA it is straightforward to show that the corresponding APDs are given by

APDGa(y) = 2Q ( i—) (25)
and
2
N—) .

respectively, where Q(z) £ \/% f;o e~*/2 dt denotes the Gaussian Q—function [12]. For the exact

MB-OFDM interference model a closed—form expression for the APD cannot be found but APDg(y)
can be evaluated numerically. For this purpose it is useful to note that the exact pdf p; g(x) of i[k]
is an even function of x, since its Fourier transform ®; g(jw) is a real and even function of w [13].

Therefore, exploiting basic properties of the Laplace transform [14], we can express the exact APD

as
-y ctjoo
1 _..ds
APDE(Z/) =2 sz(ﬂf) dr = — (bi,E(s) eV —, (27)
T S
—00 c—7J00

where c is a positive constant lying in the region of convergence of the integral. An efficient numerical
evaluation of Eq. (27) is possible by applying a Gauss—Chebyshev quadrature rule, cf. e.g. [14]. This

results in
K/2
2

APDg(y) ~ % Z (?R{(I)LE(CSJC) ek 4 &SP, g(csy) 6—ycsk}) ’ (28)

k=1
where s, = 1+ j&, & 2 tan([2k — 1]7/[2K]), and K is a sufficiently large integer. According to
[14] the best choice for ¢ is that real-valued s which minimizes ®; g(s) e ¥*. Since the minimum
of ®; g(s)e ¥ is difficult to compute, we use ¢ = sy, = y/o? instead, where s,,;, minimizes
®; ca(s) e ¥*. We found that this choice guarantees fast convergence of the sum in Eq. (28) and
K =200 is sufficient to obtain accurate results. We note that although the evaluation of Eq. (28)
requires the numerical integration of three integrals [Egs. (13), (21)], the computation of APDg(y)

is quite fast, since all integrals have finite limits.
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4 BER of BPSK NB Signals

In this section, the BER of BPSK NB signals impaired by AWGN and MB-OFDM UWB interference

is derived for transmission over non—fading and fading channels, respectively.

4.1 Preliminaries

In this subsection, we establish some basic results that are helpful for BER calculation. First, it is
convenient to introduce the MGF ®,.,, x(s), X € {E, GA, IGA}, of the sum of MB-OFDM UWB
interference and AWGN for the different interference models discussed in Section 3. Exploiting the

fact that i[k] and n[k] are statistically independent ®,.,, x(s) can be obtained as
(Dz'—i-n,X(S) = (I)i,X(S> (I)n(s>7 X e {Ea GA7 IGA}7 (29>

where @, (s) = e5°7/2 denotes the MGF of n[k]. Using Eqgs. (22), (23), and (29) it is not difficult
to show that for a given NB channel gain a and BPSK signaling the GA and the IGA result in BERs

P.oala) = Q < —) (30)

2 2
on+ 0;

P.icala) = (1-p)Q ( Z—Z> +pQ (\/ ﬁ) ; (31)

respectively. On the other hand, for any of the considered interference models and a given NB

and

channel amplitude a, we may express the BER of the BPSK NB receiver as

—a c+joo
1 d
P. x(a) = /Pz’+n,X($) de = o— y i, x(s) e ?S, X e {E, GA, IGA}, (32
v

—0o0 c—joo
where we have used as a similar approach as for derivation of Eq. (27). In the following subsections,

we use Egs. (30)—(32) for calculation of the BER for non—fading and fading channels.

4.2 BER in Non—Fading Channel

In this case, we may set a = 1 in Egs. (30)—(32) and replace P. x(a) by P. x. Using the definitions
of the SNR and the SIR in Eq. (9), the GA and the IGA result in a BER of

2
Fean =@ <\/SNR‘1 I SIR‘1> (33)
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and

——— 2
Pe,IGA = (1 - p) Q < QSNR> + pQ (\/SNR_l + (p SIR>_1> ) (34)

respectively. For SIR — oo, Egs. (33) and (34) simplify to the well-known BER expression for
BPSK transmission over a pure AWGN channel as expected, cf. [12, Eq. (5.2-5)]. We note that
Eq. (34) can also be found in [7, 8] and is reported here only for completeness.

For the exact MB-OFDM UWB interference model a closed—form solution for P, p cannot be
derived and the exact BER has to be evaluated numerically. This can be done efficiently by applying
the Gauss—Chebyshev quadrature rule already used for derivation of Eq. (28). This yields

K/2
1
P. g~ e Z (R{Pisn,p(csk) €} + ES{ Py, m(csi) eF}) | (35)

k=1
where si, &, K, and c are defined after Eq. (28). A good choice for ¢ guaranteeing fast convergence

of the sum in Eq. (35) is ¢ = Spin = 1/(02 + 07), where sy, minimizes ®; 1, ga(s)e™*

4.3 BER in General Fading Channels

For fading channels the NB amplitude @ is a random variable with pdf p,(a). Furthermore, we
introduce the pdf p. () of the squared amplitude 7 = a®. The average BER in fading channels can
be obtained by averaging the expressions for P. x(a), X € {E, GA, IGA}, given in Egs. (30)—(32)
over either p,(a) or p, (7).

For example, exploiting the alternative representation of the Q-function Q(z) =

%fow/z exp(—25—) dy [16] when averaging Egs. (30) and (31) over p,(7) yields

2sin?

w/2

1 1
P, =— [ ® d 36
GA 7r/ K ((SNR_l +SIR_1)sin2<p) 4 (36)
0

and

/2 /2
1—p SNR p / 1
P, =— [ O d . dep, 37
IGA T 7 (sim2 gp) vt T 7 (SNR_1 + (pSIR)~1) sin? o ut (37)
0 0

respectively. Here, ®.(s) = £{e™*} denotes the MGF (as defined here) of 7. For the most im-

portant fading distributions (Rayleigh, Ricean, Nakagami—m, Nakagami—q) closed—form expressions

for ®.,(s) can be easily obtained, cf. e.g. [16, Table 3]. For example, for Rayleigh and Nakagami-m
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fading ®,(s) = 1/(1 + s) and ®,(s) = 1/(1 + s/m)™ result, respectively. Using Egs. (36) and
(37) the BER for the GA and the IGA can be efficiently computed by numerically evaluating one—
dimensional integrals with finite limits. We note that for Rayleigh fading Egs. (36) and (37) can
be further simplified and closed—form expressions for P, s and P, 1ga can be obtained, cf. Section
4.4, This is also possible for Nakagami—m fading by exploiting results in [17].

On the other hand, averaging Eq. (32) over p,(a), we obtain for both the exact and the approx-
imate interference models

c+joo
1 d
Pox = E{Pux(@} = 5 [ Binx(s) @als) f X € {E, GA, IGA}, (38
7r
c—joo
where ®,(s) = £{e~*} denotes the MGF of a. Applying again a Gauss—Chebyshev quadrature rule,
we obtain
| F

Pex 22 > (R{@ien, x(est) Pulesi)} + &3{ Do, x(est) Palesi)}) (39)

where X € {E, GA, IGA} and sy, &, K, and ¢ have been defined before. The amplitude MGF
®,(s) is readily available in the literature for all relevant fading distributions. For example, the
MGFs ®,(s) for Rayleigh, Ricean, Nakagami—¢, and Nakagami—m fading can be found in [18, Table
]”. Consequently, Eq. (39) can be used for efficient numerical computation of both the exact and
the approximate BERs for any relevant fading distribution. For fading channels it is more difficult
to find good values for ¢ than for non—fading channels since ®,(s) typically involves confluent
hypergeometric series, cf. [18, Table I]. A suitable value is ¢ = R{s'}/2, where s’ denotes that zero
of ®,(s) which has minimum real part. s’ can be found using standard numerical procedures [19].
Note that for the GA and the IGA Eq. (39) is an alternative to Eqgs. (36) and (37), respectively,

where both options entail approximately the same complexity.

4.4 BER in Rayleigh Fading

For Rayleigh fading Egs. (36) and (37) can be further simplified to

1 1
Peea=5|1- (40)
2 ( V14 SNR™! 4 SIR‘1>

"Strictly speaking the characteristic function ®,(—jw) is given in [18, Table I]. However, the MGF can be

easily obtained by applying the substitution w = js.
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and
PeIGA:1<1_ il - P );
’ 2 V1+SNR™  /1+SNR™T+ (pSIR)-!
respectively. For SIR — oo both Eq. (40) and Eq. (41) simplify to the well-known BER expression
for BPSK transmission over a Rayleigh fading channel impaired by AWGN, cf. [12, Eq. (14.3.7)].
Furthermore, it can be shown that for SNR > 1 and SIR > 1 the GA, the IGA, and the exact

MB-OFDM UWB interference model all lead to the same BER

(41)

(SNR™'+SIR™), X e€{E, GA, IGA}. (42)

=~ =

Pe,XZ

For the GA and the IGA Eq. (42) can be proved by applying 1/v1+2 ~ 1 —2/2, |[z| < 1, in
Egs. (40) and (41), whereas the exact case is discussed in Appendix B.
Eq. (42) shows that for high SNRs and high SIRs the exact BER P. i in Rayleigh fading only

depends on the SNR and the SIR but is independent of other system parameters such as B,, Af,
and fp.

5 Results and Discussions

In this section, we use our analytical methods presented in the previous sections to study the
performance of BPSK NB receivers impaired by MB-OFDM UWB interference, AWGN, and possibly
fading. The MB-OFDM UWB parameters given in Table 1, an SRRC NB pulse with roll-off
r = 0.35, and the channel model introduced in Section 2 are employed unless stated otherwise.
In addition, to avoid distortion of the results by the null sub—carriers, we set fo = 10Af unless

specified otherwise.

5.1 APD Plot

Fig. 2 shows APD plots for MB-OFDM UWRB interference with o? = 1, fy = 10Af, and Np = 3.
The curves in Fig. 2 were generated using the results in Section 3.3 and adopting the format
recommended by the NTIA in [11, Appendix D], i.e., the z—axis shows the percentage of time for
which |i[k]| exceeds the ordinate. The GA yields approximately a straight line and is approached by
the exact APD for small (normalized) NB signal bandwidths Bs/A f, whereas the IGA is approached

for large By/Af, cf. Section 3.2. The more often a given ordinate is exceeded on average (i.e.,
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the larger the corresponding x—axis value), the higher the corresponding bit error rate will be. For
communications applications the x—axis interval below 1% is most relevant as it reflects the behavior
of the tails of the corresponding pdf. Therefore, Fig. 2 shows that for certain NB signal bandwidths
MB-OFDM UWB interference is more favorable than Gaussian noise with equal variance, whereas
impulsive noise has a more detrimental effect in the interval of interest. For example, |i[k]| exceeds
201og;,(y) = 6 dB for B;/Af = 0.15 only 107* % of the time, while Gaussian noise and impulsive
noise exceed this level 0.5% and 4% of the time, respectively. The APDs in Fig. 2 suggest that the
impact of MB-OFDM UWB interference on a NB receiver strongly depends on the bandwidth of
the NB signal.

5.2 BER in Non—Fading Channel

In Fig. 3, we investigate the dependence of the exact BER on the NB pulse shape as a function of
Bs/Af. SRRC impulses with various roll—off factors r are compared with a REC pulse of duration
T, = 1/Bs for 10log,,(SNR) = 10 dB, fy = 10Af, N = 3, and various SIRs. As expected,
all exact BERs approach the respective GAs and the IGAs for very small and very large NB signal
bandwidths, respectively. The GA is faster approached for smaller r than for larger r since in
the former case the corresponding time domain pulse shape decays more slowly. For medium NB
bandwidths (0.05 < B,/Af < 5) the exact BER depends significantly on the NB pulse shape,
especially for low SIRs. The simulation results for r = 0.2 and r = 0.8 confirm the exact BER
analysis.

The effect of the frequency offset f; between the NB signal and the MB-OFDM signal on the
exact BER is studied in Figs. 4 and 5. Fig. 4 shows the exact BER vs. fy/Af for the interference
limited case (i.e., SNR — o0) assuming B, = Af and Np = 3. Numerical results (solid lines) and
simulation results (markers) are in excellent agreement. For 10log;,(SIR) > 6 dB the BER strongly
depends on f;, where values of fj close to the sub—carrier center frequency of 10Af result in a
lower BER. We note that as long as border effects can be neglected the BER is periodic in f, with
period Af. Fig. 5 depicts BER vs. B;/Af for 10log,,(SNR) = 10 dB, N = 3, various fy/Af,
and various SIRs. The exact BER approaches the GA faster if the NB carrier frequency is between
two MB-OFDM sub—carriers (e.g. fo/Af = 10.5), and it becomes independent of f, if the NB
signal bandwidth exceeds twice the MB-OFDM sub—carrier spacing (B; > 2Af).

In Fig. 6, we investigate the impact of Np on the exact BER for 10log;,(SNR) = 10 dB,
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10log;((SIR) = 15 dB, and fy = 10Af. While the exact BER for large Bs and the IGA depend
on Npg, the exact BER for small B, and the GA are independent of Ng. However, the exact BER
approaches the GA faster for small N as expected, cf. Section 3.2. The difference between GA and
IGA increases with increasing N, as in the latter case the interference becomes more impulsive for
larger Ng. We note that even for Ng = 1 (i.e., conventional OFDM with only one band) GA and
IGA are not identical because of the non—zero prefix duration T and the non—zero guard interval
T, which are responsible for p = 1/(AfT;) < 1 in this case.

Figs. 3, 5, and 6 show that for a given SIR NB signals with small bandwidths B, are less
affected by MB-OFDM UWB interference than NB signals with large B,. In addition, for non—
fading channels with the considered parameters the IGA upper—bounds the exact BER, whereas the
GA is approached from below by the exact BER for small NB signal bandwidths. In fact, from
the comparison of the GA and the exact BER in Figs. 3, 5, and 6 we can also conclude that in
non—fading channels for low—to—medium values of B, the pdf of MB-OFDM UWB interference has
a more favorable impact on error performance than the Gaussian pdf, cf. discussion in Section 5.1.
We note that our analysis is restricted to uncoded NB systems and it is difficult to draw conclusions
for coded NB systems from it. For example, it is well-known that the capacity of channels with
impulsive noise is higher than that of channels with Gaussian noise [20]. The analysis of coded NB

systems under MB—OFDM interference is an interesting topic for future research.

5.3 BER in Fading Channel

Fig. 7 illustrates the dependence of the exact BER on the NB signal bandwidth B, for Nakagami—-m
fading with 101log,,(SNR) = 10 dB, 10log,,(SIR) = 10 dB, fo = 10Af, and N = 3. We note
that m = 1 and m — oo correspond to Rayleigh fading and no fading, respectively. It is interesting to
observe that the performance difference between GA and IGA increases with increasing m. Similarly,
while the exact BER is almost independent of B, for m = 0.5, 1, 2 (cf. also Section 4.4), a strong
dependence of the exact BER on B, can be observed for m > 5. This clearly shows that MB-OFDM
UWSB interference should not be analyzed in isolation (as is done with the APD plots advocated by
the NTIA), but only in connection with the underlying NB channel.
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5.4 Impact of Different UWB Channel Models

So far we have assumed a flat channel model. While this is an appropriate model for small NB
signal bandwidths By, a frequency—selective channel model may be more appropriate for large B;.
Therefore, we compare in Fig. 8 the analytical BER obtained for the channel model described in
Section 2 with simulation results for one (typical) realization of the CM1 and CM4 UWB channel
models defined in [21]. We have assumed a flat and non—fading NB channel for all BER curves
shown in Fig. 8, i.e., we assume that only the MB-OFDM interference channel is frequency selec-
tive. For CM1 and CM4 the impulse response is multiplied by a log—normal shadowing term, cf. [21].
To separate the effects of frequency—selectivity and log—normal shadowing, we show in Fig. 8 sim-
ulation results obtained with and without the log—normal term. Fig. 8 shows that the exact BER
obtained for a flat interference channel can serve as a good estimate for the BER for CM1 and CM4
UWB interference channels. The log—normal shadowing causes the simulated BER to deviate from
the exact BER also for small NB signal bandwidths, since the averaging of individual interference
terms which is essential for application of the central limit theorem does not affect the log—normal
shadowing. For large NB signal bandwidths and no shadowing the deviation from the exact BER is
larger for the more severely frequency—selective CM4 channel than for the CM1 channel. However,
for CM4 and large B, the effects of shadowing and frequency—selectivity seem to balance each other

and the simulated BER is very close to the exact BER.

6 Conclusions

In this paper, we have provided a comprehensive analysis of MB-OFDM UWB interference and
its impact on BPSK NB receivers. Based on the MGF of MB-OFDM UWB interference, efficient
methods for numerical evaluation of the exact interference APD and the exact BER of a BPSK NB
receiver have been developed. Furthermore, we have introduced a GA and an IGA for MB-OFDM
UWB interference which result in simpler APD and BER expressions than the exact interference
model. Our numerical results suggest that, in general, the GA and the IGA give accurate results for
B, < 0.06Af and B, > 5Af, respectively. For the special case of a Rayleigh fading NB channel
both approximations are tight for sufficiently high SNR and SIR regardless of B,. However, for
0.05Af < Bs < 5Af, in general, the BER of the NB receiver strongly depends on the carrier
frequency offset f, between the NB signal and the MB-OFDM signal, the NB signal bandwidth,
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the number of MB-OFDM frequency bands, and the NB pulse shape.

A Periodicity of ®;. (s, ;)

The periodicity of ®;,, (s, 7;) can be proved by replacing 7, by 7} 2 7.+ Np)T; in Eq. (20)

o Ns/2

1 L
D (s, 7)) = %/2 H H cosh(s R{ge?el?mfoNrlig (1 4+ NpAT; — NpkT;)})

K=—00 n=—Ngs/2
n#0

cosh (s S{gellel?mhoNerTig (1 4 NpAT; — NpwT;)}) dé,
Ns/2

1 = 0 :
= %/%KH H cosh(s R{gellel?™foNeWHNTig (1 Npk/T))})

/=—o0 n=—Ng/2
n#0

cosh (s 3{gel?er? NN g (1 NBH,TZ'>}> deo

o N5/2
1 yall N i
= oo [ TL L comhlsRpger e e 5, m — Na'T))
g 2w K/'=—00 n=—Ns/2
n#0

cosh <s 3 ge?? eI foNeRTig (7 — NB/‘ClTi)}) d¢’
= (I)Z\Tk (37 Tk)7 (43)

where we have used the substitutions ' = k — X\ and ' = 6 + 2x foNg\T;, respectively.

B Asymptotic BER in Rayleigh Fading

Based on Eq. (6) we can express the exact BER as
P.x = Pr{lab[k] +i.[k] + n.[k] — abk]|* > |ablk] +i.[k] + n.[k] + a.b[k]|*}

= Pr{lacl” + ac(iclk] + ne[k])" /2 + a(ic[k] + ne[k]) /2 < 0} (44)

For Rayleigh fading a.. is a zero-mean Gaussian random variable. Using the results of [12, Appendix

B] we can express the exact BER conditioned on i.[k] as

1 Io(yz)e_y2
Poyp==|1-2090° 45
fiee B ( 1+ 202 (4)
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where y? = i [k]|?/(2+/1 + 202) and I(-) denotes the zeroth order Bessel function of the first kind.
Assuming |i.[k]|> < 1 and 02 < 1 and using the relations 1/\/1+z ~1—2/2, Iy(z) ~ 1 —x?/4,
and e=* ~ 1 — z, which are all valid for x < 1, we obtain from Eq. (45)

Pejie,p = 07,/2 + [ic[k]|*/4. (46)
Averaging Eq. (46) over the (unknown) pdf of the interference yields the (unconditional) BER
Py =0,/2+0}/2, (47)

where we have used E{i.[k]|*} = 207 which follows from the fact that i.[£] is rotationally symmetric
since 6, is uniformly distributed in [—m, 7). Now, Eq. (42) is easily obtained by combining Eq. (47)
with Eq. (9).
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Tables and Figures:

Table 1: MB-OFDM parameters [5].

Number of non—null sub—carriers | N, = 122
Sub—carrier spacing Af =4.125 MHz
OFDM symbol duration T, = 312.5 ns
Prefix duration Tp = 60.61 ns
Guard interval Ta = 9.47 ns
Frequency bands N =3

22
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Figure 1: NB signal and MB-OFDM signal in a) frequency domain and b) time domain
for Ng = 3. We note that for the time domain representation of the MB-OFDM signal
only the contribution of the relevant first frequency band is depicted.
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Figure 2: APD plot for different NB signal bandwidths B,/Af. ¢ = 1, fy = 10Af,
and Np = 3. Exact APD [Eq. (28)], GA [Eq. (25)], and IGA [Eq. (26)].
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Figure 3: BER vs. B;/Af for different NB pulse shapes and different SIRs.

10log;,(SNR) = 10 dB, fo = 10Af, and Np = 3. Exact BER [Eq. (35)], GA [Eq. (33)],
and IGA [Eq. (34)]. Markers: Simulation results.
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Figure 4: Exact BER vs. fy/Af for different SIRs. Interference limited case (SNR —

), Bs = Af, and Ng = 3. Markers: Simulation results. Solid lines: Numerical
results [Eq. (35)].
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Figure 5: BER vs. By/Af for different fo/Af and different SIRs. 10log;,(SNR) = 10
dB and Np = 3. Exact BER [Eq. (35)], GA [Eq. (33)], and IGA [Eq. (34)].
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Figure 6: BER vs. Bs/Af for different Ng. 10log,,(SNR) = 10 dB, 10log,,(SIR) = 15
dB, and fo = 10Af. Exact BER [Eq. (35)], GA [Eq. (33)], and IGA [Eq. (34)].
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Figure 7: BER vs. B;/Af for different fading parameters m. 10log;,(SNR) = 10 dB,
101log;o(SIR) = 10 dB, fo = 10Af, and Np = 3. Exact BER [Eq. (39)], GA [Eq. (36)],
and IGA [Eq. (37)].
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Figure 8: BER vs. By/Af for different interference channels. 10log;,(SNR) = 10 dB,
10log;,(SIR) = 15 dB, and fy = 10Af. Exact BER for flat channel [Eq. (35)] and
simulation results for one realization of CM1 and CM4 UWB channel models.
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